
���������
	���
���������������� ��� �"!#!$	%�&���'��(*),+��'-.!

/1032547698;:�<=4?>@:

y = x2 + 2 + x−2
4BA�C dy

dx
= 2x − 2

x3
.

2EDF698;:�<=4?>@:

y = x
1

2 + x−
1

2

4@AGC dy

dx
=

1

2
x−

1

2 − 1

2
x−

3

2 =
1

2
√

x

(

1 − 1

x

)

.

2EHI6J8;:�<=4?>@:

y = (x
1

2 +1)(x
1

2 − 1)−1 K dy

dx
=

1

2
x−

1

2 (x
1

2 − 1)−1 +(x
1

2 +1)(−1)(x
1

2 − 1)−2
1

2
x−

1

2

4@A�C dy

dx
=

1

2
√

x

(
√

x − 1) − (
√

x + 1)

(
√

x − 1)2
=

1√
x

−1

(
√

x − 1)2
.

2ECF6�L�MONQPQR K MTS
y = sin−1x

RU<�:VA

x = sin y K dx = cos y dy = (
√

(1 − sin2y)dy =
√

(1 − x2 dy
4@A�C dy

dx
=

1
√

(1 − x2)
.

W <�:XA d

dx
sin−1x2 =

1
√

(1 − x4)
× 2x =

2x
√

(1 − x4)
.

2E:I6J8;:�<=4?>@:

y = ln

√
a +

√
x√

a −√
x

4BA�C dy

dx
=

√
a −√

x√
a +

√
x

d

dx
((
√

a +
√

x)(
√

a −
√

x)−1)

=

√
a −√

x√
a +

√
x





1

2
x−

1

2 (
√

a −
√

x)−1 +
(
√

a +
√

x)(−1)(−1

2
)x−

1

2

(
√

a −√
x)2





=

√
a −√

x√
a +

√
x

1

2

1√
x

√
a −√

x +
√

a +
√

x

(
√

a −√
x)2

=
1√
x

√
a

(a − x)
.

Y[Z]\_^a`�bdcBe$fhg=^V\5fhije�fhikflZIm&^nZIg�iIZpoqikmr`

y = ln

√
a +

√
x√

a −√
x

= ln (
√

a +
√

x) − ln (
√

a −
√

x) !!!

s,0*t�R*Ru<G:wvyx1MTAhRUPzx@S
MOA7Ru:XNUPU:XvGRuMTx1A
f() = g(x)

0'{.:XA�HV:

x2 = 1 − x2 ⇒ 2x2 = 1 ⇒ x1,2 = ± 1√
2

/



4@AGC PQMOA�HX:
y = x2 K RU<�: R � xpvrx@MOA7RuP*x@S
MOA7Ru:XNUHX:VvGRUMOx1A 4@NQ:��

(x1, y1) =

(

−1√
2
,

1√
2

) 4@A�C
(x2, y2) =

(

1√
2
,

1√
2

)

.
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RUMT>1:XP 4@NQ: Ru<G:�
1NU4@C�MO:XA7RuP xBSzRu<�:
�OMOAG:VP�R 4@A�
@:VA7R Rux Ru<�: H���N�>1:VP 4 R Ru<G:�
1M >1:VA;vrx1MTA7RuP K
<�:XA�HV:�Ru<G:���
1M >1: Ru<�: Ru4@A x@S�RU<�:w4@A�
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\5^]^Xmr` fhZIe
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f ′(x) = 2x ⇒ f ′(x1) = 2x1 = −2/
√

2 = −
√

2 = tan θ1

g′(x) = −2x ⇒ g′(x1) = −2x1 = 2/
√

2 =
√

2 = tan θ2

4@AGC RU<�:�4@A�
��T: Dr:nR � :X:VAlRU<�:VPQ:K�OMOAG:VPzMOP
θ = θ1 − θ2

K <�:XA�HV:

tan θ = tan(θ1 − θ2) =
tanθ1 − tan θ2

1 + tan θ1 tan θ2

⇒ tan θ =
−2

√
2

1 − 2
= 2

√
2 .

W <�: � x1N�L MTP RU<�: Pu4�Mp: SEx1NaRu<�: x@RU<�:VNpvrx@MOA7R K PUxON C�x1AGP RpMOAGH��Q�GC�: MTR <�:XNU:@0CNqS Ru<G:
P�RR��C�:XA7RuPjC�x A�x@Rp<=4?>1: RuMSM]: MOA Ru<G: v�NQx1D��T:�M H��O4@PUP Ru<G:�� H?4@A C�x�TU�GPQR]x1A�: x@S Ru<G:
vyx1MOA7RUP*4@A�CF�O:?4?>@:�RU<�:�x@Ru<G:VN�SEx1NzC�x@MOA�
p4BR*<�x�M]:B0

VG0z8 :�<=4?>1:

x = a(θ − sin θ) ⇒ dx

dθ
= a(1 − cos θ)

y = a(1 − cos θ) ⇒ dy

dθ
= a sin θ

W x K
dy

dx
=

dy/dθ

dx/dθ
=

a sin θ

a(1 − cos θ)
=

2 sin(θ/2) cos(θ/2)

1 − (1 − sin2(θ/2))
= cot

θ

2
W x P�L@:nRuH <lRU<�:�H���N�>1: � :wA�:X:VC 4 SE: � vyx1MOA7RuP��

θ
� � R 4@AH
1:VA7R

X X X ∞
π/2 a(π/2 − 1) a

/
π aπ 2a

X
3π/2 a(3π/2 + 1) a

� /
2π 2aπ

X ∞

Y 0[Z'4@PQMO:VN�RUx
�GPU:K�Ox�
14@NUM Ru<�A�MpMOH C�M]\ :XNU:VA7RUM 4BRUMOx1A^�

ln y = ln x + 2x ln a + x2 ⇒ 1

y

dy

dx
=

1

x
+ 2 ln a + 2x

s



⇒ dy

dx
= a2xex

2

+ xa2xex
2

2 ln a + 2x2a2xex
2

4@AGC NQ:�����MONQMOA�
 RU<�MOP�RUx Dr:<X K � :<
1:XR��

2x2 + 2x ln a + 1 = 0 .

W <�:����=4BC�Nu4BRUMOH <=4BP
∆ = 4(ln a)2 − 8

4@A�C <�:XA�HV:�M Rz<=4@P�R � x NU:?40� NUx#x@RuPJMTS
∆ > 0 ⇒

| ln a| >
√

2 K x1AG: � <�:VA
(ln a)2 = 2

4@AGC�A�x1A�:ax@RU<�:VN � MOPQ:@0<N A�RU<�:aH?4BPU:ax@S94jPUMTA�
��T:
PQx��Q�GRUMOx1A�Ru<�4BR MTP

x = − ln a/2 K PQx � <�:XA
ln a = −

√
2

Ru<�:pPQRu4BRuMTx1A=4@N ��vrx@MOA7RwMOP34BR
x =

√
2/2

4@A�C SEx1N
ln a =

√
2

Ru<G:wP�R 4BRUMOx1A�4@NU�]vrx@MOA7R*MOP*4BR
x = −

√
2/2

0
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