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Chapter 1

Systems of Linear Equations

Systems of linear equations arise frequently in many areas of the sciences, including physics,
engineering, business, economics, and sociology. Their systematic study also provided part of
the motivation for the development of modern linear algebra at the end of the 19th century.
Linear equations are extremely important and in particular in higher dimensions, one aims to
have a systematic and efficient way to solve them.

The material in this chapter will be familiar from Geometry |, where systems of linear
equations have already been discussed in some detail. As this chapter is fundamental for what
is to follow, it is recommended to carefully recall the basic terminology and methods for linear
equations. This module will lead to a more general formalism motivated by linear equations.

1.1 Basic terminology and examples
A linear equation in n unknowns is an equation of the form
a1y + ATy + -+ apry, = b,

where aq, ..., a, and b are given real numbers and x4, ..., z, are variables.
A system of m linear equations in n unknowns is a collection of equations of the form

1121 + a19T9 + -+ - + a1y = bl
91T + Q999 + -+ - + a9y, = b2
Am1T1 + Qp2X2 + -+ - + QppTy = bm

where the a;;'s and b;’s are all real numbers. We also call such systems m x n systems.

Example 1.1.
201 + w9 = 4 r + x r3 = 3 no— ity =0
1 2 = 1 2 — T3 = _
(@) 3xry + 2wy = 7 () 200 — X9 + 13 = 6 () v + @ = 3,
To = 1
(a) is a 2 x 2 system, (b) is a 2 x 3 system, and (c) is a 3 x 2 system.
A solution of an m x n system is an ordered n-tuple (z1,zs,...,x,) that satisfies all

equations of the system.
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Example 1.2. (1,2) is a solution of Example 1.1 (a).

For each a € R, the 3-tuple (3, a, @) is a solution of Example 1.1 (b) (CHECKI!).

Example 1.1 (c) has no solution, since, on the one hand x5 = 1 by the last equation, but the
first equation implies x1 = 1, while the second equation implies 1 = 2, which is impossible.

A system with no solution is called inconsistent, while a system with at least one solution
is called consistent.

The set of all solutions of a system is called its solution set, which may be empty if the
system is inconsistent.

The basic problem we want to address in this section is the following: given an arbitrary
m X n system, determine its solution set. Later on, we will discuss a procedure that provides
a complete and practical solution to this problem (the so-called ‘Gaussian algorithm’). Before
we encounter this procedure, we require a bit more terminology.

Definition 1.3. Two m x n systems are said to be equivalent, if they have the same solution
set.

Example 1.4. Consider the two systems

51’1 — Ty + 21’3 = -3 51’1 — T2 + 2ZL‘3 = -3
(a) i) = 2 (b) —5ZL‘1 + 21’2 - 2ZL‘3 = 5 .
3£B3 = 6 5£B1 - Ty + 5$3 = 3

(a) is easy to solve: looking at the last equation we find first that x3 = 2; the second from
the bottom implies 25 = 2; and finally the first one yields 21 = (=3 + x5 — 223)/5 = —1. So
the solution set of this system is {(—1,2,2)}.

To find the solution of (b), add the first and the second equation. Then zo = 2, while
subtracting the first from the third equation gives 3x3 = 6, that is x3 = 2. Finally, the first
equation now gives x; = (—3 + x5 — 2x3)/5 = —1, so the solution set is again {(—1,2,2)}.

Thus the systems (a) and (b) are equivalent.

In solving system (b) above we have implicitly used the following important observation:
Lemma 1.5. The following operations do not change the solution set of a linear system:
(i) interchanging two equations;
(ii) multiplying an equation by a non-zero scalar;
(iii) adding a multiple of one equation to another.

Proof. (i) and (ii) are obvious. (iii) is a simple consequence of the linearity of the equations.
[l

We shall see shortly how to use the above operations systematically to obtain the solution
set of any given linear system. Before doing so, however, we introduce a useful short-hand.
Given an m X n linear system

a1 xry + -+ a1y = bl

Am1T1 + -+ GppTy = bm
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we call the array
ap - A | b

m1 - Qmn bm
the augmented matrix of the linear system, and the m x n matrix
aip -+ Adip
Am1 - Qmn

the coefficient matrix of the linear system.

Example 1.6.
S 3ry 4+ 229 — w3 =9 . (3 2 —=1] 5
system: 900, bom =1 augmented matrix: (2 0 1 _1> :

A system can be solved by performing operations on the augmented matrix. Corresponding
to the three operations given in Lemma 1.5 we have the following three operations that can
be applied to the augmented matrix, called elementary row operations.

Definition 1.7 (Elementary row operations).
Type | interchanging two rows;
Type Il multiplying a row by a non-zero scalar;
Type Il adding a multiple of one row to another row.

1.2 Gaussian elimination

Gaussian elimination is a systematic procedure to determine the solution set of a given lin-

ear system. The basic idea is to perform elementary row operations on the corresponding

augmented matrix bringing it to a simpler form from which the solution set is readily obtained.
The simple form alluded to above is given in the following definition.

Definition 1.8. A matrix is said to be in row echelon form if it satisfies the following three
conditions:

(i) All zero rows (consisting entirely of zeros) are at the bottom.

(ii) The first non-zero entry from the left in each nonzero row is a 1, called the leading 1
for that row.

(iii) Each leading 1 is to the right of all leading 1's in the rows above it.

A row echelon matrix is said to be in reduced row echelon form if, in addition it satisfies
the following condition:

(iv) Each leading 1 is the only nonzero entry in its column

Roughly speaking, a matrix is in row echelon form if the leading 1's form an echelon (that
is, a ‘steplike’) pattern.
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Example 1.9. Matrices in row echelon form:

2
31
1

O O =
O = o

1
0
0

oo w
o~

Matrices in reduced row echelon form:

12010
00120],
00001

150 2 10 3
001 -1}, 01 2
000 0 00 0

The variables corresponding to the leading 1's of the augmented matrix in row echelon
form will be referred to as the leading variables, the remaining ones as the free variables.

Example 1.10.

123 —4
(a)(0012

)

Leading variables: x; and x3; free variables: x5 and z4.

® (o 1]3)

Leading variables: x; and xs; no free variables.

Note that if the augmented matrix of a system is in row echelon form, the solution set is

easily obtained.

Example 1.11. Determine the solution set of the systems given by the following augmented

matrices in row echelon form:
1 3 012
(a) (0 0 01

1 0 2
),(b)001—21
0 0 O 0

-2 1

0

Solution. (a) The corresponding system is

T

+31'2 = 2
0 =1

so the system is inconsistent and the solution set is empty.

(b) The corresponding system is

rT —

21’2 + x4 = 2
Trs — 21’4 =1
0 =0

We can express the leading variables in terms of the free variables x5 and z4. So set x5 = «
and x4 = (3, where o and [ are arbitrary real numbers. The second line now tells us that
r3 =1+ 2x4 =1+ 243, and then the first line that 1 =2+ 225 — x4 = 2+ 2o — 3. Thus
the solution set is { (2 + 2a — 3,a,14+26,8) | a, 8 € R}. ]

It turns out that every matrix can be brought into row echelon form using only elementary
row operations. The procedure is known as the
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Gaussian algorithm:
Step 1 If the matrix consists entirely of zeros, stop — it is already in row echelon form.

Step 2 Otherwise, find the first column from the left containing a non-zero entry (call it a),
and move the row containing that entry to the top position.

Step 3 Now multiply that row by 1/a to create a leading 1.

Step 4 By subtracting multiples of that row from rows below it, make each entry below the
leading 1 zero.

This completes the first row. All further operations are carried out on the other rows.
Step 5 Repeat steps 1-4 on the matrix consisting of the remaining rows

The process stops when either no rows remain at Step 5 or the remaining rows consist of
Zeros.

Example 1.12. Solve the following system using the Gaussian algorithm:
To + 6ZE3 =4
3%1 — 31’2 + 91’3 =-3
201 + 2x9 + 18z3 =38

Solution. Performing the Gaussian algorithm on the augmented matrix gives:

0 1 6| 4 3 -3 9|-3 IR, /1 -1 3]|-1
3
3 3 9| 3| ~fRly 1 gl 4]~ 0 1 6] 4
2 2 18| 8 2 2 18] 8 2 2 18] 8
1 -1 3]-1 1 -1 3 |-=1 1 -1 3|-1
~ 0 1 6|4 |~ 0 1 6 |4 |~ 0 1 6|4 |,
R;—2R; \0 4 12|10 R3;—4R, \0 0 -12|-6 —+LR3\0 0 1] 1

where the last matrix is now in row echelon form. The corresponding system reads:

ry — X9 -+ 3333 = -1
T2 + 633'3 = 4
T3 = %

Leading variables are x1, x5 and x3; there are no free variables. The last equation now implies
T3 = %; the second equation from bottom yields o = 4—6x3 = 1 and finally the first equation
yields z; = —1 + 25 — 33 = —2. Thus the solution is {(—2,1,1)}. O

A variant of the Gauss algorithm is the Gauss-Jordan algorithm, which brings a matrix to
reduced row echelon form:
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Gauss-Jordan algorithm
Step 1 Bring matrix to row echelon form using the Gaussian algorithm.

Step 2 Find the row containing the first leading 1 from the right, and add suitable multiples
of this row to the rows above it to make each entry above the leading 1 zero.

This completes the first non-zero row from the bottom. All further operations are carried out
on the rows above it.

Step 3 Repeat steps 1-2 on the matrix consisting of the remaining rows.

Example 1.13. Solve the following system using the Gauss-Jordan algorithm:

ry + x9 + x3 + wy + x5 = 4
1 + X9 + XT3 + 21’4 -+ 22?5 =5
Ty + T2 + x3 + 2:134 + 3.735 =7

Solution. Performing the Gauss-Jordan algorithm on the augmented matrix gives:

Rs — Ry R3 — Ry
Ri—Rs (1 1 1 1 0] 2 Ri—-—Ry (1 1 1 00| 3
~Ry—R3{0 0 01 0]—-1]~ 0001O0|-11,
000012 000O01f2

where the last matrix is now in reduced row echelon form. The corresponding system reads:

1 + X9 + X3 = 3

Ty = -1

5 = 2
Leading variables are xq, x4, and x5; free variables x5 and x3. Now set o, = « and
x3 = [, and solve for the leading variables starting from the last equation. This yields
x5 = 2, vy = —1, and finally z; = 3 — 29 — 23 = 3 — a — 3. Thus the solution set is
{B-—a—-p,a,68,—-1,2)| o, € R}. ]

We have just seen that any matrix can be brought to (reduced) row echelon form using
only elementary row operations, and moreover that there is an explicit procedure to achieve
this (namely the Gaussian and Gauss-Jordan algorithm). We record this important insight for
later use.

Theorem 1.14.

(a) Every matrix can be brought to row echelon form by a series of elementary row opera-
tions.

(b) Every matrix can be brought to reduced row echelon form by a series of elementary row
operations.

Proof. For (a):apply the Gaussian algorithm; for (b): apply the Gauss-Jordan algorithm. [
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Remark 1.15. It can be shown (but not in this module) that the reduced row echelon form
of a matrix is unique. On the contrary, this is not the case for just the row echelon form.

The remark above implies that if a matrix is brought to reduced row echelon form by
any sequence of elementary row operations (that is, not necessarily by those prescribed by the
Gauss-Jordan algorithm) the leading ones will nevertheless always appear in the same positions.
As a consequence, the following definition makes sense.

Definition 1.16. A pivot position in a matrix A is a location that corresponds to a leading
1 in the reduced row echelon form of A. A pivot column is a column of A that contains a
pivot position.

Example 1.17. Let

1 11114
A=|1 11 2 2 5
111237
By Example 1.13 the reduced row echelon form of A is
11100 3
00010 -1},
00001 2

Thus the pivot positions of A are the (1, 1)-entry, the (2, 4)-entry, and the (3, 5)-entry and
the pivot columns of A are columns 1, 4, and 5.

The notion of a pivot position and a pivot column will come in handy later in the module.

1.3 Special classes of linear systems

In this last section of our first chapter we'll have a look at a number of special types of linear
systems and derive the first important consequences of the fact that every matrix can be
brought to row echelon form by a series of elementary row operations.

We start with the following classification of linear systems:

Definition 1.18. An m x n linear system is said to be
e overdetermined if it has more equations than unknowns (i.e. m > n);
e underdetermined if it has fewer equations than unknowns (i.e. m < n).

Note that overdetermined systems are usually (but not necessarily) inconsistent. Under-
determined systems may or may not be consistent. However, if they are consistent, then they
necessarily have infinitely many solutions:

Theorem 1.19. I/f an underdetermined system is consistent, it must have infinitely many
solutions.

Proof. Note that the row echelon form of the augmented matrix of the system has r < m
non-zero rows. Thus there are r leading variables, and consequently n —r > n —m > 0 free
variables. [

Another useful classification of linear systems is the following:
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Definition 1.20. A linear system

111 + a19T9 + - - - + a1y, = bl

a9 T1 + Gooxo + -+ - + GopT, = bo
(1.1)

Am1T1 + Q22 + -+ + ATy = bm

is said to be homogeneous if b; = 0 for all 7. Otherwise it is said to be inhomogeneous.
Given an inhomogeneous system (1.1), call the system obtained by setting all b;'s to zero,
the associated homogeneous system .

Example 1.21.
3[E1 + 2I2 + 55(]3 = 2 35(]1 + 2%2 + 51‘3 = 0
2I1 - i) + T3 = 5 21’1 — i) + T3 =0
inhomogeneous system associated homogeneous system

The first observation about homogeneous systems is that they always have a solution, the
so-called trivial or zero solution: (0,0,...,0).

For later use we record the following useful consequence of the previous theorem on con-
sistent homogeneous systems:

Theorem 1.22. An underdetermined homogeneous system always has non-trivial solutions.

Proof. We just observed that a homogeneous systems is consistent. Thus, if the system is
underdetermined and homogeneous, it must have infinitely many solutions by Theorem 1.19,
hence, in particular, it must have a non-zero solution. O

Our final result in this section is devoted to the special case of n x n systems. For such
systems there is a delightful characterisation of the existence and uniqueness of solutions of a
given system in terms of the associated homogeneous systems. At the same time, the proof of
this result serves as another illustration of the usefulness of the row echelon form for theoretical
purposes.

Theorem 1.23. An n x n system is consistent and has a unique solution, if and only if the
only solution of the associated homogeneous system is the zero solution.

Proof. Follows from the following two observations:

e The same sequence of elementary row operations that brings the augmented matrix
of a system to row echelon form, also brings the augmented matrix of the associated
homogeneous system to row echelon form, and vice versa.

e An nxn system in row echelon form has a unique solution precisely if there are n leading
variables.

Thus, if an n X n system is consistent and has a unique solution, the corresponding homoge-
neous system must have a unique solution, which is necessarily the zero solution.

Conversely, if the associated homogeneous system of a given system has the zero solution
as its unique solution, then the original inhomogeneous system must have a solution, and this
solution must be unique. O



Chapter 2

Matrix Algebra

In this chapter we first repeat basic rules and definitions that are necessary for doing calcula-
tions with matrices in an efficient way. Most of this will already be familiar from Geometry I.
We will then consider the inverse of a matrix, the transpose of a matrix, and what is meant
by the concept of a symmetric matrix. A first highlight in the later sections is the Invertible
Matrix Theorem.

2.1 Revision from Geometry |

Recall that an m x n matrix A is a rectangular array of scalars (real numbers)
ayip - Qip

m1 = Qmp

We write A = (a;j)mxn or simply A = (a;;) to denote an m x n matrix whose (7, j)-entry is
a;j, i.€. a;; is the i-th row and in the j-th column.
If A= (aij)mxn We say that A has size m x n. An n x n matrix is said to be square.

1 3 2
A:(—z 4 0)’

then A is a matrix of size 2 x 3. The (1,2)-entry of A is 3 and the (2, 3)-entry of A is 0.

Example 2.1. If

Definition 2.2 (Equality). Two matrices A and B are equal and we write A = B if they
have the same size and a;; = b;; where A = (a;;) and B = (b;).

Definition 2.3 (Scalar multiplication). If A = (a;;)mxn and « is a scalar, then oA (the scalar
product of o and A) is the m x n matrix whose (7, j)-entry is aa;;.

Definition 2.4 (Addition). If A = (a;j)mxn and B = (b;;)mxn then the sum A + B of A
and B is the m x n matrix whose (i, j)-entry is a;; + b;;.

Example 2.5. Let

2 3 0 1
A=|-1 2 and B=| 2 3
4 0 -2 1
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Then
6 9 0 2 6 11
3A+2B=|-3 6|+ 4 6] =1]1 12
12 0 -4 2 8 2

Definition 2.6 (Zero matrix). We write O,,x,, or simply O (if the size is clear from the
context) for the m x n matrix all of whose entries are zero, and call it a zero matrix.

Scalar multiplication and addition of matrices satisfy the following rules proved in Geom-
etry I:

Theorem 2.7. Let A, B and C' be matrices of the same size, and let o and [3 be scalars.
Then:

(a) A+ B =B+ A
(b) A+ (B+C)=(A+B)+C;

(c) A+ 0= A;

(d) A+ (~A) =0, where —A = (—1)A;
(e) a(A+ B) = aA+ aB;

(f) (a+ B)A = aA + BA;

(g) (aB)A = a(BA),

(h) 1A = A.

