
Relativistic Astrophysics. 2009. Course Work 3. Solutions

Q1.

a) Explain what is the reciprocal tensor.

Two tensors Aik and Bik are called reciprocal to each other if

AikBkl = δl
i.

b) Demonstrate how using the reciprocal contravariant metric tensor gik and the covariant
metric tensor gik you can form contravariant tensor from covariant tensors and vice versa.

We can introduce a contravariant metric tensor gik which is reciprocal to the covariant metric
tensor gik:

gikgkl = δl
i.

With the help of the metric tensor and its reciprocal we can form contravariant tensor from
covariant tensors and vice versa, for example:

Ai = gikAk, Ai = gikAk.

c) Show that in an arbitrary non-inertial frame

gik = Si
(0)0S

k
(0)0 − Si

(0)1S
k
(0)1 − Si

(0)2S
k
(0)2 − Si

(0)3S
k
(0)3,

where Si
(0)k is the transformation matrix from locally inertial frame of reference (galilean frame)

to this non-inertial frame.

We know that in the galilean frame of reference

gik =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 ≡ ηik ≡ diag(1,−1,−1,−1),

hence
gik = Si

(0)nSk
(0)mηlm = Si

(0)0S
k
(0)0 − Si

(0)1S
k
(0)1 − Si

(0)2S
k
(0)2 − Si

(0)3S
k
(0)3.
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Q2.

a) Give a rigorous proof that the interval is a scalar.

Given that gik is a covariant tensor of the second rank and that

ds2 = gikdxidxk,

hence,

ds2 = gikdxidxk = (S̃n
i S̃m

k g′
nm)(Si

pdx′p)(Sk
wdx′w) = (S̃n

i Si
p)(S̃

m
k Sk

w)(g′
nmdx′pdx′w) =

= δn
p δm

w (g′
nmdx′pdx′w) = g′

pwdx′pdx′w = g′
ikdx′idx′k = ds′2,

thus
ds = ds′

which means that ds is a scalar.

b) Prove that the metric tensor is symmetric.

ds2 = gikdxidxk =
1
2
(gikdxidxk + gikdxidxk) =

1
2
(gkidxkdxi + gikdxidxk) =

1
2
(gki + gik)dxidxk =

= g̃ikdxidxk,

where
g̃ik =

1
2
(gki + gik),

which is obviously symmetric one. Then we just drop ”̃”.
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Q3.

Using lecture notes 3, write a short essay (1-2 pages) ”Proper time and physical distances”.

Proper time: the world line of an observer who uses some clock to measure the proper time, dτ ,
between two infinitesimally close events in the same place in space is

dx1 = dx2 = dx3.

Defining proper time exactly as in Special Relativity:

dτ =
ds

c
,

we have
ds2 ≡ c2dτ2 = gikdxidxk = g00(dx0)2,

thus
dτ =

1
c

√
g00dx0.

For the proper time between any two events occurring at the same point in space we have

τ =
1
c

∫
√

g00dx0.

Spatial distance: separating the space and time coordinates in ds we have

ds2 = gαβdxαdxβ + 2g0αdx0dxα + g00(dx0)2.

To define dl we will use a light signal according to the following procedure: From some point
B with spatial coordinates xα + dxα a light signal emitted at the moment corresponding to time
coordinate x0 +dx0(1) propagates to a point A with spatial coordinates xα and then after reflection
at the moment corresponding to time coordinate x0 the signal propagates back over the same path
and is detected in the point B at the moment corresponding to time coordinate x0 + dx0(2) as
shown below. The interval between the events which belong to the same world line of light in
Special and General Relativity is always equal to zero:

ds = 0.

Solving this equation with respect to dx0 we find two roots:

dx0(1) =
1

g00

(
−g0αdxα −

√
(g0αg0β − gαβg00)dxαdxβ

)

dx0(2) =
1

g00

(
−g0αdxα +

√
(g0αg0β − gαβg00)dxαdxβ

)
dx0(2) − dx0(1) =

2
g00

√
(g0αg0β − gαβg00)dxαdxβ .

Then

dl =
c

2
dτ =

c

2

√
g00

c
(dx0(2) − dx0(1))

and finally
dl2 = γαβdxαdxβ , where γαβ = −gαβ +

g0αg0β

g00
.
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Q4.

a) Show that all covariant derivatives of metric tensor are equal to zero.

DAi = gikDAk

DAi = D(gikAk) = gikDAk + AkDgik,

hence
gikDAk = gikDAk + AkDgik,

which obviously means that

AkDgik = 0.

Taking into account that Ak is arbitrary vector, we conclude that

Dgik = 0.

Then taking into account that
Dgik = gik;mdxm = 0

for arbitrary infinitesimally small vector dxm we have

gik;m = 0.

b) Find the the relationship between the Cristoffel symbols and first partial derivative of the
metric tensor.

Introducing useful notation

Γk, il = gkmΓm
il ,

we have
gik; l =

∂gik

∂xl
− gmkΓm

il − gimΓm
kl =

∂gik

∂xl
− Γk, il − Γi, kl = 0.

Permuting the indices i, k and l twice as

i→ k, k → l, l → i,

we have

∂gik

∂xl
= Γk, il + Γi, kl,

∂gli

∂xk
= Γi, kl + Γl, ik and − ∂gkl

∂xi
= −Γl, ki − Γk, li.

Taking into account that

Γk, il = Γk, li,

after summation of these three equation we have

gik,l + gli,k − gkl,i = 2Γi, kl,

and finally

Γi
kl =

1
2
gim

(
∂gmk

∂xl
+

∂gml

∂xk
− ∂gkl

∂xm

)
.
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