PHAS1245: Problem Sheet 2 - Solutions

1.
% (xQeI) = 2ze” + 2%e” = ze®(z +2) .
2.
4 In (a‘" + aﬂ”) SN {am Ina+a*(—1)In a}
dx (a® +a®)
=In aaw — a_w
a®* +a™®
3.
% In (:Ea + x_a) = m {axa_l + (—a)x_“_l}

(ax(“_l) — aa;_“_l) a(z® —z7%)

e+ x—o x(zt+2x79)

4. If y = 2% then Iny = zInz. Now differentiate both side wrt z:
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and j—i =x*(Inx+1) .
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6. y = arcsin x means x = siny. Then use inverse function differentiation:

dy 1 1

de  dz/dy - cosy

But
COSQy:1_Sin2y=1—x2:>cosy:+m

(choose + because the slope of arcsin is always positive). Hence

i(arcsin x) = L
dx V1— 22



7. The shape is a rectangle with the top side replaced by half a circle. If r is the
radius of the circle and a is the vertical side of the rectangle, then the area A
of the tunnel is

1
A=2ra+ 57‘(’7‘2

and its perimeter S is
S=2a+2r+mnr.

Solving the first for a and substituting in the second, we get
A
S=—+ (2 + z) T
T 2

We want to minimize S wrt r, so
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The second derivative is
d>S . 2A
dr2 37

greater than 0 for all r, so the stationary point is a minimum (as we required!).
Hence, substituting A in the very first equation we find a = r.