Example 2.8. Simplify 2(A + 3B) — 3(C + 2B), where A, B, and C' are matrices with the
same size.

Solution.
2(A+3B)—-3(C+2B)=2A+2-3B—-3C —-3-2B=2A+6B —3C — 6B =2A—3C.
O

Definition 2.9 (Matrix multplication). If A = (a;;) is an m x n matrix and B = (b;;) is an
n X p matrix then the product AB of A and B is the m x p matrix C' = (¢;;) with

n
Cij = E aikbkj.
k=1

Example 2.10. Compute the (1, 3)-entry and the (2, 4)-entry of AB, where

2 1
A:(g _11 i) and B= | 0 222
-1 0 5 8
Solution.
(1,3)-entry: 3-6+(—1)-3+2-5=25;
(2,4)-entry: 0-0+1-4+4-8=36. O

Definition 2.11 (ldentity matrix). An identity matrix [ is a square matrix with 1's on the
diagonal and zeros elsewhere. If we want to emphasise its size we write [,, for the n x n
identity matrix.
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Matrix multiplication satisfies the following rules proved in Geometry I:

Theorem 2.12. Assume that « is a scalar and that A, B, and C are matrices so that the
indicated operations can be performed. Then:

(a) IA = A and BI = B;

(b) A(BC) = (AB)C;

(c) A(B+C) = AB + AC;

(d) (B+C)A=BA+ CA,

(e) a(AB) = (aA)B = A(aB).
Notation 2.13.

e Since A(BC') = (AB)C, we can omit the brackets and simply write ABC' and similarly
for products of more than three factors.

e If A is a square matrix we write A¥ = AA-.. A for the k-th power of A.
—_—

k factors

Warning: In general AB # BA, even if AB and BA have the same size!
1 0\ /0 1y (0 1
0 0)\0o 0/ \0O O
0 1\ /1 0y (0 O
0 0/\0 0/ \O O

Definition 2.15. If A and B are two matrices with AB = BA, then A and B are said to
commute.

Example 2.14.

but

Finally we recall the notion of an inverse of a matrix.

Definition 2.16. If A is a square matrix, a matrix B is called an inverse of A if
AB =1 and BA=1.
A matrix that has an inverse is called invertible.
Note that not every matrix is invertible. For example the matrix
10
1= (5 0)

cannot have an inverse since for any 2 x 2 matrix B = (b;;) we have

. 10 bii bio o bii b2
AB_(O 0) (621 b22>_(0 ())7”2'

Later on in this chapter we shall discuss an algorithm that lets us decide whether a matrix
is invertible and at the same furnishes an inverse if the matrix is invertible.
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It turns out that if a matrix is invertible its inverse is uniquely determined:
Theorem 2.17. If B and C are both inverses of A, then B = C.
Proof. Since B and C' are inverses of A we have AB =1 and CA = 1. Thus
B=IB=(CA)B=C(AB)=CI=C.
O

If A is an invertible matrix, the unique inverse of A is denoted by A=, Hence A~ (if it
exists!) is a square matrix of the same size as A with the property that

AAT = A7TA=T.

Note that the above equality implies that if A is invertible, then its inverse A~! is also invertible

with inverse A, that is,
(A*l)*1 =A.

Slightly deeper is the following result:

Theorem 2.18. If A and B are invertible matrices of the same size, then AB is invertible

and
(AB) ' =B7tA™t.

Proof. Observe that
(AB)(B'A™) = A(BB YA ' = AIA™' = AA = 1T,

(BflAfl)(AB) = Bfl(AflA)B — B ' IB=B'B=1.
Thus, by definition of invertibility, AB is invertible with inverse B~'A~!, O]

2.2 Transpose of a matrix

The first new concept we encounter is the following:

Definition 2.19. The transpose of an m x n matrix A = (a;;) is the n x m matrix B = (b;;)
given by

bij = aj
The transpose of A is denoted by A7
Example 2.20.
@ a-(} 2 (25
3 6
3
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Matrix transposition satisfies the following rules:

Theorem 2.21. Assume that « is a scalar and that A, B, and C are matrices so that the
indicated operations can be performed. Then:

(a) (A7) = A;

(b) (@A) = a(AT);

(c) (A+ B)" = AT + BT,
(d) (AB)T = BT AT,

Proof. (a) is obvious while (b) and (c) are proved as Exercise 6 in Coursework 2. For the proof

of (d) assume A = (a;j)mxn and B = (b;j)nxp and write AT = (@;j)nxm and BT = (bij)pxn
where
(~ZZ’]’ = Qj; and bij = bji .

Notice that (AB)T and BT AT have the same size, so it suffices to show that they have the
same entries. Now, the (i, j)-entry of BT AT is

Z Eik&kj = Z briaji = Z ajkb;
k=1 k=1 k=1
which is the (j,4)-entry of AB, that is, the (i, j)-entry of (AB)?. Thus BTAT = (AB)T. [
Transposition ties in nicely with invertibility:
Theorem 2.22. Let A be invertible. Then AT is invertible and

(A7) = (A7)

Proof. See Exercise 8 in Coursework 2. O]

2.3 Special types of square matrices

In this section we briefly introduce a number of special classes of matrices which will be studied
in more detail later in this course.

Definition 2.23. A matrix is said to be symmetric if AT = A.
Note that a symmetric matrix is necessarily square.

Example 2.24.
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Symmetric matrices play an important role in many parts of pure and applied Mathematics
as well as in some other areas of science, for example in quantum physics. Some of the reasons
for this will become clearer towards the end of this course, when we shall study symmetric
matrices in much more detail.

Some other useful classes of square matrices are the triangular ones, which will also play
a role later on in the course.

Definition 2.25. A square matrix A = (a;;) is said to be

upper triangular if a;; =0 fori > j;
strictly upper triangular if a;; = 0 for i > j;
lower triangular if a;; =0 fori < j;
strictly lower triangular if a;; = 0 for i < j;
diagonal if a;; =0 fori # j.
If A= (a;;) is a square matrix of size n x n, we call a1, ass, ..., a,, the diagonal entries

of A. So, informally speaking, a matrix is upper triangular if all the entries below the diagonal
entries are zero, and it is strictly upper triangular if all entries below the diagonal entries and
the diagonal entries itself are zero. Similarly for (strictly) lower triangular matrices.

Example 2.26. 100 0
upper triangular: (1 2) diagonal: 0300
0 3)"° 0050
000 3
0 00
strictly lower triangular: -1 0 0
2 30

We close this section with the following two observations:

Theorem 2.27. The sum and product of two upper triangular matrices of the same size is
upper triangular.

Proof. See Exercise 5, Coursework 2. O

2.4 Linear systems in matrix notation

We shall now have another look at systems of linear equations. The added spice in this
discussion will be that we now use the language of matrices to study them. More precisely,
we shall now introduce two equivalent ways of writing systems of linear equations. Both
reformulations will in their own way shed some light on both linear systems and matrices.
Before discussing these reformulations let us recall from Geometry | that an n x 1 matrix

ai
a2

an
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is called a column vector of dimension n, or simply an n-vector. The collection of all
n-vectors is denoted by R™. Thus:

ai
n az
R" = . a17a2a”'7an€R

Qn

Suppose now that we are given an m X n linear system

a11T1 + a9 + -+ - + a1y, = bl

211 + A92T9 + -+ - + A9y, = b2
| (2.1)

Am1T1 + A2l + - -+ + CGppTy = bm

The first reformulation is based on the observation that we can write this system more suc-

cinctly as a single matrix equation
Ax =Db, (2.2)

where

and where Ax is interpreted as the matrix product of A and x.
Example 2.28. Using matrix notation the system

2[L’1 — 31‘2 + x3 = 2
3ZE1 — X3 = -1

2 -3 1)\ (") (2
3 0 —1)|\™) -1/
—————— \T3 ——

=A S—— =b

=X

can be written

Apart from obvious notational economy, writing (2.1) in the form (2.2) has a number of
other advantages which will become clearer shortly.
The other useful way of writing (2.1) is the following: with A and x as before we have

ancy + -+ a1ply a1 A1p

Ax = : =z | | Feta o]
Am1T1 + -+ ATy am1 Amn,
=a; =a,

where a; € R™ is the j-th column of A.
Thus the linear system (2.1) can also be represented as a matrix (or vector) equation of
the form
x1a1+---+$nan=b- (23)
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Example 2.29. The linear system

21’1 — 3%2 — 251)3 = 5
5I1 - 4.132 + 2$3 = 06

@0 e

Sums such as the left-hand side of (2.3) or (2.4) will turn up time and again in this course,
so it will be convenient to introduce the following terminology

can also be written as

Definition 2.30. If a;,...,a, are vectors in in R™ and ay, ..., a, are scalars, a sum of the
form
aja) + -+ apay,

is called a linear combination of the vectors ay, ..., a, with weights o, ..., a,.

Summarising the previous discussion, we now have the following characterisation of con-
sistency:

Theorem 2.31 (Consistency Theorem for Linear Systems). A linear system Ax = b is con-
sistent if and only if b can be written as a linear combination of the column vectors of A.

2.5 Elementary matrices and the Invertible Matrix The-
orem

Using the reformulation of linear systems discussed in the previous section we shall now have
another look at the process of solving them. Instead of performing elementary row operations
we shall now view this process in terms of matrix multiplication. This will shed some light
on both matrices and linear systems and will be useful for formulating and proving the main
result of this chapter, the Invertible Matrix Theorem, which will be presented towards the end
of this section. Before doing so, however, we shall consider the effect of multiplying both sides
of a linear system in matrix form by an invertible matrix.

Lemma 2.32. Let A be an m x n matrix and let b € R™. Suppose that M is an invertible
m X m matrix. The following two systems are equivalent:

Ax=Db (2.5)
MAx = Mb (2.6)

Proof. Note that if x satisfies (2.5), then it clearly satisfies (2.6). Conversely, suppose that x
satisfies (2.6), that is,
MAx = Mb.

Since M is invertible, we may multiply both sides of the above equation by M ! from the left
to obtain
M *MAx = M'Mb,

so [Ax = Ib, and hence Ax = b, that is, x satisfies (2.5). O
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We now come back to the idea outlined at the beginning of this section. It turns out that
we can ‘algebraize’ the process of applying an elementary row operation to a matrix A by
left-multiplying A by a certain type of matrix, defined as follows:

Definition 2.33. An elementary matrix of type | (respectively, type Il, type Ill) is a
matrix obtained by applying an elementary row operation of type | (respectively, type Il, type
[I) to an identity matrix.

Example 2.34.
010
typel: Ey=(1 0 0 (take I3 and swap rows 1 and 2)
0 01
100
typell: Eo={(0 1 0 (take I3 and multiply row 3 by 4)
0 0 4
1 0 2
typelll: E3=(0 1 0 (take I3 and add 2 times row 3 to row 1)
0 01

Let us now consider the effect of left-multiplying an arbitrary 3 x 3 matrix A in turn by
each of the three elementary matrices given in the previous example.

Example 2.35. Let A = (a;j)3x3 and let E; (I = 1,2, 3) be defined as in the previous example.
Then

010 a1 a2 13 a1 G2 A23
E/A=1{1 00 Q21 Q22 Q23 | = | A11 G12 Q13 | ,
001 azy Ay as3 az; Az ass
100 11 Qa2 Q13 11 Q12 a13
E;A=1(0 10 Q21 Q22 Q23 | = 21 Q22  A23 )
00 4 az1 G322 0ass daz; 4aze 4ass
1 0 2 air a2 Q13 ai + 2a31 a2 + 2az2 a3 + 2ass
EgA =010 21 Q22 Q23 | = 21 a2 ag3
001 az1 Gzz a33 azy a3z ass

You should now pause and marvel at the following observation: interchanging rows 1 and 2
of A produces E1 A, multiplying row 3 of A by 4 produces F» A, and adding 2 times row 3 to
row 1 of A produces F5A.

This example should convince you of the truth of the following theorem, the proof of which
will be omitted as it is straightforward, slightly lengthy and not particularly instructive.

Theorem 2.36. I/f E' is an m x m elementary matrix obtained from I by an elementary row
operation, then left-multiplying an m x n matrix A by E has the effect of performing that
same row operation on A.

Slightly deeper is the following:

Theorem 2.37. If E is an elementary matrix, then E is invertible and E~ is an elementary
matrix of the same type.
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Proof. The assertion follows from the previous theorem and the observation that an elementary
row operation can be reversed by an elementary row operation of the same type. More precisely,

e if two rows of a matrix are interchanged, then interchanging them again restores the
original matrix;

e if a row is multiplied by a # 0, then multiplying the same row by 1/« restores the
original matrix;

e if o times row ¢ has been added to row r, then adding —a times row ¢ to row 7 restores
the original matrix.

Now, suppose that E was obtained from I by a certain row operation. Then, as we just
observed, there is another row operation of the same type that changes F back to /. Thus
there is an elementary matrix F' of the same type as F such that FE = I. A moment's
thought shows that E'F' = I as well, since £/ and F' correspond to reverse operations. All in
all, we have now shown that E is invertible and its inverse £~' = F is an elementary matrix
of the same type. m

Example 2.38. Determine the inverses of the elementary matrices E;, E>, and F3 in Exam-
ple 2.34.

Solution. In order to transform £ into I we need to swap rows 1 and 2 of F;. The elementary
matrix that performs this feat is

Bt =

o = O
O O =
—_ o O

Similarly, in order to transform E5 into I we need to multiply row 3 of 5 by %. Thus

10
Ey'=1(0 1
0 0

= O O

Finally, in order to transform FE3 into I we need to add —2 times row 3 to row 1, and so

—2
Bt = 0
1

OO =
O = O

Before we come to the main result of this chapter we need some more terminology:

Definition 2.39. A matrix B is row equivalent to a matrix A if there exists a finite sequence
E\, Es, ..., E} of elementary matrices such that

B - EkEkfl c ElA

In other words, B is row equivalent to A if and only if B can be obtained from A by a
finite number of row operations. In particular, two augmented matrices (A|b) and (B|c) are
row equivalent if and only if Ax = b and Bx = c are equivalent systems.

The following properties of row equivalent matrices are easily established:
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Fact 2.40. !

(a) A is row equivalent to itself;
(b) if A is row equivalent to B, then B is row equivalent to A;

(c) if A is row equivalent to B, and B is row equivalent to C, then A is row equivalent to
C.

Property (b) follows from Theorem 2.37. Details of the proof of (a), (b), and (c) are left
as an exercise.

We are now able to formulate and prove the first highlight of this module, a truly delightful
characterisation of invertibility of matrices. More precisely, the following theorem provides
three equivalent conditions for a matrix to be invertible. Later on in this course, we will
encounter further equivalent conditions.

Before stating the theorem we recall that the zero vector, denoted by 0, is the column
vector all of whose entries are zero.

Theorem 2.41 (Invertible Matrix Theorem). Let A be a square n x n. matrix. The following
are equivalent:

(a) A is invertible;

(b) Ax = 0 has only the trivial solution;
(c) A is row equivalent to I,

(d) A'is a product of elementary matrices.

Proof. We shall prove this theorem using a cyclic argument: we shall first show that (a)
implies (b), then (b) implies (c), then (c) implies (d), and finally that (d) implies (a). This is
a frequently used trick to show the logical equivalence of a list of assertions.

(a) = (b): Suppose that A is invertible. If x satisfies Ax = 0, then

x=Ix=(A"A)x=4""0=0,

so the only solution of Ax = 0 is the trivial solution.

(b) = (c): Use elementary row operations to bring the system Ax = 0 to the form
Ux = 0, where U is in row echelon form. Since, by hypothesis, the solution of Ax = 0 and
hence the solution of Ux = 0 is unique, there must be exactly n leading variables. Thus U is
upper triangular with 1's on the diagonal, and hence, the reduced row echelon form of U is I.
Thus A is row equivalent to I.

(c) = (d): If Ais row equivalent to I, then there is a sequence F1, ..., E} of elementary
matrices such that

A=EwEy - E\l =EyEy - Ey,

that is, A is a product of elementary matrices.

(d) = (a). If Ais a product of elementary matrices, then A must be invertible, since
elementary matrices are invertible by Theorem 2.37 and since the product of invertible matrices
is invertible by Theorem 2.18. [

in the language of MTH4104 (Introduction to Algebra) which some of you will have taken, these statements
mean that ‘row equivalence’ is an equivalence relation.
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An immediate consequence of the previous theorem is the following perhaps surprising
result:

Corollary 2.42. Let A and C' be square matrices such that CA = I, then also AC = I, in
particular both A and C' are invertible with C' = A~! and A = C~1.

Proof. By Exercise 1 on Coursework 3 it follows that A is invertible. But then C'is invertible
since
C=CIl=CAA ' =TA1=A"".

Furthermore, C~' = (A7) = Aand AC=C"'C = 1. O

What is surprising about this result is the following: suppose we are given a square matrix
A. If we want to check that A is invertible, then, by the definition of invertibility, we need
to produce a matrix B such that AB = [ and BA = I. The above corollary tells us that
if we have a candidate C' for an inverse of A it is enough to check that either AC' = I or
CA = I in order to guarantee that A is invertible with inverse C'. This is a non-trivial fact
about matrices, which is often useful.

