Mathematical Methods Spring Term 2019
Answers to Problem Sheet 1

1. f(z) = e* = "™ = ¢e%(cosy + isiny) with real and imaginary parts

u(z,y) = e*cosy, v(zr,y) = €*siny. u, = e*cosy, u, = —e*siny,
— 5T o7 — T J— —
vy = e”siny, v, = €* cosy. u, = v, and u, = —v, .
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= sinh x cos y + 7 cosh x sin y.

Since cosh z is non-zero for all real x the imaginary part of sinh z is
zero only if siny = 0 so that y must be an integer multiple of 7.
u(z,y = nm) = sinhx (—1)" which is zero only if z = 0. The zeros of
sinh z are at the points z = inm for integer n.
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5imn for odd integer n.

The zeros of cosh z are at the points z =

3. To show that f(z) = 2Z is complex differentiable at z = 0 consider the
quotient

f(0+h)—f(0)_hi_z—0_ﬁ
h - h

Since h — 0 as h — 0 f is differentiable at z = 0 with f/(0) = 0. To
show that f is not analytic at z = 0 it is sufficient to show that the
Cauchy-Riemann equations fail at every point except z = 0 (so that
f is not differentiable in any disc centred at z = 0). Here u(z,y) =
z* +y? and v(z,y) = 0. u, = 22 and u, = 2y so the Cauchy-Riemann
equations do not hold unless x = 0 and y = 0.

4. Let u(z,y) = 23 + 622y — 3xy? — 2y3. Cauchy Riemann equations are
Uy = 3% + 122y — 3y* = v, and u, = 62% — 6xy — 6% = —v,.
Integrating the first equation with respect to y
v(x,y) = 32%y + 629° — y° + C(x).

Note that the ‘constant of integration” may depend on x. Substituting
this into the second Cauchy Riemann equation gives

62° — 6zy — 6y* = —v, = —(62y + 6y + C'(z))
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which is consistent if C'(z) = —622, so that C(z) = —2x3 + ¢ where ¢
is a constant. Hence

v(z,y) = 32%y + 62y° —y° — 22° +c.

One can also write
f(z) = (1 —2i)2° +ic.

f is not unique (due to the arbitrary imaginary constant).

x
v(z,y) = m
Cauchy-Riemann
2xy
R R
Integrating with respect to x gives
w=—2—4+C (y).

x? 492

Note that the ‘constant of integration’ may depend on y. Inserting this
into the second Cauchy Riemann equation gives C'(y) = 0 so that

Y

C.
x? + y? +

u(x,y) =

The function can also be written in the form
7
f(z) = St C,

where C' is a real constant. f is not entire due to the (simple pole)
singularity at the origin.

. To prove that any analytic function f is harmonic start with the Cauchy-
Riemann equations

up, =v, (1) w,=-v, (2).
Differentiating (1) with respect to x and (2) with respect to y gives
Upy = Vg Uyy = — Uy
Adding the two equations yields

Ugg + Uyy = 0.
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Using vz, = vy,; mixed 2nd derivatives so not depend on order of
partial differentiation.

To obtain

Vg + Vyy = 0.

differentiate (1) with respect to y, differentiate (2) with respect to x
and subtract



