RELATIVITY (MTH6132)
SOLUTIONS TO THE PROBLEM SET 8

1. In this case one has that
L= —e*ri? 442,

Now, for the t components one has that
(Zf =0, %’; = —2e2¢, G& (—QeQA”fJ) = #2424 = 0.
Thus, the Euler-Lagrange equation is given by
t+ 247t = 0.
Now, comparing with th geodesic equation
i+ T%ed%i® = £+ D'yt + 200,47 + %47 = 0.
Comparing one gets
r,=0, ', =Irt,=A I,.=0.

For the r components one has that

oL oar;e OL . d [OLY .
5 = 2Ae 7 t7 8f_2r’ d)\<37‘>_2r'

Hence, the Euler-Lagrange equation is given by
it 4 Ae*? = 0.
Again, comparison with the geodesic equation gives
r,=0 TI7,,=I" =0 TI",=A".
Using the formula for the Ricci tensor one has that

Ry = Roo = 0100 — 0ol 00 + T cal 00 — I 004,
= 900 + A1 00 — 9ol 00 — Aol 01 4 T 00 4+ T el 00 — T%0 %00 — I eol 01,
=Moo 4+ T%0 %0 + I el 00 — Mol 00 — Ieol 01,
= 1T00 + 000 4+ T4 00 + o100 4+ Tl 00 — Moo 00 — %0 90 — T ool 0
—Thogy,
= IMo0 + T 90 — T%100 00 — Mool 01,
— AD, <€2ar) L A2e2AT _ f2.24r

2. (i) Starting from the definition of the Christoffel symbols:
Fabc = gafrgc

1
= gasT], = §gafgf “(Obgee + OcGre — OeGpe)
1
- iéae(abgec + acgbe - aegbc)
1
= i(ab(aaegec) + ac(aaegbe) - aagbc)

1
= i(abgac + acgba - 8cLch)-



(ii) One can verify this by direct inspection. For example,

Rpgea = K (gbcgad - gbdgca) =-K (gacgbd - gadgcb) = —Raped,

where it has been used that g., = gre- To compute V. R p.q one uses the Leibnitz
rule:

ve}%abcd - K((Vegac)gbd + gac(vegbd) - (Vegac)gbd - gac(vegbd)> = 0.

To compute Ry proceed as folows:

Ryq = gaCRabcd =K gac(gacgbd - gadgcb) =K (gacgacgbd - gacgadgcb)
= K(5aa9bd - 5dcgcb)
= K(4g9ba — gva) = 3K gpa,

where it has been used that ¢, = 4 —see Coursework 6. Finally

R = ¢"Ryy = 3K ¢"gpq = 12K.

3. (i) Start from the expression for the Riemann tensor in locally inertial coordinates:

1
Rabcd = §(adaagbc + acabgad - acaagbd - adabgac)-

Now, performing the substitutions b — ¢ — d — b twice one obtains
1
Raeay = i(abaagcb + 040cGab — 0a0ageb — Op0cGad),

1
Radbc = i(acaagdc + abadgatc - aba(zgdc - acaclgobb)-

Now, adding and recalling that partial derivatives commute and that g,; is symmetric
one obtains the desired result.
(ii) There is a typo in this expression and it should read

Ra [bed] — 0.

Note that (see notes on symmetric and atisymmetric parts of a tensor):

1
Ra[bcd] - 6 (Rabcd + Racdb + Radbc - Racbd - Radcb - Rabdc) .

Recall, however, that the Riemann tensor is antisymmetric under the interchange of
the last two indices —e.g. Rapeqd = —Rapde. Thus,

1
3

Also notice that the wrong expression

Ra[bcd} - (Rabcd + Racdb + Radbc) = 0.
Ra(bcd) =0

is also true. This again follows from the antisymmetry of the Riemann tensor on the
last two indices:

Rapeda = — Rapde = Ra(bcd) = _Ra(bdc) = _Ra(bcd)7

from where it follows that
Ra(bcd) = 0.