2.6 Gauss-Jordan inversion

The Invertible Matrix Theorem provides a simple method for inverting matrices. Recall that
the theorem states (amongst other things) that if A is invertible, then A is row equivalent to
I. Thus there is a sequence E, ... Ej of elementary matrices such that

E.Ey 1---E1A=1.
Multiplying both sides of the above equation by A~! from the right yields
EwEy - By =A"",

that is,
FEvEj_q---EjI=A1.

Thus, the same sequence of elementary row operations that brings an invertible matrix to
I, will bring I to A=*. This gives a practical algorithm for inverting matrices, known as
Gauss-Jordan inversion.

Note that in the following we use a slight generalisation of the augmented matrix notation.
Given an m x n matrix A and an m-vector b we currently use (A|b) to denote the m x (n+1)
matrix consisting of A with b attached as an extra column to the right of A, and a vertical
line in between them. Suppose now that B is an m x r matrix then we write (A|B) for the
m X (n + r) matrix consisting of A with B attached to the right of A, and a vertical line
separating them.

Gauss-Jordan inversion

Bring the augmented matrix (A|I) to reduced row echelon form. If A is row equivalent to I,
then (A|I) is row equivalent to (I|A~1). Otherwise, A does not have an inverse.

Example 2.43. Show that

S
I
oo =
RGN
0w O

is invertible and compute A~!.
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Solution. Using Gauss-Jordan inversion we find

1 2 0[1 00
25 3|01 0] ~Ry—2R,4
0 3 8|0 0 1
12 01 0 O
~ 01 3|-2 1 0]~
Rs—3R, \0O 0 -1, 6 =3 1 (—1)Rs
1201 0 0 Ry — 2R,
~ Ry — 3R3 01016 -8 3 |~
001|{-6 3 -1

Thus A is invertible (because it is row equivalent to I3) and

-31 16 —6
A'l=(16 -8 3
-6 3 -1

M~ OO~ OO &~
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Chapter 3

Determinants

We will define the important concept of a determinant, which is a useful invariant for general
n x n matrices. We will discuss the most important properties of determinants, and illustrate
what they are good for and how calculations involving determinants can be simplified.

3.1 General definition of determinants

Let A = (a;;) be a 2 x 2 matrix. Recall that the determinant of A was defined by

@11 a2
Q21 A2

det(A) =

= a11a22 — A21G12 - (3-1)

In other words, with every 2 x 2 matrix A it is possible to associate a scalar, called the
determinant of A, which is given by a certain sum of products of the entries of A. The
following fact was proved in Geometry | by a brute force calculation:

Fact 3.1. If A and B are 2 x 2 matrices then
(a) det(A) # 0 if and only if A is invertible;
(b) det(AB) = det(A)det(B).

This fact reveals one of the main motivations to introduce this somewhat non-intuitive
object: the determinant of a matrix allows us to decide whether a matrix is invertible or not.

In this chapter we introduce determinants for arbitrary square matrices, study some of their
properties, and then prove the generalisation of the above fact for arbitrary square matrices.

Before giving the general definition of the determinant of an n x n matrix, let us recall the
definition of 3 x 3 determinants given in Geometry I:

If A= (a;;)is a3 x 3 matrix, then its determinant is defined by

ailz aig ais

12 Qi3
det(A) = a1 ag ag3| = an

32 as3

a22 A23
agz2 as3

(3.2)

— Q21

a3; a3z as3

= (11022033 — (11032023 — A21012033 + 21032013 + A31012023 — 431022013 -
Notice that the determinant of a 3 x 3 matrix A is given in terms of the determinants of
certain 2 x 2 submatrices of A. In general, we shall see that the determinant of a 4 x 4 matrix

is given in terms of the determinants of 3 x 3 submatrices, and so forth. Before stating the
general definition we introduce a convenient short-hand:

23
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Notation 3.2. For any square matrix A, let A;; denote the submatrix formed by deleting the

i-th row and the j-th column of A.
Example 3.3. If

then
3 2 -1
Ay =17 -2 1
4 -5 —4

If we now define the determinant of a 1 x 1 matrix A = (a;;) by det(A) = ay1, we can
recast (3.1) and (3.2) as follows:

o if A= (a/l‘j)QXQ then

det(A) = a1 det(AH) — Q921 det(A21) )

o if A= (aij)3><3 then

det(A) = ali det(An) — a921 det(Agl) + as det(Agl) .

This observation motivates the following recursive definition:

Definition 3.4. Let A = (a;;) be an n x n matrix. The determinant of A, written det(A),
is defined as follows:

e If n =1, then det(A) = ay;.

e If n > 1 then det(A) is the sum of n terms of the form +a;; det(A;;), with plus and
minus signs alternating, and where the entries a1, ao1, . . . , a,; are from the first column
of A. In symbols:

det(A) = a1 det(AH) — Q921 det(Agl) + -+ (—1)"+1an1 det(Anl)

— Z(—l)”laﬂ det(Ail) .
i=1

Example 3.5. Compute the determinant of

0 0 7 =5
2 9 6 -8
A=10 0 3 2
0 3 -1 4
Solution.
—028 g :g 07 =5 7 =5
=—(-2)|0 =3 2|=23 =2.3.[7-2—(=3)-(=5)] = —6.
0 0 -3 2 5 1 1 ~3 2
0 3 -1 4

O
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To state the next theorem, it will be convenient to write the definition of det(A) in a
slightly different form.

Definition 3.6. Given a square matrix A = (a;;), the (i, j)-cofactor of A is the number C;;
defined by

Cij = (—1)i+j det(A,»j) .
Thus, the definition of det(A) reads
det(A) = a11C11 + ag1Co + -+ + 41 Cpa.

This is called the cofactor expansion down the first column of A. There is nothing special
about the first column, as the next theorem shows:

Theorem 3.7 (Cofactor Expansion Theorem). The determinant of an n x n matrix A can be
computed by a cofactor expansion across any column or row. The expansion down the j-th
column is

det(A) = alelj -+ anggj + -+ CLnanj

and the cofactor expansion across the i-th row is
det(A) = anCit + apCin + -+ + ainCip .

Although this theorem is fundamental for the development of determinants, we shall not
prove it here, as it would lead to a rather lengthy workout.

Before moving on, notice that the plus or minus sign in the (i, j)-cofactor depends on
the position of a;; in the matrix, regardless of a;; itself. The factor (—1)"*/ determines the
following checkerboard pattern of signs

Solution.

det(A) = ag Co + a2C5 + az3Cs3
= (—1)2+16L21 det(Agl) —f- (—1)2+2a22 det(Agg) =+ (-1)2+3(123 det(Agg)

-1 3 4 3 4 -1
0 7 17 1 0

= 24-0-1-(-1)]=-2.

-

roff 3]




26 CHAPTER 3. DETERMINANTS

Example 3.9. Compute det(A), where

3 0 0 0 0
-2 5 0 0 0
A=19 -6 4 -1 3
2 4 0 0 2
8 3 1 0 7

Solution. Notice that all entries but the first of row 1 are 0. Thus it will shorten our labours
if we expand across the first row:

5 0 0 O
-6 4 -1 3
det(A) =3 410 0 2
3 1 0 7

Again it is advantageous to expand this 4 x 4 determinant across the first row:

4 -1 3
det(4)=3-5-10 0 2|.
1 0 7

We have already computed the value of the above 3 x 3 determinant in the previous example
and found it to be equal to —2. Thus det(A) =3 -5 (—2) = —30. O

Notice that the matrix in the previous example was almost lower triangular. The method
of this example is easily generalised to prove the following theorem:

Theorem 3.10. If A is either an upper or a lower triangular matrix, then det(A) is the product
of the diagonal entries of A.

3.2 Properties of determinants

We saw time and again in this module that elementary row operations play a fundamental role
in matrix theory. It is only natural to enquire how det(A) behaves when an elementary row
operation is applied to A.

Theorem 3.11. Let A be a square matrix.
(a) If two rows of A are interchanged to produce B, then det(B) = — det(A).
(b) If one row of A is multiplied by « to produce B, then det(B) = avdet(A).

(c) If a multiple of one row of A is added to another row to produce a matrix B then
det(B) = det(A).

Proof. These assertions follow from a slightly stronger result to be proved later in this chapter

(see Theorem 3.21). O
Example 3.12.
1 2 3 4 5 6
(a) |4 5 6/=—1|1 2 3| by (a) of the previous theorem.
789 789
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0 1 2 01 2

(b) |3 12 9] =3|1 4 3| by (b) of the previous theorem.
1 2 1 1 21
3 1 0 3 1 0

(c) |4 2 9=|7 3 9|by(c) of the previous theorem.
0 -2 1 0 -2 1

The following examples show how to use the previous theorem for the effective computation
of determinants:

Example 3.13. Compute
3 -1 2 =5
0O 5 -3 —6
-6 7 =7 4
-5 =8 0 9

Solution. Perhaps the easiest way to compute this determinant is to spot that when adding
two times row 1 to row 3 we get two identical rows, which, by another application of the
previous theorem, implies that the determinant is zero:

3 -1 2 =5 3 -1 2 =5
0 5 =3 —6| 0 5 -3 —6
-6 7 -7 4| R3+2R;|0 5 -3 —6
-5 =8 0 9 -5 =8 0 9
3 -1 2 =5
B 0 5 =3 -6/ 0
" R3—R|O O O 0] 7
-5 =8 0 9
by a cofactor expansion across the third row. O]
Example 3.14. Compute det(A), where
o 1 2 -1
2 5 =7 3
A= 0o 3 6 2
-2 =5 4 =2

Solution. Here we see that the first column already has two zero entries. Using the previous
theorem we can introduce another zero in this column by adding row 2 to row 4. Thus

0 1 2 -1 o1 2 -1
5 5 -7 3| |25 -7 3
det() =1y 3 6 2/=l03 6 2
9 5 4 -9 oo -3 1

If we now expand down the first column we see that

1 2
det(A)=-2|13 6 2
0 -3 1
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The 3 x 3 determinant above can be further simplified by subtracting 3 times row 1 from row
2. Thus

1 2 -1
det(A)=—-2/0 0 5
0 -3 1

Finally we notice that the above determinant can be brought to triangular form by swapping
row 2 and row 3, which changes the sign of the determinant by the previous theorem. Thus

1 2 -1
det(A)=(-2)- (=)0 =3 1|=(-2)-(-1)-1-(=3)-5=-30,
0 0 5
by Theorem 3.10. O

We are now able to prove the first important result about determinants. It allows us to
decide whether a matrix is invertible or not by computing its determinant. It will play an
important role in later chapters.

Theorem 3.15. A matrix A is invertible if and only if det(A) # 0.

Proof. Bring A to row echelon form U (which is then necessarily upper triangular). Since we
can achieve this using elementary row operations, and since, in the process we only ever multiply
a row by a non-zero scalar det(A) = ydet(U) for some v with v # 0, by Theorem 3.11. If A
is invertible, then det(U) = 1, since U is upper triangular with 1's on the diagonal, and hence
det(A) = ydet(U) # 0. Otherwise, at least one diagonal entry of U is zero, so det(U) = 0,
and hence det(A) = ydet(U) = 0. O

Definition 3.16. A square matrix A is called singular if det(A) = 0. Otherwise it is said to
be nonsingular.

Corollary 3.17. A matrix is invertible if and only if it is nonsingular
Our next result shows what effect transposing a matrix has on its determinant:
Theorem 3.18. If A is an n x n matrix, then det(A) = det(AT).

Proof. The proof is by induction on n (that is, the size of A).! The theorem is obvious for
n = 1. Suppose now that it has already been proved for k x k matrices for some integer k.
Our aim now is to show that the assertion of the theorem is true for (k+1) x (k+ 1) matrices
as well. Let A be a (k+ 1) x (k+ 1) matrix. Note that the (i, j)-cofactor of A equals the
(i, j)-cofactor of AT, because the cofactors involve k x k determinants only, for which we
assumed that the assertion of the theorem holds. Hence

cofactor expansion of det(A) across first row

—cofactor expansion of det(A”) down first column

so det(A) = det(AT).
Let's summarise: the theorem is true for 1 x 1 matrices, and the truth of the theorem for
k x k matrices for some k implies the truth of the theorem for (k + 1) x (k + 1) matrices.

Lif you have never encountered this method of proof, don't despair! Simply read through the following
argument. The last paragraph explains the underlying idea of this method.
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Thus, the theorem must be true for 2 x 2 matrices (choose k = 1); but since we now know
that it is true for 2 X 2 matrices, it must be true for 3 x 3 matrices as well (choose k = 2);
continuing with this process, we see that the theorem must be true for matrices of arbitrary
size. [

By the previous theorem, each statement of the theorem on the behaviour of determinants
under row operations (Theorem 3.11) is also true if the word ‘row’ is replaced by ‘column’,
since a row operation on A7 amounts to a column operation on A.

Theorem 3.19. Let A be a square matrix.
(a) If two columns of A are interchanged to produce B, then det(B) = — det(A).
(b) If one column of A is multiplied by o to produce B, then det(B) = avdet(A).

(c) If a multiple of one column of A is added to another column to produce a matrix B
then det(B) = det(A).

Example 3.20. Find det(A) where

1 3 4 8
-1 2 1 9
A= 2 5 7 0
3 —4 -1 5
Solution. Adding column 1 to column 2 gives
1 3 4 8 1 4 4 8
-1 2 1 9 -1 1 1 9
det) =1y 5 7 oT|2 7 7 o
3 —4 -1 5 3 -1 -1 5

Now subtracting column 3 from column 2 the determinant is seen to vanish by a cofactor
expansion down column 2.

1 0 4 8

-1 0 1 9
det(A) = 5 0 7 0 =0.

3 0 -1 5

[]

Our next aim is to prove that determinants are multiplicative, that is, det(AB) = det(A) det(B)
for any two square matrices A and B of the same size. We start by establishing a baby-version
of this result, which, at the same time, proves the theorem on the behaviour of determinants
under row operations stated earlier (see Theorem 3.11).

Theorem 3.21. If A is an n X n matrix and E an elementary n X n matrix, then
det(FA) = det(F) det(A)
with

—1 if E is of type | (interchanging two rows)
det(E) = ¢ « if E is of type Il (multiplying a row by «)
1 if £ is of type Il (adding a multiple of one row to another)
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Proof. By induction on the size of A. The case where A is a 2x 2 matrix is an easy exercise (see
Exercise 1, Coursework 4). Suppose now that the theorem has been verified for determinants
of k x k matrices for some k with k > 2. Let A be (k+1) x (k+1) matrix and write B = EA.
Expand det(EA) across a row that is unaffected by the action of E on A, say, row i. Note
that B;; is obtained from A;; by the same type of elementary row operation that £ performs
on A. But since these matrices are only k x k, our hypothesis implies that

det(Bw) =T det(A,]) s
where r = —1, o, 1 depending on the nature of E.
Now by a cofactor expansion across row ¢

k+1
det(EA) = det(B) = Y _a;(—1)"" det(B;;)
j=1

In particular, taking A = I ; we see that det(E) = —1, o, 1 depending on the nature of E.

To summarise: the theorem is true for 2 x 2 matrices and the truth of the theorem for
k x k matrices for some k > 2 implies the truth of the theorem for (k+1) x (k+ 1) matrices.
By the principle of induction the theorem is true for matrices of any size. O]

Using the previous theorem we are now able to prove the second important result of this
chapter:

Theorem 3.22. If A and B are square matrices of the same size, then
det(AB) = det(A) det(B) .

Proof. Case I: If A is not invertible, then neither is AB (for otherwise A(B(AB)™!) = I,
which by the corollary to the Invertible Matrix Theorem would force A to be invertible). Thus,
by Theorem 3.15,

det(AB) =0 =0-det(B) = det(A) det(B) .

Case II: If A is invertible, then by the Invertible Matrix Theorem A is a product of elementary
matrices, that is, there exist elementary matrices F1, ..., E}, such that

A:EkEk—l"'El'
For brevity, write |A| for det(A). Then, by the previous theorem,

|AB| = |Ey -+ E\B| = |Ey|| By - E1B| = ...
= |Ey| -+ |Er||B| = ... = |Ey- - Er| B
= |A[|B].
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3.3 Cramer’s Rule and a formula for A~}

In the following, we use a shorthand to identify a matrix by its columns. Let A be an m x n
matrix. If a; € R™ is the j-th column vector of A, then we write

A=(ay...a,).
Note that if B is an [ X m matrix then, by the definition of matrix multiplication,
BA = (Ba,...Ba,),

that is, the j-th column of BA is Ba;.

Cramer's Rule is a curious formula that allows us to write down the solution for certain
n X n systems in terms of quotients of two determinants. Before stating it we need some more
notation.

