Relativistic Astrophysics. 2009. Course Work 3. Solutions

Q1.

a) Explain what is the reciprocal tensor.

Two tensors A;, and B** are called reciprocal to each other if

Ay B = 6!

b) Demonstrate how using the reciprocal contravariant metric tensor g** and the covariant

metric tensor g;r you can form contravariant tensor from covariant tensors and vice versa.

We can introduce a contravariant metric tensor ¢** which is reciprocal to the covariant metric
tensor g;i:
Kl l
girg" = 0;.

With the help of the metric tensor and its reciprocal we can form contravariant tensor from
covariant tensors and vice versa, for example:

At =gh Ay, A = g AR

¢) Show that in an arbitrary non-inertial frame
9" = 500500 — S(0)15(0)1 — S(0)25(0)2 — S(0)35(0)3

where S fo) « s the transformation matriz from locally inertial frame of reference (galilean frame)
to this non-inertial frame.

We know that in the galilean frame of reference

1 0 0 O
e | 0 =1 0 0 | _ &_ . 1 1
- 0 0 _1 0 - TI - dlag(17 1a 17 1)7
0 O 0 1

hence _ ‘ _ A A ‘
gm = Séo)nséeo)mnlm = SEo)oSéco)o - 530)1550)1 - 550)2550)2 - 520)3550)3



Q2.

a) Give a rigorous proof that the interval is a scalar.

Given that g;; is a covariant tensor of the second rank and that
ds® = gikdxidxk,
hence,
ds® = guda'da® = (SPSF ) (Sida'?) (SEda'™) = (S7.53) (5755 ) (gl da’Pda’™) =
= 6700 (g daPda’”) = g, da’Pda’ = g} da’ da’" = ds",

thus
ds =ds’

which means that ds is a scalar.

b) Prove that the metric tensor is symmetric.

, 1 , A 1 A _ 1 ,
ds? = gipda’da® = i(gikdxldxk Jrglvkdxldo:k) = i(gkidxkdx’ +gikdaszdxk) = §(gkl +gik)dz’d1’k =

= gipdx'dz”,
where
_ 1
Gik = 5(91@ + gik),
which is obviously symmetric one. Then we just drop 7.



Q3.

Using lecture notes 3, write a short essay (1-2 pages) ”Proper time and physical distances”.

Proper time: the world line of an observer who uses some clock to measure the proper time, dr,
between two infinitesimally close events in the same place in space is

dat = da? = daB.

Defining proper time exactly as in Special Relativity:

d
dr = —S,
c
we have '
ds? = 2dr? = gpdzida® = goo(dz®)?,
thus

1
dr = 7,/g00dx0.
c

For the proper time between any two events occurring at the same point in space we have

1
T = E/\/good{ﬂo.

Spatial distance: separating the space and time coordinates in ds we have
ds? = gagdmadxﬂ + 2g0adz’dz® + goo(dz®)?.

To define dl we will use a light signal according to the following procedure: From some point
B with spatial coordinates =% + dx® a light signal emitted at the moment corresponding to time
coordinate z° +dz®") propagates to a point A with spatial coordinates 2 and then after reflection
at the moment corresponding to time coordinate 2" the signal propagates back over the same path
and is detected in the point B at the moment corresponding to time coordinate 20 4+ daz®® as
shown below. The interval between the events which belong to the same world line of light in
Special and General Relativity is always equal to zero:

ds = 0.

Solving this equation with respect to dz® we find two roots:

1

da®®) = T (go(xdxa - \/(QOrngB - gaﬂgoo)dxad$ﬁ>

1
da®? = o0 (—QOadﬂia + \/(goaQOﬁ - gaﬁgoo)dl“adﬂ?ﬁ)

2
da®? — dz®) = gi\/(gocygog% — Japgoo)dx*dzP.
00

Then
— Cgr = EVI00 4,02) _ .00
dl 2dT 5 ¢ (dx dx”))
and finally
dI* = yapdr®da?, where Yo = —gap + 790;905'
00



Q4.

a) Show that all covariant derivatives of metric tensor are equal to zero.

DA; = gy, DA"
DA; = D(ginA¥) = gin DA* + A*Dgyy.,

hence
ginDA* = g DA* + A*Dg,.,

which obviously means that
A*Dgir, = 0.
Taking into account that A* is arbitrary vector, we conclude that
Dgix, = 0.
Then taking into account that
Dgzk = gik;mdxm =0

for arbitrary infinitesimally small vector dz™ we have

Gik;m = 0.

b) Find the the relationship between the Cristoffel symbols and first partial derivative of the
metric tensor.

Introducing useful notation

m
Lk, it = gem 1y,

we have 9 5
Gik ’ Jik
Gik; 1 = Txll—gmkl—‘gb—gim o= Txll_rk,il —TI 1 =0.

Permuting the indices ¢, k and [ twice as
1=k, k=1, | — 1,

we have

gk
=1y p+T1 4 and — i =TIy, ki = Tk, 14

0gix Ogu;
gl Lo+ 1w, Ik

Taking into account that

Uy i =Tk 1,

after summation of these three equation we have
Gik,l + Gk — 9rt,i = 2%, w,

and finally

i 19”” (agmk . Ogmi 8%1)
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