Mathematical Methods Spring Term 2019

Problem Sheet 7

1. Lorentz Force

Show that the Lagrangian
L=<t-1+qt- Ar,t) - g¢(r,1),
leads to the Lorentz force law for a (non-relativistic) charged particle
mi = qE(r,t) + gr x B(r,t).

The vector and scalar potentials, A(r,¢) and ¢(r,t), are related to the
electric and magnetic fields, E(r,t) and B(r,t), through
0A

Hint: Check that the Euler-Lagrange equation
d (0L oL 0
dt \ Ot or

yields the z-component of the Lorentz force law. Here ¢, A,, A, and
A, are arbitrary functions of x, y, z and t.

2. A bead of mass m moves without friction on a helical wire. The helix can be
parametrized as follows

x=Rcosu,y=Rsinuz=au,

where u is a real parameter. Here a and R are constants. The acceleration
due to gravity is the constant g (the gravitational force is pointing in the
negative z direction). Obtain a Lagrangian L(z,z’) for the bead and solve
the equation of motion.



3. A Version of Noether’s Theorem

i) Suppose the Lagrangian L(qi, q2, .-, Gns 1, G2, -y Gn, t) is invariant !
under the time-independent transformation

q;:qz"i‘eQi(QLqu"uqn) izl?"'an

where € is ‘small’. Show that
szQz((h; q2, .- Qn)
i=1

is a constant of the motion.

ii) A particle moving in two dimensions is described by the Lagrangian
L(z,y,4,9,t). The Lagrangian is invariant under the transformation

¥=z+ey, Y =y—er

What do you conclude? Give an example of a Lagrangian with this
property.

4. Rotating Pendulum Problem
A simple pendulum 1s mounted on a rotating turntable with constant
angular velocity €. The pivot is on the axis of rotation.

1) Show that the kinetic energy of the pendulum bob is
mi?2 o o o
(& 5 (9 + Q7 sin H).

Here m 1s the mass of the bob, [ is the length of the rod (assumed
to be massless) and # is the angle between the rod and the vertical.
The potential energy is the same as for a non-rotating pendulum, ie.
V = —mgl cos .

Hint: what is the kinetic energy of a particle in spherical polar coordi-
nates?

11) Obtain the equation of motion.

11) Find all solutions of the form # =constant.

iv) Find a conserved quantity and show that 7"+ V' is not a constant
of the motion (unless # is constant).

v) Determine the frequency of small oscillations about the constant 6
solutions from part ii1).

1Here ‘invariant’ means L(qllaQé77q;zaqivqé77q;ut) = L(qlaQ27"'7Q’naq17qQ7"'7q.nat)
up to terms of order €.