For any n x n matrix A and any b € R™ write A;(b) for the matrix obtained from A by
replacing column ¢ by b, that is,

Theorem 3.23 (Cramer's Rule). Let A be an invertible n x n matrix. For any b € R", the
unique solution x of Ax = b has entries given by

det(A;(b)) .
i =———7-2 fori=1,...,n.
x det(A) or i n
Proof. Let a;...,a, be the columns of A, and ey, ..., e, the columns of the n x n identity

matrix . Then

Al(x) = A(er...x...e,)
= (Ae;...Ax... Ae,)
=(a;...b...a,)
= Ai(b),

and hence
det(A) det(;(x)) = det(A;(b)) .

But det(/;(x)) = z; by a cofactor expansion across row i, so

~ det(A;(b))
"= T e(d)

since det(A) # 0. O
Example 3.24. Use Cramer’s Rule to solve the system

3[E1 - 2ZE2 =6
—51‘1 + 4$2 =8

Solution. Write the system as Ax = b, where

() -0
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ab) = (5 7). am= (% 8)

and Cramer’s Rule gives

Then

det(Ay(b)) 40

TE T qer(a) 2 2
B det(Az(b)) 54
= A 2 o

]

Cramer’s Rule is not really useful for practical purposes (except for very small systems),
since evaluation of determinants is time consuming when the system is large. For 3 x 3 systems
and larger, you are better off using Gaussian elimination. Apart from its intrinsic beauty, its
main strength is as a theoretical tool. For example, it allows you to study how sensitive the
solution of Ax = b is to a change in an entry in A or b.

As an application of Cramer’s Rule, we shall now derive an explicit formula for the inverse
of a matrix. Before doing so we shall have another look at the process of inverting a matrix.
Again, denote the columns of I,, by e, ..., e,. The Gauss-Jordan inversion process bringing
(A|I) to (I|A™1) can be viewed as solving the n systems

Ax=e;, Ax=e,, ... Ax=e¢e,.
Thus the j-th column of A~! is the solution of
Ax = ej s

and the i-th entry of x is the (7, j)-entry of A='. By Cramer's rule

o det(A;(e;))
- 1 — — —'7
(i,7)-entry of A x; tA)

A cofactor expansion down column i of A;(e;)) shows that
det(AZ(eJ)) = (—1)i+j det(Aﬂ) = Cji s

where C}; is the (j,4)-cofactor of A. Thus, by (3.3), the (i,7)-entry of A~! is the cofactor
Cj; divided by det(A) (note that the order of the indices is reversed!). Thus

Cii Cy -+ Cy
1 Cia Co -+ Chy
1= 4
det(A) | : o (3:4)
Cln C?n e Cn
—adj ()

The matrix of cofactors on the right of (3.4) is called the adjugate of A, and is denoted by
adj (A). The following theorem is simply a restatement of (3.4):

Theorem 3.25 (Inverse Formula). Let A be an invertible matrix. Then

1

A=
det(A)

adj (A).
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Example 3.26. Find the inverse of the following matrix using the Inverse Formula

1 3 -1
A=|-2 -6 0
1 4 =3

Proof. First we need to calculate the 9 cofactors of A:

-6 0 -2 0 -2 —6
Cn=+ 4 _3‘_18, Cip = — 1 _3‘_—6, Ci3 =+ 1 4'_—27
3 —1 1 -1 1 3
021:—4 _3':57 022:+1 _3'_ 2, Coz = — 1 4':—17
3 -1 1 -1 1 3
031:+_6 0‘2—6, C'32:—_2 0‘:2, C33—+_2 —6'_0'
Thus
18 5 —6
adj(A)=[-6 —2 2|,
-2 -1 0
and since det(A) = 2, we have
9 3 -3
Al=[-3 -1 1
-1 -3 0

]

Note that the above calculations are just as laborious as if we had used the Gauss-Jordan
inversion process to compute A~!. As with Cramer's Rule, the deceptively neat formula for
the inverse is not useful if you want to invert larger matrices. As a rule, for matrices larger
than 3 x 3 the Gauss-Jordan inversion algorithm is much faster.
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Chapter 4

Vector Spaces

In this chapter, we will study abstract vector spaces. Roughly speaking a vector space is a
mathematical structure on which an operation of addition and an operation of scalar mul-
tiplication is defined, and we require these operations to obey a number of algebraic rules.
We will introduce important general concepts such as linear independence, basis, dimension,
coordinates and discuss their usefulness.

4.1 Definition and examples

We have already encountered examples of vector spaces in this module. Recall that R™ is the
collection of all n-vectors. On R™ two operations were defined:
e addition: if
L1 (1
x=|:]1€R" and y=|: | €eR",
Tn Yn

then x + y is the n-vector given by

T1+ W%
X+y=
Tn + Yn
e scalar multiplication: if
T
x=|: | €R" and «isascalar
x?’b
then ax is the n-vector given by
axy
ax =
ATy

After these operations were defined, it turned out that they satisfy a number of rules (see
Theorem 2.7). We are now going to turn this process on its head. That is, we start from a set
on which two operations are defined, we postulate that these operations satisfy certain rules,
and we call the resulting structure a ‘vector space'’:

35
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Definition 4.1. A vector space is a non-empty set V' on which are defined two operations,
called addition and scalar multiplication, such that the following axioms hold for all u, v, w
in V' and all scalars «, f3:

C1) the sum of u and v, denoted by u+ v, isin V;

C2) the scalar multiple of u by «, denoted by au, is in V;

Al

u+v=v-+u,

A2) u+ (v+w)=(u+v)+w;

A3) there is an element 0 in V such that u 4+ 0 = u;

A4) for each u in V there is an element —u in V' such that u+ (—u) = 0;
A5) a(u+v) =au+ av;

A6) (a+ f)u = au+ fu;

A7) (af)u = a(fu);

(
(
(
(
(
(
(
(
(
(A8

)
)
)
) u
)
)
)
)
)
) 1

We will refer to V' as the universal set for the vector space. Its elements are called vectors,
and we usually write them using bold letters u, v, w, etc.

The term ‘scalar’ will usually refer to a real number, although later on we will sometimes
allow scalars to be complex numbers. To distinguish these cases we will use the term real
vector space (if the scalars are real numbers) or complex vector space (if the scalars are
complex numbers). For the moment, however, we will only consider real vector spaces.

Note that in the above definition the axioms (C1) and (C2), known as closure axioms,
simply state that the two operations produce values in V. The other eight axioms, also known
as the classical vector space axioms, stipulate how the two operations interact.

Let's have a look at some examples:

Example 4.2. Let R™*" denote the set of all m x n matrices. Define addition and scalar
multiplication of matrices in the usual way. Then R™*" is a vector space by Theorem 2.7.

Example 4.3. Let P, denote the set of all polynomials with real coefficients of degree less or
equal than n. Thus, an element p in P, is of the form

p(t) = ag + art + agt® + - + a,t™,

where the coefficients aq, . .., a, and the variable t are real numbers.
Define addition and scalar multiplication on P, as follows: if q € P, is given by

q(t) = bo + byt + bat® + -+ - + byt
p is as above and « a scalar, then
e p -+ q is the polynomial

(P +a)(t) = (a0 +bo) + (a1 + b))t + - -~ + (an + bp)t"



4.1. DEFINITION AND EXAMPLES 37

e ap is the polynomial
(ap)(t) = (aag) + (aay)t + - - - + (a,)t".

Note that (C1) and (C2) clearly hold, since if p,q € P, and « is a scalar, then p+ q and ap
are again polynomials of degree less than n. Axiom (A1) holds since if p and q are as above,
then

(p +Q)(t) = (a0 + bo) + (a1 + by)t + - - + (a, + by)t"
= (bo +ap) + (by + a))t + -+ + (bp + a,)t"
= (q+p)(t)

so p+q=q+p. A similar calculation shows that (A2) holds. Axiom (A3) holds if we let 0
be the zero polynomial, that is

0(t) =040-t+---+0-t",

since then (p + 0)(t) = p(t), thatis, p+ 0 = p. Axiom (A4) holds if, given p € P, we set
—p = (—1)p, since then

(p+ (—p))(t) = (ag — ao) + (a1 —ay))t + -+ - + (an, — a,)t" = 0(1),

that is p+(—p) = 0. The remaining axioms are easily verified as well, using familiar properties
of real numbers.

Example 4.4. Let C[a,b] denote the set of all real-valued functions that are defined and
continuous on the closed interval [a,b]. For f,g € C[a,b] and « a scalar, define f + g and of
pointwise, that is, by

(f+g)(t) =1(t) +g(t) forallte]a,b
(af)(t) = af(t) forall t € [a,]

Equipped with these operations, C|a,b] is a vector space. The closure axiom (C1) holds
because the sum of two continuous functions on [a, b] is continuous on [a, b], and (C2) holds
because a constant times a continuous function on [a, b] is again continuous on [a, b]. Axiom
(A1) holds as well, since for all t € [a, b]

(f+g)t) =) +g(t) =8(t) +£(t) = (g +£)(1),
so f +g =g+ f. Axiom (A3) is satisfied if we let O be the zero function,
0(t) =0 foralltela,b],

since then
(f+0)(t)=£(t)+0(t) =f(t) +0=1£(1),

so f +0 =f. Axiom (A4) holds if, given f € Cl[a,b], we let —f be the function
(—f)(t) = —f(t) forall t € [a,b],

since then
(f+ (=0)(t) = £(t) + (1)) = £(t) — £(1) = 0=0(?),

that is, f + (—f) = 0. We leave it as an exercise to verify the remaining axioms.
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Let us list a number of elementary properties of vector spaces.
Theorem 4.5. IfV is a vector space and u and v are elements in V', then
(a) Ou = 0;
(b) ifu+v =0 thenv=—u

(c) (—1)u=—u.

The proof consists of a rather mechanical successive application of vector space axioms,
we omit it here to have more time for other, more interesting things.

4.2 Subspaces

Given a vector space V, a ‘subspace’ of V is, roughly speaking, a subset of V' that inherits
the vector space structure from V', and can thus be considered as a vector space in its own
right. One of the main motivations to consider such ‘substructures’ of vector spaces, is the
following. As you might have noticed, it can be frightfully tedious to check whether a given
set, call it H, is a vector space. Suppose that we know that H is a subset of a larger set V'
equipped with two operations (addition and scalar multiplication), for which we have already
checked that the vector space axioms are satisfied. Now, in order for H to be the universal set
of a vector space equipped with the operations of addition and scalar multiplication inherited
from V, the set H should certainly be closed under addition and scalar multiplication (so that
(C1) and (C2) are satisfied). Checking these two axioms is enough in order for H to be a
vector space in its own right, as we shall see shortly. To summarise: if H is a subset of a
vector space V', and if H is closed under addition and scalar multiplication, then H is a vector
space in its own right. So instead of having to check 10 axioms, we only need to check two
in this case. Let's cast these observations into the following definition:

Definition 4.6. Let H be a nonempty subset of a vector space V. Suppose that H satisfies
the following two conditions:

(i) ifu,v € H, thenu+v € H;
(i) if u € H and « is a scalar, then au € H.
Then H is said to be a subspace of V.

Theorem 4.7. Let H be a subspace of a vector space V.. Then H with addition and scalar
multiplication inherited from V' is a vector space in its own right.

Proof. Clearly, by definition of a subspace, (C1) and (C2) are satisfied. Axioms (A3) and (A4)
follow from Theorem 4.5 and condition (ii) of the definition of a subspace. The remaining
axioms are valid for any elements in V, so, in particular, they are valid for any elements in H
as well. O

Remark 4.8. If V' is a vector space, then {0} and V" are clearly subspaces of V. All other
subspaces are said to be proper subspaces of V. We call {0} the zero subspace of V.

Let's have a look at some more concrete examples:

YIn the language of MTH4104 (Introduction to Algebra) this statement says that the additive inverse is
unique.
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Example 4.9. Show that the following are subspaces of R3:
(@) L={(r,s,t,)"|rs,tcRandr=s=1t}?
(b) P= {(r,s,t,)T‘ r,s,t € R and r—s+3t=0}.

Solution. (a) Notice that an arbitrary element in L is of the form r(1,1,1)7 for some real
number 7. Thus, in particular, L is not empty, since (0,0,0)” € L. In order to check that L
is a subspace of R* we need to check that conditions (i) and (ii) of Definition 4.6 are satisfied.

We start with condition (i). Let x; and x5 belong to L. Then x; = r;(1,1,1)? and
Xy = 15(1,1,1) for some real numbers 7, and r,, so

1 1 1
X1 +Xo =11 1 + 79 1 :(T1+T2) 1 eL.
1 1 1

Thus condition (i) holds.
We now check condition (ii). Let x € L and let @ be a real number. Then x = r(1,1,1)7
for some real number r € R, so

ax=ar|1] € L.

Thus condition (ii) holds.

Let's summarise: the non-empty set L satisfies conditions (i) and (ii), that is, it is closed
under addition and scalar multiplication, hence L is a subspace of R? as claimed.
(b) In order to see that P is a subspace of R?® we first note that (0,0,0)” € P, so P is not
empty.

Next we check condition (i). Let x; = (r1,s1,t1)T € P and x3 = (13, $2,t2)T € P. Then
rr— 8 +3t; =0and ry — s9 + 3t3 = 0, so

T+ T
X|+Xo=|851+sy| €P,
t1 + 1o

since (7’1 +T’2) — (81 + 82) + S(tl —|—t2) = (Tl — 81+ Stl) + (7"2 — S9 + 3t2) =04+0=0. Thus
condition (i) holds.
We now check condition (ii). Let x = (r,s,t)7 € P and let a be a scalar. Then

r—s+3t=0 and
ar

ax=las| € P
at

since ar — as + 3at = «o(r — s + 3t) = 0. Thus condition (ii) holds as well.
As P is closed under addition and scalar multiplication, P is a subspace of R? as claimed.
O

2In order to save paper, hence trees and thus do our bit to prevent man-made climate change, we shall
sometimes write n-vectors x € R™ in the form (z1,...,2,)7. So, for example,

(2,3, 1) = ( ) :

— W N
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Remark 4.10. In the example above the two subspaces L and P of R? can also be thought
of as geometric objects. More precisely, L can be interpreted geometrically as a line through
the origin with direction vector (1,1,1)7, while P can be interpreted as a plane through the
origin with normal vector (1, —1,3)7.

More generally, all proper subspaces of R? can be interpreted geometrically as either lines or
planes through the origin. Similarly, all proper subspaces of R? can be interpreted geometrically
as lines through the origin.

Example 4.11. H = { (r%,s,7)"| ,s € R } is not a subspace of R?, since

1 1 2
Ol €H, but2|(0])=10|&H.
1 1 2
Example 4.12. The set
a b 2x2
H:{(O 1)6R a,beR},

is not a subspace of R?*2. In order to see this, note that every subspace must contain the
zero vector. However,

O2><2 gH

Example 4.13. Let H = {f € C[—2,2]| f(1) =0}. Then H is a subspace of C'[—2,2]. First
observe that the zero function is in H, so H is not empty. Next we check that the closure
properties are satisfied.

Let f,g € H . Then f(1) =0 and g(1) =0, so

f+g)(1)=f(1)+g(l)=04+0=0,

sof+g e H. Thus H is closed under addition.
Let f € H and « be a a real number. Then f(1) =0 and

(af)(1) =af(l)=a-0=0,

so af € H. Thus H is closed under scalar multiplication.
Since H is closed under addition and scalar multiplication it is a subspace of C[—2,2] as
claimed.

A class of subspaces we have already encountered (but didn't think about them in this way)
are the solution sets of homogeneous systems. More precisely, if A € R™*" is the coefficient
matrix of such a system, then the solution set can be thought of as the collection of all x € R”
with Ax = 0, and the collection of all such x is a subspace of R™. Before convincing us of
this fact, we introduce some convenient terminology:

Definition 4.14. Let A € R"™*"™. Then
NA)={xeR"| Ax=0}
is called the nullspace of A.

Theorem 4.15. If A € R™*", then N(A) is a subspace of R".
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Proof. Clearly 0 € N(A), so N(A) is not empty.
If x,y € N(A) then Ax =0 and Ay =0, so

Ax+y)=Ax+Ay=0+0=0,

and hence x +y € N(A).
Furthermore, if x € N(A) and « is a real number then Ax = 0 and

Alax) = a(Ax) =a0 =0,

so ax € N(A).
Thus N(A) is a subspace of R" as claimed. O

Example 4.16. Determine N(A) for

-3 6 -1 1 =7
A=11 -2 2 3 -1
2 -4 5 8 —4

Solution. We need to find the solution set of Ax = 0. To do this you can use your favourite
method to solve linear systems. Perhaps the fastest one is to bring the augmented matrix (A|0)
to reduced row echelon form and write the leading variables in terms of the free variables. In
our case, we have

-3 6 -1 1 =70 1 -2 0 -1 3|0
1 -2 2 3 -1|0)~---~10 O 1 2 =210
2 -4 5 8 —410 0 0 0 0 010

The leading variables are x; and z3, and the free variables are x5, x4 and x5. Now setting
To=a, x4 = and x5 =y we find x3 = =224+ 2x5 = —20+27 and x1 = 209+ x4 — 35 =
2a+ 3 — 3. Thus

X 200+ B — 3y 2 1 -3
To o 1 0 0
3| =1 —-26+4+2y | =a|l0|+8|-2|+7]| 2 |,
4 i 0 1 0
Ts y 0 0 1
hence

2 1 -3

1 0 0
NA =< a0 +8|-2|+7]| 2 a, 8,7y €R

0 1 0

0 0 1

4.3 The span of a set of vectors

In this section we shall have a look at a way to construct subspaces from a collection of vectors.

Definition 4.17. Let vq, ..., Vv, be vectors in a vector space. The set of all linear combinations
of vi,...,v, is called the span of vy,...,v, and is denoted by Span (vy,...,Vv,), that is,

Span (vi,...,v,) ={avi+-+a,v,|ag,...,a, ER}.
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Example 4.18. Let e, e, e5 € R3 be given by

1 0 0
e = 0 , €9 = 1 , €3 = 0
0 0 1
Determine Span (e;, es) and Span (eq, ez, €3).
Solution. Since
o a1
a1e1 +asey = | as | , while aje; +ases +azes = | as |
0 Qs
we see that
T
Span (e, e3) = Ty | €ER*|z3=0 3, while Span(e;,es es) =R>.
T3

]

Notice that in the above example Span (e, e2) can be interpreted geometrically as the
x1, T2 plane, that is, the plane containing the z1- and the xs-axis. In particular, Span (eq, e2)
is a subspace of R?. This is true more generally:

Example 4.19. Given vectors v; and vy in a vector space V, show that H = Span (vq, v3)
is a subspace of V.

Solution. Notice that 0 € H (since 0 = 0v; +0v3), so H is not empty. In order to show that
H is closed under addition, let u and w be arbitrary vectors in H. Then there are scalars oy,
as and (31, P, such that

u=a1Vy + vy,
w = [1vi1 + Bava.
Now by axioms (A1), (A2) and (A6)
u+w = (agvy + aava) + (f1vi + fava) = (a1 + 1) vi + (a2 + o) va,

sou+we H.
In order to show that H is closed under scalar multiplication, let u € H, say, u =
a1V] + aave, and let v be a scalar. Then, by axioms (A5) and (A7)

yu = y(a1vi + agva) = (yar)vi + (yaz)ve,
soyu € H. O
More generally, using exactly the same method of proof, it is possible to show the following:

Theorem 4.20. Let vy, ..., v, be vectors in a vector space V. Then Span (vy,...,v,) is a
subspace of V.

We have just seen that the span of a collection of vectors in a vector space V' is a subspace
of V. As we saw in Example 4.18, the span may be a proper subspace of V', or it may be
equal to all of V. The latter is sufficiently interesting a case to merit its own definition:
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Definition 4.21. Let V be a vector space, and let vy,...,v, € V. We say that the set
{v1,..., vy} is a spanning set for V if

Span (vy,...,v,) =V.

If {vq,...,v,} is a spanning set for V', we shall also say that {vy,...,v,} spans V, that
Vi,...,V, span V or that V is spanned by vq,...,Vv,.
Notice that the above definition can be rephrased as follows. A set {vi,...,v,} is a

spanning set for V/, if and only if every vector in V' can be written as a linear combination of
Vi,...,Vp.

Example 4.22. Which of the following sets are spanning sets for R3?
10)%,(0,1,0)", (0,0, )%, (1,2,4)"} - (b) {(1,1,1)",(1,1,0)",(1,0,0)" }
() {(1,0,1)",(0,1,0)"} (d) {12,497, (2,1,3)", (4, -1,1)"}
(a

Solution. (only example (a) treated in the lectures, the other three examples kept here for
illustration) (a) Let (a,b,c)” be an arbitrary vector in R3. Clearly

a

so the set is a spanning set for R3.
(b) Let (a,b,c)” be an arbitrary vector in R®. We need to determine whether it is possible to
find constants o, a, a3 such that

1 1 1 a
(05} 1 “+ Qo 1 -+ 3 0 = b
1 0 0

This means that the weights a1, as and a3 have to satisfy the system

ap + oy + a3 = a
o+ o
(03] =

Since the coefficient matrix of the system is nonsingular, the system has a unique solution. In
fact, using back substitution we find

aq C
asl = b—c
o3 a—2b
Thus
a 1 1 1
bl=cll]+0—-0c)|1]|+(@=b)|0],
1 0 0
so the set is a spanning set for R3.
(c) Noting that
1 0 aq
(03] 0 + o 1 = (6] s
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we see that a vector of the form (a, b, c)T with a # ¢ cannot be in the span of the two vectors.
Thus the set is not a spanning set for R3.

(d) Proceeding as in (b), we let (a,b,c)T be an arbitrary vector in R3. Again, we need to
determine whether it is possible to find constants «ay, as, ag such that

1 2 4 a
a1 |2 +as |1 +as3|—1| =
4 3 1

This means that the weights a1, @y and a3 have to satisfy the system

a; + 209 4+ 4oz = a
20[1 + (0%) - (0% =
40(1 + 30(2 + a3 =

A short calculation shows that the coefficient matrix of the system is singular, from which we
could conclude that the system cannot have a solution for all a,b,c € R. In other words, the
vectors cannot span R3. It is however instructive to reach the same conclusion by a slightly
different route: using Gaussian elimination we see that the system is equivalent to the following

a1 + 209 + 4das = a
ay  + 30(3 = 2aT4)
0 = 2a-+5b—3c

It follows that the system is consistent if and only if
2a+5b—3c=0.

Thus a vector (a,b,c)’ in R? belongs to the span of the vectors (1,2,4)7, (2,1,3)7, and
(4,—1,1)T if and only if 2a + 50 — 3c = 0. In other words, not every vector in R? can
be written as a linear combination of the vectors (1,2,4)7, (2,1,3)7, and (4, —1,1)7, so in
particular these vectors cannot span R3. ]

Example 4.23. Show that {p1, p2, Ps} is a spanning set for P, where
pi(r) =2+3z+2*, py(z)=4—2, p3(z)=-1.

Solution. Let p be an arbitrary polynomial in P, say, p(z) = a+ bx + cx?. We need to show
that it is possible to find weights a1, as and ag such that

a1p1 + aop2 + a3p3s =P,

that is
(24 3z +2%) + (4 —x) — a3 = a+ bx + ca?.

Comparing coefficients we find that the weights have to satisfy the system

20 + 4oy — a3 = a
30[1 - (0%)] =
(03] =

The coefficient matrix is nonsingular, so the system must have a unique solution for all choices
of a, b, c. In fact, using back substitution yields av; = ¢, ap = 3c—b, a3 = 14c—4b—a. Thus
{pP1, P2, P3} is a spanning set for P;. O
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Example 4.24. Find a spanning set for N(A), where

-3 6 -1 1 -7
A=|1 -2 2 3 -1
2 -4 5 8 -4

Proof. We have already calculated N(A) for this matrix in Example 4.16, and found that

2 1 -3
1 0 0
NA =< a0 +8|-2|+7]| 2 a, 8,7y €R
0 1 0
0 0 1
Thus, {(2,1,0,0,0)7,(1,0,-2,1,0)7,(=3,0,2,0,1)"} is a spanning set for N (A). O

4.4 Linear independence

The notion of linear independence plays a fundamental role in the theory of vector spaces.
Roughly speaking, it is a certain minimality property a collection of vectors in a vector space
may or may not have. To motivate it consider the following vectors in R3:

-3 2 -5
X1 = 1 s X9 = -1 s X3 — 1 . (41)
2 1 8

Let's ask the question: what is Span (x1, X2, X3)?
Notice that
X3 = 3X1 + 2X2 . (42)

Thus any linear combination of x;, X5, X3 can be written as a linear combination of x; and x,
alone, because

1X1 + X9 + 3X3 = X1 + 9Xs + 043(3X1 + 2X2)
= (a1 + 3ag)x1 + (a2 + 203)x3 .

Hence
Span (X1, X2, X3) = Span (x1,X3) .

Observing that equation (4.2) can be written as
3X1 + 2X2 — X3 — 0, (43)

we see that any of the three vectors can be expressed as a linear combination of the other
two, so
Span (x1, Xz, X3) = Span (X1, Xg) = Span (X1, X3) = Span (X2, X3) .

In other words, because of the dependence relation (4.3), the span of x;, X2, X3 can be written
as the span of only two of the given vectors. Or, put yet differently, we can throw away one of
the three vectors without changing their span. So the three vectors are not the most economic
way to express their span, because two of them suffice.
On the other hand, no dependency of the form (4.3) exists between x; and x2, so we
cannot further reduce the number of vectors to express Span (X, X2, X3) = Span (X1, X2).
This discussion motivates the following definitions:
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Definition 4.25. The vectors vy,...,Vv, in a vector space V are said to be linearly depen-
dent if there exist scalars ¢y, ..., c,, not all zero, such that

cvi+ -+ v, =0.
Example 4.26. The three vectors X1, Xo, X3 defined in (4.1) are linearly dependent.

Definition 4.27. The vectors vy,...,Vv, in a vector space V' are said to be linearly inde-
pendent if they are not linearly dependent, that is, if

avit-- v, =0,

forces all scalars ¢y, ..., ¢, to be 0.

1
1

o (1) e (1) = ()

Then ¢; and ¢y must satisfy the 2 x 2 system

Example 4.28. The vectors G) , (
suppose that

) € R? are linearly independent. In order to see this,

2Cl+02:0
Cl—|—02:o

However, as is easily seen, the only solution of this system is ¢; = ¢; = 0. Thus, the two
vectors are indeed linearly independent as claimed.

Example 4.29. Let p;, p2 € P, be given by
pl(t):2—|—t, pg(t)zl‘l't
Then p; and ps are linearly independent. In order to see this, suppose that

c1p1 + c2p2 = 0.
Then, for all ¢
a2+t)+e(l+t)=0,

so, for all ¢
(2¢1 + ) + (1 + )t =0.

Notice that the polynomial on the left-hand side of the above equation will be the zero
polynomial if and only if its coefficients vanish, so ¢; and c; must satisfy the 2 x 2 system

201—|—C2:O
Cl+62:0

However, as in the previous example, the only solution of this system is ¢; = ¢o = 0. Thus p;
and p- are indeed linearly independent as claimed.

We finish this section with some more theoretical observations:

Theorem 4.30. Let x1,...,x, be n vectors in R" and let X € R"*" be the matrix whose
J-th column is x;. Then the vectors X1,...,x, are linearly dependent if and only if X is
singular (i.e., its determinant is 0).
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Proof. The equation
X1+ Fepx, =0

can be written as

&1
Xc=0, where c=
Cn
This system has a non-trivial solution ¢ # 0 if and only X is singular. n

Example 4.31. Determine whether the following three vectors in R? are linearly independent:

—1 ) 4
31, 12], (5
1 5 6
Solution. Since
-1 5 4 -1 3 1] Ri+Ry |4 5 6] Ri—Rs [0 0 0
3 2 5/=|5 25 = 5 2 5 = 5 2 5/ =0,
1 5 6 4 5 6 4 5 6 4 5 6
the vectors are linearly dependent. ]

The following result will become important later in this chapter, when we discuss coordinate
systems.

Theorem 4.32. Letvy,..., v, bevectors in a vector space V. A vectorv € Span (vy,...,Vy)
can be written uniquely as a linear combination of vy, ...,v, ifand only if vy, ... v, are lin-
early independent.

Proof. If v € Span (vy,...,Vv,) then v can be written
V=0a1V]+ -+ a,V,, (4.4)
for some scalars a, ..., a,. Suppose that v can also be written in the form
V=701vi++ BuVa, (4.5)
for some scalars 31, ..., 3,. We start by showing that if v,...,v, are linearly independent,

then a; = (5; for every i = 1,...,n (that is, the representation (4.4) is unique). To see this,
suppose that vy, ..., v, are linearly independent. Then subtracting (4.5) from (4.4) gives

(al _Bl)vl+"'+(an_ﬂn)vn = 07 (46)

which forces o; = (3; for every + = 1,...,n as desired.

Conversely, if the representation (4.4) is not unique, then there must be a representation
of the form (4.5) where a; # f; for some i between 1 and n. But then (4.6) means that
there exists a non-trivial linear dependence between vy, ..., v,, so these vectors are linearly
dependent. O
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4.5 Basis and dimension

The concept of a basis and the related notion of dimension are among the key ideas in the
theory of vector spaces, of immense practical and theoretical importance. Let's start with the
definition of a basis, delaying the discussion of its interpretation for a bit:

Definition 4.33. A set {vy,...,v,} of vectors forms a basis for a vector space V' if
(i) vi,..., v, are linearly independent;
(i) Span (vy,...,v,) =V.

In other words, a basis for a vector space is a ‘minimal’ spanning set, in the sense that it
contains no superfluous vectors: every vector in V' can be written as a linear combination of
the basis vectors (because of property (ii)), and there is no redundancy in the sense that no
basis vector can be expressed as a linear combination of the other basis vectors (by property
(i)). Let's look at some examples:

Example 4.34. Let

1 0
€ = 0 ) € = 1 ) €3 =
0 0

_ o O

Then {e;,e,, e3} is a basis for R3, called the standard basis.
Indeed, as is easily seen, every vector in R? can be written as a linear combination of
e1, ey, e3 and, moreover, the vectors ey, e;, e3 are linearly independent.

Example 4.35.
1 1 1
ol,l1],]1
0 0 1

is a basis for R3.
To see this note that the vectors are linearly independent, because

111
01 1|=1+#£0.
00 1

Moreover, the vectors span R? since, if (a,b, c)T is an arbitrary vector in R?, then

a 1 1 1
bl=((@=0b)|0|+0b—c)[1]+c]|1
& 0 0 1

The previous two examples show that a vector space may have more than one basis. This
is not a nuisance, but, quite to the contrary, a blessing, as we shall see later in this module.
For the moment, you should only note that both bases consist of exactly three elements. We
will revisit and expand this observation shortly, when we discuss the dimension of a vector
space.
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Example 4.36. Let

10 0 1 0 0 0 0
E11:<0 0)7 E12:<0 0)7 E21:(1 0), EQZ:(O 1)-

Then {E1y, E1o, Ea1, Ex} is a basis for R?*?, because the four vectors span R?*? and
they are linearly independent. To see this, suppose that

c1 B 4 coBg + csBay + callag = Oaxa .
C1 Co . 0 0
C3 C4 o 0 0 ’

Most of the vector spaces we have encountered so far have particularly simple bases, termed
‘standard bases':

Then

Socp =cy=c3=cq =0.

Example 4.37 (Standard bases for R, R™*" and P,).

R™: The n columns of I,, form the standard basis of R™, usually denoted by {e;, e, ..., e,}.
R™*™: A canonical basis can be constructed as follows. Fori=1,...,mandj=1,....,n
let £;; € R™™ be the matrix whose (¢, j)-entry is 1, and all other entries are 0. Then
{Eij|i=1,....m,j=1,...,n} is the standard basis for R™*".
P,: The standard basis is the collection {py,...,p,} of all monomials of degree less or
equal than n, that is,
pr(t)=t", fork=0,...,n.

If this is not clear to you, you should check that it really is a basis!

Going back to Examples 4.34 and 4.35, recall the observation that both bases of R3
contained exactly three elements. This is not pure coincidence, but has a deeper reason. In
fact, as we shall see shortly, any basis of a vector space must contain the same number of
vectors.

A related theoreom is the following:

Theorem 4.38. Let vy,...,v, be vectors in a vector space V. If Span (vy,...,v,) =V,
then any collection of m vectors in V' where m > n is linearly dependent.

Proof. This theorem is pretty plausible, and to save time, we skip the formal proof here. [
We are now able to prove the observation alluded to earlier:

Corollary 4.39. If a vector space V' has a basis of n vectors, then every basis of V' must have
exactly n vectors.

Proof. Suppose that {vy,...,v,} and {uy,...,u,,} are both bases for V. We shall show

that m = n. In order to see this, notice that, since Span (vy,...,v,) =V and uy,...,u,, are
linearly independent it follows by the previous theorem that m < n. By the same reasoning,
since Span (uy,...,u,,) =V and vy,..., v, are linearly independent, we must have n < m.

So, all in all, we have n = m, that is, the two bases have the same number of elements. [

In view of this corollary it now makes sense to talk about the number of elements of a
basis, and give it a special name:
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Definition 4.40. Let V' be a vector space. If V has a basis consisting of n vectors, we say
that V' has dimension n, and write dim V' = n.

The vector space {0} is said to have dimension 0. The vector space V is said to be finite
dimensional if there is a finite set of vectors spanning V; otherwise it is said to be infinite
dimensional .

Example 4.41. By Example 4.37 the vector spaces R"”, R™*" and P, are finite dimensional
with dimensions

dimR"=n, dmR"™"=mn, dimP,=n-+1.

As an example of an infinite dimensional vector space, consider the set of all polynomials with
real coefficients, and call it P. In order to see that P is a vector space when equipped with the
usual addition and scalar multiplication, notice that P is a subset of the vector space C[—1, 1]
of continuous functions on [—1,1] (in fact, it is a subset of C[a,b] for any a,b € R with
a < b), which is closed under addition and scalar multiplication. Thus P is a vector space.
Note that any finite collection of monomials is linearly independent, so P must be infinite
dimensional. For the same reason, C[a, b] and C[a, b] are infinite dimensional vector spaces.
While infinite dimensional vector spaces play an important role in many parts of contemporary
applied and pure mathematics, we shall be mainly concerned with finite dimensional vector
spaces for the rest of this module.

Example 4.42. Geometric interpretation of subspaces of R3:
e (O-dimensional subspaces. Only the zero subspace {0}.

e 1-dimensional subspaces. Any subspace spanned by a nonzero vector, that is all lines
through the origin.

e 2-dimensional subspaces. Any subspace spanned by two linearly independent vectors,
that is all planes through the origin.

e 3-dimensional subspaces. Only R?.

We close this section with the following result, which is often useful when trying to decide
whether a collection of vectors forms a basis of a vector space:

Theorem 4.43. IfV is a vector space with dimV = n, then:
(a) any set consisting of n linearly independent vectors spans V',
(b) any n vectors that span V' are linearly independent.

Proof. (a) Let vy,...,v, be a linearly independent. Pick v € V. Since dimV = n, the n+1

vectors v, vy, ..., Vv, must be linearly dependent by Theorem 4.38. Thus

covV+cevi+ - +e,v, =0, (4.7)
where cg, ¢y, ..., ¢, are not all 0. But ¢ # 0 (for otherwise (4.7) would imply that the vectors
Vi,...,V, are linearly dependent), hence
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so v € Span (vy,...,V,). But v was arbitrary, so Span (vy,...,v,) =V,

(b) Suppose Span (vy,...,v,) = V. In order to show that vi,...,v, are linearly in-
dependent we argue by contradiction: suppose to the contrary that vy,...,v, are linearly
dependent. Then one of the v;’s, say v,, can be written as a linear combination of the other
vectors. So vi,...,v,_1 also span V. If vy,...,v,_1 are still linearly dependent we can
eliminate another vector and still have a spanning set. We can continue this process until we
have found a spanning set with & linearly independent vectors where k& < n. This, however,
contradicts the fact that dimV = n. m

Remark 4.44. The above theorem provides a convenient tool to check whether a set of vectors
forms a basis. The theorem tells us that n linearly independent vectors in an n-dimensional
vector space are automatically spanning, so these vectors are a basis for the vector space. This
is often useful in situations where linear independence is easier to check than the spanning

property.

Remark 4.45. The above theorem also provides two perspectives on a basis of a vector space:

o a spanning set that is as small as possible;
a basis is i _ _ ) _
a linearly independent collection of vectors that is as large as possible.

So, for example:

1 2 1 2 4 1 2 4 7
ol,[3]}, o, (3], [5]?}, ol (3].15],.(s
0 0 0 0 6 0 0 6 9
linearly independent, basis for R3 spans R3,
but doesn't span R3 but not linearly independent

4.6 Coordinates

In this short section we shall discuss an important application of the notion of a basis. In
essence, a basis allows us to view a vector space of dimension n as if it were R™. This is a
tremendously useful idea, with many practical and theoretical applications, many of which you
will see in the following chapters.

The basic idea is the following. Suppose that {by,...,b,} is a basis for a vector space
V. Since the basis vectors are spanning, given v € V, there are scalars ¢y, ..., ¢, such that

v=cb;+- - +c,b,

Moreover, since the basis vectors by, ..., b, are linearly independent, the scalars cy,...,c,
are uniquely determined by Theorem 4.32. Thus, the vector v in the vector space V, can
be uniquely represented as an m-vector (ci,...,c,)T in R™. This motivates the following
definition:

Definition 4.46. Suppose that B = {by,...,b,} is a basis for a vector space V. If v e V
then the uniquely determined scalars ¢y, ..., ¢, such that

Vzclb1+"'+cnbna

are called the coordinates of v relative to B . The n-vector (ci,...,c,)T € R"is called the
B-coordinate vector of v, or the coordinate vector of v relative to B, and is denoted

by [v]s.
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Example 4.47. Consider the basis B = {by, by} for R?, where

() ()

Suppose that x € R? has B-coordinate vector [x|z = (—2,3)7. Find x.

x = —2by + 3by = (~2) (é) +3 G) _ (é) .

1
6

() =1(3) +5(8) = o0 e

Theorem 4.49. Let B = {by,...,b,} be a basis for R". There is an invertible n x n_matrix
Py such that for any x € R”

Solution.

]

Example 4.48. The entries of x = ( > are the coordinates of x relative to the standard

basis £ = {ej, e2}, since

Thus, x = [x]¢.

X = PB[X]B .

In fact, the matrix Py is the matrix whose j-th column is b;.
Proof. Let [x]s = (c1,...,¢,)T. Then
X =cbr+ -+ by,

SO

=Pg Cn

Moreover, by Theorem 4.30, the matrix Pg is invertible since its columns are linearly indepen-
dent. O]

Since a vector x € R" is equal to its coordinate vector relative to the standard basis,
the matrix Pg given in the theorem above is called the transition matrix from 5 to the
standard basis.

Corollary 4.50. Let B = {by,...,b,} be a basis for R". For any x € R"
x]s = Pg'x.
2 —1 4
Example 4.51. Let b; = 1) by = 1 and x = 5 ) Let B = {by, by} be the

corresponding basis for R%. Find the B-coordinates of x.
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Solution. By the previous corollary

x]s = Pg'x.
Now
2 —1
PB—(l 1)7
e} |
11 1 1
Thus

Mg () () ()

O
Theorem 4.52. Let B and D be two bases for R". If x is any vector in R", then
[x]5 = P53 Pplx]p.
Proof. Clear, since Pz is invertible and
Pgslx|p =x = Pp[X]|p .
O

The n X n matrix Pgle given in the theorem above is called the transition matrix from
D to B.

Example 4.53. Let B = {b;, by} be the basis given in Example 4.51, let D = {d;,d,},

where
1 1
d, = (0) dy = (2) |

and let x € R?. If the D-coordinates of x are (—3,2)”, what are the B-coordinates of x?
1/1 1 11 -3 1
— -1 — = =

4.7 Row space and column space

Solution.

In this final section of this rather long chapter on vector spaces, we shall briefly discuss a number
of naturally arising vector spaces associated with matrices. We have already encountered one
such space, the nullspace of a matrix.

Definition 4.54. Let A € R™*",

e The subspace of R'*™ spanned by the row vectors of A is called the row space of A
and is denoted by row(A).

e The subspace of R™*! spanned by the column vectors of A is called the column space
of A and is denoted by col(A).
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100
Example 4.55. Let A = (0 1 0).

e a(l 0 0)+8(0 1 0)=(a B 0)

row(A) is a 2-dimensional subspace of R'*3,

(o) +2() +(0)= ()

col(A) is a 2-dimensional subspace of R?*1.

e Since

Notice that the row space and column space of a matrix are generally distinct objects.
Indeed, one is a subspace of R'*™ the other a subspace of R™*!. However, in the example
above, both spaces have the same dimension (namely 2). We shall see shortly, that, rather
surprisingly, this is always the case. Before exploring this topic further we introduce the
following important concept:

Definition 4.56. The rank of a matrix, denoted by rank A, is the dimension of the row space.
How does one calculate the rank of a matrix? The next result provides the clue:

Theorem 4.57. Two row equivalent matrices have the same row space, so, in particular, have
the same rank.

Proof. Let A and B be two row equivalent matrices. Since B is row equivalent to A, the
matrix B can be obtained from A by a finite sequence of elementary row operations. Thus the
rows of B are a linear combination of the rows of A. Consequently, row(B) is a subspace of
row(A). Exchanging the roles of A and B it follows, using the same argument, that row(A)
is also a subspace of row(B), so row(A) = row(DB). O

Combining the previous theorem with the observation that the nonzero rows of a matrix
in row echelon form are linearly independent, we obtain the following recipe for calculating a
basis for the row space and the rank of a matrix:

In order to calculate a basis for the row space and the rank of a matrix A:
e bring matrix to row echelon form U;

e the nonzero rows of U will form a basis for row(A);

e the number of nonzero rows of U equals rank A.

Example 4.58. Let

1 -3 2
A=11 -2 1
2 —5 3
Then
1 -3 2 1 =3 2 1 -3 2
1 -2 1] ~10 1 —-1]~10 1 -1
2 -5 3 0o 1 -1 0 O 0
Thus

{1 -3 2),(0 1 -1)}

is a basis for row(A), and rank A = 2.
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It turns out that the rank of a matrix A is intimately connected with the dimension of its
nullspace N(A). Before formulating this relation, we require some more terminology:

Definition 4.59. If A € R™*", then dim N(A) is called the nullity of A, and is denoted by
nul A.

Example 4.60. Find the nullity of the matrix

-3 6 -1 1 =7
A=|1 -2 2 3 -1
2 -4 5 8 -4

Solution. We have already calculated the nullspace N(A) of this matrix in Example 4.16 by
bringing A to row echelon form U and then using back substitution to solve Ux = 0, giving

N(A)I{QX1+5X2+’7X3‘0¢;B7’YER}7

where
2 1 -3
1 0 0
X1 = 0 , X9 = —2 , X3 = 2
0 1 0
0 0 1

It is not difficult to see that x;, X2, x3 are linearly independent, so {x;,Xs,x3} is a basis for
N(A). Thus, nul A = 3. O

Notice that in the above example the nullity of A is equal to the number of free variables
of the system Ax = 0. This is no coincidence, but true in general.

The connection between the rank and nullity of a matrix, alluded to above, is the content
of the following beautiful theorem with an ugly name:

Theorem 4.61 (Rank-Nullity Theorem). If A € R™*™, then
rank A +nulA =n.

Proof. Bring A to row echelon form U. Write » = rank A. Now observe that U has r non-zero
rows, hence Ux = 0 has n — r free variables, so nulA =n — r. O]

We now return to the perhaps rather surprising connection between the dimensions of the
row space and the column space of a matrix.

Theorem 4.62. Let A € R™ "™, Then
dim col(A) = dimrow(A).
Proof. Ommitted here. O

How to find a basis for the column space of a matrix:

In order to find a basis for the column space of a matrix A:

e bring A to row echelon form and identify the leading variables;

e the columns of A containing the leading variables form a basis for col(A).
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Example 4.63. Let

1 -1 3 21
A=11 0 1 4 1
2 —1 4 7 4
Then the row echelon form of A is
1 -1 3 21
0O 1 -2 20
0 O 0O 1 2

The leading variables are in columns 1,2, and 4. Thus a basis for col(A) is given by



Chapter 5

Linear Transformations

Some linear transformations have already been introduced in Geometry |, but the concept
is much more general and can be extended to general vector spaces. In fact, every linear
transformation between finite-dimensional vector spaces can be viewed as a matrix: there is a
matrix representation of a given linear transformation. But we won't go into much detail on
this topic. Roughly speaking a linear transformation is a mapping between two vector spaces
that preserves the linear structure of the underlying spaces.

5.1 Definition and examples

Definition 5.1. Let V' and W be two vector spaces. A mapping L : V — W (that is, a
mapping from V' to W) is said to be a linear transformation or a linear mapping if it
satisfies the following two conditions:

(i) L(v+w) = L(v) + L(w) for all v.and w in V;
(i) L(av) = aL(v) for all v in V and all scalars .
Example 5.2. Let L : R? — R? be defined by
L(x) =2x.

Then L is linear since, if x and y are arbitrary vectors in R? and « is an arbitrary real number,
then

() Lix+y)=2(x+y)=2x+2y = L(x) + L(y);
(i) L(ax) = 2(ax) = a(2x) = aL(x).
Example 5.3. Let L : R? — R? be defined by

L(x) = x1e;, where x= <x1> :

T2

Then L is linear. In order to see this suppose that x and y are arbitrary vectors in R? with

() +-(3)

Notice that, if « is an arbitrary real number, then

Thus

57
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() Lix+y) = (z1 + y1)er = z1e1 + yre; = L(x) + L(y);
(i) L(ax) = (axi)e; = a(zre1) = aL(x).

Hence L is linear, as claimed.

In order to shorten statements of theorems and examples let us introduce the following
convention:

If x is a vector in R", we shall henceforth denote its i-th entry by x;, and similarly for vectors
in R™ denoted by other bold symbols. So, for example, if y = (1,4,2,7)T € R4, then y3 = 2.

Example 5.4. Let L : R2 — R? be given by

_ (™
L(x) = ( - ) :
L is linear, since, if x,y € R? and o € R, then

0 2ocy) = (T8 ) o () 4 () = 260+ L)

r1+ 1 U1

(i) L{ax) = <;O;f2> =a (;?) = aL(x).

Example 5.5. The mapping M : R? — R! defined by

M(x) = /2?2 + 23

is not linear. In order to see this note that M((1,0)7) = V12 = 1 while M(—(1,0)T) =
M((=1,0)7) = \/(=1)% = 1. Thus

M(—(1,00") =1# -1 =-M((1,0)").

Important Observation. Any m xn matrix A induces a linear transformation L4 : R* — R™
given by

La(x) = Ax for each x € R".
The transformation L4 is linear, since, if x,y € R™ and o € R, then
() La(x+y)=A(x+y)=Ax+ Ay = La(x) + La(y);
(i) La(ax) = A(ax) = aAx = aLA(x).
In other words, every m x n matrix gives rise to a linear transformation from R™ to R™. One

can also show that, conversely, every linear transformation from R™ to R™ arises from an
m X n matrix.
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5.2 Linear transformations on general vector spaces

So far we have only considered linear transformations from R™ to R™. In this short section,
we shall have a look at linear transformations on abstract vector spaces. We start with some
general observations concerning linear transformations on abstract vector spaces and finish
with two examples.

Theorem 5.6. IfV and W are vector spaces and L : V' — W s a linear transformation then:
(a) L(0) =0,
(b) L(—v) = —L(v) foranyv € V;
(c) L> i aivi) =D i o L(v;) for any v; € V and any scalars o; where i =1,... n.
Proof.
(a) L(0) = L(00) = 0L(0) = 0;
(b) L(=v) = L((=1)v) = (=1 L(v) = —L(v);

(c) follows by repeated application of the defining properties (i) and (ii) of linear transfor-
mations.

Note that we have used Theorem 4.5 for the proof of (a) and (b). O

Let's look at some examples, which should convince you that linear transformations arise
naturally in other areas of Mathematics.

Example 5.7. Let L : C[a,b] — R! be defined by

L is linear since, if f, g € Cla,b] and a € R, then

() Lt +8)= [ (¢ +g@)dt = [ t@yde+ [ glo)d = LE)+ Lig)

b b
(i) L(af) :/ (af(t))dt:a/ £(t) dt = aL(f).
In other words, integration is a linear transformation.

Example 5.8. Let D : C''[a,b] — Cla, b] be defined to be the transformation that sends an
f € C'a, ] to its derivative ' € C[a, b], that is,

D(f) =f'.
Then D is linear since, if f,g € C''[a,b] and o € R, then
(i) D(f+g)=(f+g) =f +g" = D(f) + D(g);
(i) D(af) = (af) = of = aD(F).

In other words, differentiation is a linear transformation.
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Example 5.9. Let V be a vector space and let Id : V' — V denote the identity transfor-
mation (or identity for short) on V, that is,

Id(v)=v forallvelV.
The transformation Id is linear, since, if v,w € V and « is a scalar, then
(i) Id(v+w)=v+w=Idv)+ Idw);
(i) Id(av) = av = ald(v).

5.3 Image and Kernel

We shall now discuss two useful notions, namely that of the ‘image’ and that of the ‘kernel’ of
a linear transformation, that help to generalise two notions that you have already encountered
in connection with matrices.

Definition 5.10. Let VV and W be vector spaces, and let L : V' — W be a linear transfor-
mation. The kernel of L, denoted by ker(L), is the subset of V' given by

ker(L)={veV|Lv)=0}.
Example 5.11. If A € R™*™ and L, is the corresponding linear transformation from R" to

R™, then
ker(LA) = N(A) s

that is, the kernel of L4 is the nullspace of A.

The previous example shows that the kernel of a linear transformation is the natural gen-
eralisation of the nullspace of a matrix.

Definition 5.12. Let V' and W be vector spaces. Let L : V' — W be a linear transformation
and let H be a subspace of V. The image of H (under L), denoted by L(H), is the subset
of W given by

LH)={weW|w=L(v) forsomev e H}.
The image L(V') of the entire vector space V' under L is called the range of L.

Example 5.13. If A € R™*™ and L, is the corresponding linear transformation from R" to
R™, then

La(R™) = col(A),
that is, the range of L4 is the column space of A.

The previous example shows that the range of a linear transformation is the natural gen-
eralisation of the column space of a matrix.

We saw previously that the nullspace and the column space of an m X n matrix are
subspaces of R™ and R™ respectively. The same is true for the abstract analogues introduced
above.

Theorem 5.14. Let V and W and be vector spaces. If L : V. — W s a linear transformation
and H is a subspace of V', then

(a) ker(L) is a subspace of V;
(b) L(H) is a subspace of W.

The proof is omitted here.
Much more could be said on linear transformations, but we still want to have time for the
final main topics of this module, orthogonality and eigenvalues/eigenvectors.



Chapter 6

Orthogonality

In this chapter we will return to the concrete vector space R™ and add a new concept that will
reveal new aspects of it. The added spice in the discussion is the notion of ‘orthogonality’.
This concept extends our intuitive notion of perpendicularity in R? and R? to R™. This new
concept turns out to be a rather powerful device, as we shall see shortly.

6.1 Definition

We start by revisiting a concept that you have already encountered in Geometry |. Before
stating it recall that a vector x in R" is, by definition, an n x 1 matrix. Given another vector
y in R®, we may then form the matrix product x’y of the 1 x n matrix x and the n x 1
matrix y. Notice that by the rules of matrix multiplication x”y is a 1 x 1 matrix, which we
can simply think of as a real number.

Definition 6.1. Let x and y be two vectors in R”. The scalar x”y is called the scalar
product or dot product of x and y, and is often written x-y. Thus, if

1 Y1
L2 Y2
X = Y= . )
Ln Yn
then
Y1
T Y2
xy=x'y=(x1 @ - 2) || =mypF eyt 2y
Yn
Example 6.2. If
2 4
x=|-3 and y=|[5],
1 6

61
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then

xy=xy=(2 -3 1) =244 (-3)-54+41-6=8-15+6=—1,

S Ot W~

2
yx=y'x=(4 5 6)[-3]=4-245-(-3)+6-1=8-15+6=—1.
1

Having had a second look at the example above it should be clear why x-y = y-x. In fact,
this is true in general. The following further properties of the dot product follow easily from
properties of the transpose operation:

Theorem 6.3. Let x, y and z be vectors in R™, and let o be a scalar. Then
(3) xy = yx;
(b) (x+y)z=xz+yz
(c) (ox)y = a(x-y) = x-(ay),
(d) x-x >0, and x-x = 0 if and only if x = 0.

Definition 6.4. If x = (xy,...,7,)"7 € R", the length or norm of x is the nonnegative

scalar ||x|| defined by
x| = Vxex = yfai +- - +af.

A vector whose length is 1 is called a unit vector .

Example 6.5. If x = (a,b)” € R?, then
x| = V& 1 5.

The above example should convince you that in R? and R? the definition of the length of
a vector x coincides with the standard notion of the length of the line segment from the origin
to x.

Note that if x € R™ and o € R then

lox = e 1]},

because [|ax||? = (ax)-(ax) = a?(x-x) = o?||x||>. Thus, if x # 0, we can always find a unit
vector y in the same direction as x by setting
1
y=—X.
Il

The process of creating a unit vector y from x is called normalising x.

Definition 6.6. For x and y in R", the distance between x and y, written dist(x,y), is
the length of x — y, that is,
dist(x,y) = [lx =y

Definition 6.7. Two vectors x and y in R™ are orthogonal (to each other) if x-y = 0.
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Note that the zero vector is orthogonal to every other vector in R".
The following theorem is an old acquaintance in new clothing, and, at the same time,
contains a key fact about orthogonal vectors:

Theorem 6.8 (Pythagorean Theorem). Two vectors x and 'y in R™ are orthogonal if and only
if
Ix + yI* = [Ix[* + lylI*-

Proof. See Exercise 6 on Coursework 8. O

6.2 Orthogonal complements

In this short section we introduce an important concept that will form the basis of subsequent
developments.

Definition 6.9. Let Y be a subspace of R". A vector x € R" is said to be orthogonal to
Y if x is orthogonal to every vector in Y. The set of all vectors in R™ that are orthogonal
to Y is called the orthogonal complement of Y and is denoted by Y+ (pronounced ‘Y
perpendicular’ or 'Y perp’ for short). Thus

Yit={xeR"|xy=0forallycY}.

Example 6.10. Let W be a plane through the origin in R3 and let L be the line through
the origin and perpendicular to W. By construction, each vector in W is orthogonal to every
vector in L, and each vector in L is orthogonal to every vector in TW/. Hence

L*=W and W"'=L.
The following theorem collects some useful facts about orthogonal complements.
Theorem 6.11. Let Y be a subspace of R". Then:
(a) Y= is a subspace of R".

(b) A vector x belongs to Y if and only if x is orthogonal to every vector in a set that
spans Y.

Proof. See Exercises 7 and 9 on Coursework 8. O]

We finish this section with an application of the concepts introduced so far to the column
space and the nullspace of a matrix. These subspaces are sometimes called the fundamental
subspaces of a matrix. The next theorem, a veritable gem of Linear Algebra, shows that
the fundamental subspaces of a matrix and that of its transpose are intimately related via
orthogonality:

Theorem 6.12 (Fundamental Subspace Theorem). Let A € R™*". Then:
(a) N(A) = col(AT)+.
(b) N(AT) = col(A)*.

Proof. In this proof we shall identify the rows of A (which are strictly speaking 1 x n matrices)
with vectors in R™.



64 CHAPTER 6. ORTHOGONALITY

(a) Let x € R™. Then

x € N(A) <= Ax =0
<= x is orthogonal to every row of A
<= X is orthogonal to every column of AT
<= x € col(AT)*,
so N(A) = col(AT)*.

(b) Apply (a) to AT.

6.3 Orthogonal sets

In this section we shall investigate collections of vectors with the property that each vector
is orthogonal to every other vector in the set. As we shall see, these sets have a number of
astonishing properties.

Definition 6.13. A set of vectors {uy,...,u,} in R" is said to be an orthogonal set if each
pair of distinct vectors is orthogonal, that is, if

u;-u; =0  whenever i # j.

Example 6.14. If

3 —1 —1
u; = 1 s Uy = 2 s usz — —4 s
1 1 7

then {u;, uy, us} is an orthogonal set since

ul-u2:3(—1)+12—|—1120
ul-u3:3(—1)+1(—4)+17:0
The next theorem contains the first, perhaps surprising, property of orthogonal sets:

Theorem 6.15. /f {uy,...,u,} is an orthogonal set of nonzero vectors, then the vectors
uy,...,u, are linearly independent.

Proof. Suppose that
cqu; +cug+ -+ cu,, =0.

Then
0= O-u1
= (aqu +cuy+ -+ cu,)
=ci(up-uy) + co(ug - uy) + -+ + ¢ (wpeuy)
= C (111'111) s
since u; is orthogonal to uy,...,u,. But since u; is nonzero, u;-u; is nonzero, so ¢; = 0.

Similarly, co, ..., c, must be zero, and the assertion follows. O
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Definition 6.16. An orthogonal basis for a subspace H of R" is a basis of H that is also
an orthogonal set.

The following theorem reveals why orthogonal bases are much ‘nicer’ than other bases in
that the coordinates of a vector with respect to an orthogonal basis are easy to compute:

Theorem 6.17. Let {uy,...,u,} be an orthogonal basis for a subspace H of R™ and let
y € H. Ifcy, ..., ¢, are the coordinates of y with respect to {uy,...,u,}, that is,

y=cu +---+cu,,
then

y-u;
u]"u]'

cj = foreachj=1,...,r.
Proof. As in the proof of the preceding theorem, the orthogonality of {uj,...,u,} implies
that

y-u = (clul + -+ c,«uT)-ul = Cl(ul'l,h) .

Since u;-u; is not zero, we can solve for ¢; in the above equation and find the stated expression.
In order to find ¢; for j = 2,...,r, compute y-u; and solve for c;. O

Example 6.18. Show that the set {u;, uy, u3} in Example 6.14 is an orthogonal basis for R3
and express the vector y = (6,1, —8)7 as a linear combination of the basis vectors.

Solution. Note that by Theorem 6.15 the vectors in the orthogonal set {u;, uy, us} are linearly
independent, so must form a basis for R?, since dim R? = 3.

Now
yu =11, yeuy, = —12, y-us = —66,
u;-u; = 11, Ug-Ug — 6, Uz-us — 66,
SO
‘u ‘u ‘u 11 —12 —66
y = Y 1111+ Y 2u2+ Y 3u3:—u1+—u2+—u3:u1—2u2—u3.
u;-uy Uy Us Us-U;3 11 6 66
O
6.4 Orthonormal sets
Definition 6.19. A set {uy,...,u,} of vectors in R" is said to be an orthonormal set if it
is an orthogonal set of unit vectors. Thus {uy,...,u,} is an orthonormal set if and only if
ui-uj:(&j fori,jzl,...,r,
where
sy=4 "
0 ifiy
If H is a subspace of R" spanned by {uy,...,u,}, then {uy,...,u,} is said to be an or-

thonormal basis for H.
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Example 6.20. The standard basis {ei,...,e,} of R is an orthonormal set (and also an
orthonormal basis for R™). Moreover, any nonempty subset of {e;,...,e,} is an orthonormal
set.

Here is a less trivial example:

Example 6.21. If

2/1/6 —1/V3 0
w=|(1/V6], w=|{1/V3 |, uw=/[-1/V2],
1/v6 1/v/3 1/v/2

then {u;, uy, us} is an orthonormal set, since

uuy = —2/V18 +1/V18 +1/V/18 =
upeug = 0/vV12 - 1/V124+1/V/12 =10
uyus =0/v6—1/vV6+1/V/6=0

and

uu; =4/6+1/6+1/6=1
UgUy = 1/3+1/3+1/3: 1
usuz =0/24+1/2+1/2=1

Moreover, since by Theorem 6.15 the vectors u;, us, us are linearly independent and dim R? = 3,
the set {u;,uy, uz} is a basis for R3. Thus {u;,u,, uz} is an orthonormal basis for R3.

Matrices whose columns form an orthonormal set are important in applications, in particular
in computational algorithms. We are now going to explore some of their properties.

Theorem 6.22. An m x n matrix U has orthonormal columns if and only if UTU = 1.

Proof. As an illustration of the general idea, suppose for the moment that U has only three
columns, each a vector in R™. Write

U= (U1 Us U3> .

Then . . . .
., ulT ulTul ulTuz ulTug
U'U=|u; (111 us 113) =|uyu uyu ujug
ul uluy; uluy, ulu

so the (i, 7)-entry of UTU is just u;~u; and the assertion follows from the definition of or-
thonormality.

The proof for the general case is exactly the same, once you have convinced yourself that
the (i, j)-entry of UTU is the dot product of the i-th column of U with the j-th column of
U. O

The following theorem is a simple consequence:

Theorem 6.23. Let U € R™*" have orthonormal columns, and let x and y in R™. Then:

(a) (Ux)-(Uy) = x-y;
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(b) [[Ux]| = |[x

(c) (Ux)-(Uy) =0 if and only if x-y = 0.
Proof. See Exercise 1 on Coursework 9. O

Here is a rephrasing of the theorem above in the language of linear transformations. Let
U € R™™ be a matrix with orthonormal columns and let Ly be the corresponding linear
transformation from R™ to R™. Property (b) says that the mapping Ly preserves the lengths
of vectors, and (c) says that Ly preserves orthogonality. These properties are important for
many computer algorithms.

Before concluding this section we mention a class of matrices that fits naturally in the
present context and which will play an important role in the next chapter:

Definition 6.24. A square matrix () is said to be orthogonal if Q7Q = I.

The above considerations show that every square matrix with orthonormal columns is an
orthogonal matrix. Two other interesting properties of orthogonal matrices are contained in
the following theorem.

Theorem 6.25. Let () € R™*™ be an orthogonal matrix. Then:
(a) Q is invertible and Q="' = Q7

(b) if{vy,...,v,} is an orthonormal basis for R", then {Qv1,...,Qv,} is an orthonormal
basis for R™.

Proof. See Exercise 2 on Coursework 9. O

6.5 Orthogonal projections

In this section we shall study a particularly nice way of decomposing an arbitrary vector in
R™. More precisely, if H is a subspace of R and y any vector in R" then, as we shall see,
we can write y = y + z where y is in H, and z is orthogonal to H. This is a very useful
technique which has a number of interesting consequences, some of which you will see later
in this chapter.

Theorem 6.26 (Orthogonal Decomposition Theorem). Let H be a subspace of R". Then
eachy in R™ can be written uniquely in the form

y=y+z, (6.1)
wherey € H and z € H*. In fact, if{uy,...,u,} is an orthogonal basis for H, then

‘u .uT
Y 1u1—|—~--+y u,, (6.2)
u;-u; u,-u,

y =

andz =y —y.
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Proof. Let y be given by (6.2). Since y is a linear combination of the vectors uy, ..., u,, the
vector y must belong to H. Let z=y —y. Then

z-u; = (y - 5’)'111

:y.ul—(y.u1>(ul.ul)_0_..._o

ui-u;
=Yyu —yu
=0,
so z is orthogonal to u;. Similarly, we see that z is orthogonal to u; for j = 2,...,r, so
z € H' by Theorem 6.11 (b).

In order to see that the decomposition (6.1) is unique, suppose that y can also be written
asy =y, +2z,wherey, € Handz, € H'. Thusy +z =y, + 21, so

~

y—Yi =2 —2.

The above equality shows that the vector v. = y — y; belongs to both H and H+. Thus
v-v = 0, which implies v = 0. Therefore y = y; and z = z;, so the decomposition (6.1) is
unique. O

The vector y in (6.1) is called the orthogonal projection of y onto H , and is written
projyy, that is,
y = projyy .
One of the reasons why orthogonal projections play an important role in Linear Algebra,
and indeed in other branches of Mathematics, is made plain in the following theorem:

Theorem 6.27 (Best Approximation Theorem). Let H be a subspace of R", y any vector in
R", and y = projyy. Theny is the closest point in H to'y, in the sense that

ly =yl <lly = vl (6.3)
for all v € H distinct from'y.

Proof. Take v € H distinct from y. Then y — v € H. By the Orthogonal Decomposition
Theorem, y — ¥ is orthogonal to H, so y — y is orthogonal to y — v.
Since

A

y-—v=F-9+F-v),
the Pythagorean Theorem (Theorem 6.8) gives
ly = vII* = lly =3I + [y = vI[*.
But ||y — v||> > 0, since y # v, so the desired inequality (6.3) holds. O

The theorem above is the reason why the orthogonal projection of y onto H is often called
the best approximation of y by elements in H.

We conclude this section with the following consequence of the Orthogonal Decomposition
Theorem:

Theorem 6.28. Let H be a subspace of R". Then
(a) (H-)* =H;
(b) dim H + dim H+ = n.

Proof. See Exercise 4 on Coursework 9. OJ
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6.6 Gram Schmidt process

In the previous sections we saw on a number of occasions how useful orthogonal bases of sub-
spaces can be. Witness, for example, the explicit expression for the orthogonal projection onto
a subspace given in the Orthogonal Decomposition Theorem. So far we have not addressed
the problem of how to manufacture an orthogonal basis. It turns out that there is a simple
algorithm that does just that, namely producing an orthogonal basis for any nonzero subspace
of R™:

Theorem 6.29 (Gram Schmidt process). Given a basis {x,...,x,} of a subspace H of R"
define

V1 = X1
X9V
Vg = X9 — Vi
Vi-Vi
X3*V1 X3*V2
V3 = X3 — Vi — Vo
Vi-Vi V2:Vo
XrVy XreVo XpeVr_1
Ve =Xp — Vi — Vo— ot V1
Vi-Vi V2:Vo Vr_1'Vr_1
Then {vy,...,v,.} is an orthogonal basis for H. In addition

Span (vy,...,vg) = Span (Xy,...,x;) forl <k <r.

Proof. Write H), = Span (X1, ...,Xy). Set v = Xy, so that Span (v1) = Span (x;). Suppose
that for some & < r we have already constructed vy,...,vi so that {vy,...,vi} is an
orthogonal basis for Hj. Define

Vil = Xp41 — prOijXk—i-l .

By the Orthogonal Decomposition Theorem, vy 1 is orthogonal to H,. Now the orthogonal
projection projy, X;11 belongs to Hj, which in turn is a subset of Hyyy, so viy1 € Hpqy.
Moreover, viy1 # 0, since X1 € Hy. Thus {vy,...,Vvii1} is an orthogonal set of nonzero
vectors in Hyyq1. But dim Hy 1 =k + 1, so Hyy1 = Span (vy, ..., Viyi1). O

Remark 6.30. As with almost all the other results and techniques presented in this module,
the best way to remember the Gram Schmidt process is to understand the proof. Here is the
idea in a nut-shell: the Gram Schmidt process is an iterative procedure; if, at some stage, the
orthogonal vectors vy, ..., Vv, have already been constructed, the next vector v is obtained
by subtracting the orthogonal projection of x;; onto Hj, = Span (vy,...vy) from x4, 1, that
is,
Vi1 = X1 — Projy, Xpt1,

as this makes the vector vy 1 orthogonal Hy, and thus in particular, orthogonal to all previously
constructed vectors vy, ..., V.

Example 6.31. Let H = Span (x1, X2, X3) where
0

X3 =

SN OO

1

1 1
X1 = 1| X9 = 11

1 2

Clearly {x1,x2,x3} is a basis of H. Construct an orthogonal basis of H.
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Solution. We start by setting

—_ = =

Vi =X =

—_

The vector v, is constructed by subtracting the orthogonal projection of x5 onto Span (v;)
from x5, that is,
—1
XgV] 4
V=X — V] =

0
ViVy 4 0
1

Vo = X9 —

The vector v3 is constructed by subtracting the orthogonal projection of x3 onto Span (vy, va)
from x3, that is,

1
X3V X3°Vo 8 6 -9
V3 = X3 — Vi — Vo =X3— V1 — V2= )
ViV Va2rVy 4 2 0
1
producing the orthogonal basis {vy,vs, vs} for H. ]

6.7 Least squares problems

A type of problem that often arises in applications of Linear Algebra is to make sense of an

overdetermined system
Ax =Db, (6.4)

where A € R™*™ with m > n and b € R™. Clearly, the system (6.4) will not have a solution
for every b € R™; in fact, as you will recall, the system has a solution if and only if b € col(A).

What do we do if we still demand a solution? The idea is to find an x € R™ that makes
Ax as close as possible to b. In other words, in cases where no exact solution exists, we
think of Ax as an approximation to b. The smaller the distance between b and Ax, given by
|b — Ax]|, the better the approximation.

The general least squares problem is to find x € R™ that makes ||b — Ax|| as small as
possible. Here, ‘least squares’ refers to the fact that ||b — Ax|| is the square root of a sum of
squares.

Definition 6.32. Let A € R™*" and b € R™. A least squares solution of Ax = b is an
x € R" such that
IIb — Ax|| < ||b — Ax]|| for all x € R™.

How do we find least squares solutions of a given system Ax = b? To motivate the result
to follow, let

~

b = projeea)b-
Since b is in col(A), the equation Ax = b is consistent, and there is an X € R" such that
Ax=b.
By the Orthogonal Decomposition Theorem, b — b is orthogonal to col(A), so

b — Ax € col(A)*.
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But by the Fundamental Subspace Theorem col(A)t = N(A”), so
b — Ax € N(AT).

Thus
AT(b — Ax) =0,

and hence
ATAx = A™p.

To summarise what we have just said: a least squares solution of Ax = b satisfies
ATAx = ATb . (6.5)

The matrix equation (6.5) represents a system of equations called the normal equations for
Ax =Db.

Theorem 6.33. Let A € R™*™ and b € R™. The set of least squares solutions of Ax = b
coincides with the non-empty solution set of the normal equations

ATAx = A™b. (6.6)

Proof. We have just seen that a least squares solution X must satisfy the normal equations.
It turns out that the argument outlined also works in the reverse direction. To be precise,
suppose that x satisfies the normal equations, that is

ATAx = A™b.

Then AT(b — Ax) = 0, so b — Ax € N(AT) = col(A)+. Thus b — Ax is orthogonal to
col(A). Hence the equation
b = Ax + (b — Ax)

is a decomposition of b into a sum of a vector in col(A) and a vector orthogonal to it. By
the uniqueness of the orthogonal decomposition, Ax must be the orthogonal projection of b
onto col(A). Thus, Ax = b, and X is a least squares solution. O

Example 6.34. Find the least squares solution of the inconsistent system Ax = b, where
4 0 2

A=10 2 b=1|0

11 11

Solution. Compute
4 0 1 40 17 1
T4 _ _
A"A= (0 9 1) (1] ? = (1 5> ;

4 0 1
Ty, _
Ab—<021>
Thus the normal equations AT Ax = A”b are

(73 0= ()

—_
Eow
Il
N\
— =
— O
~_
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This system can (and should, in general!) be solved by Gaussian elimination. In our case,
however, it is quicker to spot that the coefficient matrix is invertible with inverse

1 /5 -1
A
@A =5 <—1 17)’

so AT Ax = ATb can be solved my multiplying both sides with (AT A)~! from the left, giving
the least squares solution

ok (5 ) ) -0)

Often (but not always!) the matrix AT A is invertible, and the method shown in the
example above can be used. In general, the least squares solution need not be unique, and
Gaussian elimination has to used to solve the normal equations. The following theorem gives
necessary and sufficient conditions for AT A to be invertible.

O

Theorem 6.35. Let A € R™"™ and b € R™. The matrix AT A is invertible if and only if
the columns of A are linearly independent. In this case, Ax = b has only one least squares

solution X, given by
x=(ATA)'A™D.

Proof. See Exercise 1 on Coursework 10 for the first part. The remaining assertion follows as
in the previous example. O]



Chapter 7

Eigenvalues and Eigenvectors

In this last chapter of our exploration of Linear Algebra we will revisit eigenvalues and eigen-
vectors of matrices, concepts that were already introduced in Geometry | and possibly also
used in other modules. After a short repetition of the basic facts we will arrive at our main
result, a spectral theorem for symmetric matrices.

7.1 Definition and examples

If A is a square n X m matrix, we may regard it as a linear transformation from R" to R".
This transformation sends a vector x € R™ to the vector Ax. For certain vectors, this action

can be very simple.
1 2 1 2
(D) =) =0

(4 ()~ ()
() ()

so the action of A on u and w is very easy to picture: it simply amounts to a stretching by 3
and 2, respectively.

Example 7.1. Let

Then

Definition 7.2. An eigenvector of an n x n matrix A is a nonzero vector x such that
Ax = Ax,

for some scalar A\. A scalar A is called an eigenvalue of A if there is a non-trivial solution x to
Ax = Ax, in which case we say that x is an eigenvector corresponding to the eigenvalue
A

Remark 7.3. Note that if x is an eigenvector of a matrix A with eigenvalue A, then any
nonzero multiple of x is also an eigenvector corresponding to A, since

A(ax) = aAx = adx = A(ax).

73
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We shall now investigate how to determine all the eigenvalues and eigenvectors of an n xn
matrix A. We start by observing that the defining equation Ax = Ax can be written

(A—M\)x=0. (7.1)

Thus X is an eigenvalue of A if and only if (7.1) has a non-trivial solution. The set of solutions
of (7.1) is N(A — AI), that is, the nullspace of A — AI, which is a subspace of R™.Thus, A is
an eigenvalue of A if and only if

N(A—XI) # {0},

and any nonzero vector in N(A — AI) is an eigenvector belonging to A. Moreover, by the
Invertible Matrix Theorem, (7.1) has a non-trivial solution if and only if the matrix A — A\ is
singular, or equivalently

det(A—AI)=0. (7.2)

Notice now that if the determinant in (7.2) is expanded we obtain a polynomial of degree n
in the variable A,
p(A) =det(A —\),

called the characteristic polynomial of A , and equation (7.2) is called the characteristic
equation of A. So, in other words, the roots of the characteristic polynomial of A are exactly
the eigenvalues of A. The following theorem summarises our findings so far:

Theorem 7.4. Let A be an n x n matrix and X\ a scalar. The following statements are
equivalent:

(a) X\ is an eigenvalue of A;
(b) (A — A\I)x = 0 has a non-trivial solution;
(c) N(A—AI) #{0};
(d) A— Xl is singular;
(e) det(A—AI)=0.
In view of the above theorem the following concept arises naturally:

Definition 7.5. If A is a square matrix and A an eigenvalue of A, then N(A — \I) is called
the eigenspace corresponding to \.

Note that if A\ is an eigenvalue of a matrix A, then every nonzero vector in the corre-
sponding eigenspace N(A — AI) is an eigenvector corresponding to A, and conversely, the set
of all eigenvectors corresponding to A\ together with the zero vector forms the corresponding
eigenspace N(A — \I).

We shall now see how to use (e) in the theorem above to determine the eigenvalues and
eigenvectors of a given matrix.

Example 7.6. Find all eigenvalues and eigenvectors of the matrix

A= (—97 —86> |
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Proof. First we calculate the characteristic polynomial of A

—-7—X —6
9 8— A

= 56+TA=8AF A +54=X - A-2=(A+1)(A—-2).

det(A—)J):' ‘:(—7—>\)(8—)\)—(—6)~9

Thus the characteristic equation is

A+ 1)(A—2) =0,

so the eigenvalues of the matrix are A\ = —1 and A\, = 2.

In order to find the eigenvectors belonging to A\; = —1 we must determine the nullspace
of A— X\ I = A+ 1. Or, put differently, we need to determine all solutions of the system
(A+ I)x = 0. This can be done using your favourite method, but, for reasons which will
become clear in the next example, | strongly recommend Gaussian elimination, that is, we
bring the augmented matrix (A + I|0) to row echelon form:

-7+1 -6 0 1 110
o) - (0 0 o) !

0\ (=6 —6[0\ (11
(AH’O):( 9 8+1 0)2(9 9 o)”(99

so setting xo = o we find 2y = —x9 = —a. Thus every vector in N(A + I) is of the form

(2)-+(3)

so the eigenspace corresponding to the eigenvalue —1 is

fa(7)]aen)

is an eigenvector corresponding to the eigenvalue —1.

1
Similarly, in order to find the eigenvectors belonging to Ay = 2 we bring (A — \,I]0) =

(A —21]0) to row echelon form:
0y (-9 —6]0 1 210 1 2
0/ \9 6|0 9 6|0 0 0

so setting 7o = o we find 7 = — 2z, = —%04. Thus every vector in N(A —21) is of the form

()36

so the eigenspace corresponding to the eigenvalue 2 is

{a(3)|acr},

) is an eigenvector corresponding to the eigenvalue 2. [

and any nonzero multiple of

T2 -6
(A—2[\0)-< 0 g9

and any nonzero multiple of ( 3
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Before we continue with another example you might want to have another look at the
above calculations of eigenspaces. Observe that since we need to solve a homogeneous linear
system there is no need to write down the right-most column of the augmented matrix (since
it consists only of zeros); we simply perform elementary row operations on the coefficient
matrix, keeping in mind that the right-most column of the augmented matrix will remain the
zero column. We shall use this short-cut in all the following calculations of eigenspaces.

Example 7.7. Let

2 -3 1
A=11 -2 1
1 -3 2

Find the eigenvalues and corresponding eigenspaces.

Solution. A slightly tedious calculation using repeated cofactor expansions shows that the
characteristic polynomial of A is

2—\ -3 1
det(A—X)=] 1 —-2—-X 1 |=-XA—1),
1 -3 2-)

so the eigenvalues of A are Ay =0 and \, = 1.
In order to find the eigenspace corresponding to A; we find the nullspace of A — A\ = A
using Gaussian elimination:

2 -3 1 10 -1
A=[1 =2 1| ~---~ |0 1 =1},
1 -3 2 00 0

so setting 3 = o we find 23 = 0 — (—1)z3 = @ and 1 = 0 — (—1)x3 = . Thus, every
vector in N(A) is of the form
o 1
al=all],
o} 1
so the eigenspace corresponding to the eigenvalue 0 is
1

all aeR
1

In order to find the eigenspace corresponding to As we find the nullspace of A—\o1 = A—1,
again using Gaussian elimination:

2-1 -3 1 1 -3 1 1 -3 1
A-1= 1 -—2-1 1 |=(1 =3 1]~[0 0 0],
1 -3 2-1 1 -3 1 0 0 0

so setting o = o and x3 = [ we find 2y = 325 —x3 = 3a— 3. Thus every vector in N(A—1)
is of the form
3a— [ 3 -1
« =al|ll|l+6| 0|,
I} 0 1
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and so the eigenspace corresponding to the eigenvalue 1 is

3 -1
all]l+81 0 a,f €R
0 1

Example 7.8. Find the eigenvalues of the matrix

A:

S O =
O =N
S Ot W

Solution. Using the fact that the determinant of a triangular matrix is the product of the
diagonal entries we find

1-x 2 3
det(A—A)=| 0 4—X 5 |=(1-NA-N(6-N),
0 0 6-A

so the eigenvalues of A are 1, 4, and 6. n

The above example and its method of solution are easily generalised:

Theorem 7.9. The eigenvalues of a triangular matrix are precisely the diagonal entries of the
matrix.

The next theorem gives an important sufficient (but not necessary) condition for two
matrices to have the same eigenvalues. It also serves as the foundation for many numerical
procedures to approximate eigenvalues of matrices, some of which you will encounter if you
take the module MTH5110, Introduction to Numerical Computing.

Theorem 7.10. Let A and B be two n X n matrices and suppose that A and B are similar,
that is, there is an invertible matrix S € R™" such that B = S™'AS. Then A and B have
the same characteristic polynomial, and, consequently, have the same eigenvalues.
Proof. If B = S"1AS, then

B—X=8"AS - M =S5"1AS - \S7'S =S571(AS - \S) =S 1A - \)S.
Thus, using the multiplicativity of determinants,

det(B — M) = det(S™1) det(A — ) det(S) = det(A — NI,

because det(S™!) det(S) = det(S~19) = det(I) = 1. O

We will revisit this theorem from a different perspective in the next section.
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7.2 Diagonalisation

In many applications of Linear Algebra one is faced with the following problem: given a square
matrix A, find the k-th power A* of A for large values of k. In general, this can be a very
time-consuming task. For certain matrices, however, evaluating powers is spectacularly easy:

Example 7.11. Let D € R?*? be given by

Then
D2 _ 2 0y (2 0)_ 220
0 3)\0 3 0 32
and ) ,
2 0\ /20 0 2° 0
3 _ 2 _ _
preont= () (5 2)= (0 )
In general,
2k 0
k _
=0 3),
for k> 1.
After having had another look at the example above, you should convince yourself that
if D is a diagonal n x n matrix with diagonal entries d,,...,d,, then D* is the diagonal
matrix whose diagonal entries are d¥, ... d*. The moral of this is that calculating powers for

diagonal matrices is easy. What if the matrix is not diagonal? The next best situation arises
if the matrix is similar to a diagonal matrix. In this case, calculating powers is almost as easy
as calculating powers of diagonal matrices, as we shall see shortly. We shall now single out
matrices with this property and give them a special name:

Definition 7.12. An n x n matrix A is said to be diagonalisable if it is similar to a diagonal
matrix, that is, if there is an invertible matrix P € R"*" such that

P'AP =D,
where D is a diagonal matrix. In this case we say that P diagonalises A.

Note that if A is a matrix which is diagonalised by P, that is, P"'AP = D with D
diagonal, then

A=PDP!,
A’ =pDppP~'PDP! = PD?’P!,
A% = AA? = PDP'PD?’P~' = PD3P7!,
and in general
A* = pDFpt,

for any k > 1. Thus powers of A are easily computed, as claimed.
In the following, we list (without proof) a few useful theorems relating eigenvalues, eigen-
vectors, and the linear independence property:

Theorem 7.13. Ifvy, ..., Vv, are eigenvectors that correspond to distinct eigenvalues \1, . .., \,
of an n X n matrix A, then the vectors vy, ..., v, are linearly independent.
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Theorem 7.14 (Diagonalisation Theorem). An n x n matrix A is diagonalisable if and only
if A has n linearly independent eigenvectors.

In fact, P~*AP = D, with D a diagonal matrix, if and only if the columns of P are n
linearly independent eigenvectors of A. In this case, the diagonal entries of D are eigenvalues
of A that correspond, respectively, to the eigenvectors in P.

The proofs are not difficult, but rather than doing that here we want to concentrate onto
some practical examples:

Example 7.15. Diagonalise the following matrix, if possible:

-7 3 =3
A=1-9 5 =3
9 -3 5

Solution. A slightly tedious calculation shows that the characteristic polynomial is given by

~7-X 3 —3
p(A)=det(A—X)=| =9 5-X =3 |=-XN4+3\2—-4.
9 -3 55—

The cubic p above can be factored by spotting that —1 is a root. Polynomial division then
yields
pA)=—A+1DN=4r+4) = -+ 1)(\—2)?,

so the distinct eigenvalues of A are 2 and —1.
The usual methods (see Examples 7.6 and 7.7) now produce a basis for each of the two
eigenspaces and it turns out that

1 -1
N(A —2I)=Span(vy,vy), where vi=[3], vo=1[ 0 |,
0 3
-1
N(A+1I)=Span(vs), where v3=[—1
1

You may now want to confirm, using your favourite method, that the three vectors
V1, Vo, Vs are linearly independent. As we shall see shortly, this is not really necessary: the
union of basis vectors for eigenspaces always produces linearly independent vectors (see the
proof of Corollary 7.17 below).

Thus, A is diagonalisable, since it has 3 linearly independent eigenvectors. In order to find
the diagonalising matrix P we recall that defining

1 -1 -1
P:(V1 Vo V3): 3 0 —1
0 3 1

does the trick, that is, P"'AP = D, where D is the diagonal matrix whose entries are the
eigenvalues of A and where the order of the eigenvalues matches the order chosen for the
eigenvectors in P, that is,

0

0

-1

D =

S O N
S NN O
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It is good practice to check that P and D really do the job they are supposed to do:

-7 3 =3 1 -1 -1 2 -2 1
AP=1-9 5 =3 3 0 —-1|=(6 0 1 ,
9 -3 5 0 3 1 0 6 -1
1 -1 -1 2 0 0 2 =2 1
PD=13 0 -1 02 0}|=16 0 11,
0 3 1 00 —1 0 6 -1
so AP = PD, and hence P"'AP = D as required. ]

Example 7.16. Diagonalise the following matrix, if possible:

-6 3 =2
A=1|-7 5 -1
8§ =3 4

Solution. The characteristic polynomial of A turns out to be exactly the same as in the previous
example:
det(A—A) =N+ 3\ —4=—-A+1)(\—2)2.

Thus the eigenvalues of A are 2 and —1. However, in this case it turns out that both
eigenspaces are 1-dimensional:

1
N(A—2I)=Span(vy) where vi=1| 2 |,
-1
-1
N(A+1I)=Span(vs) where vy=|—-1
1
Since A has only 2 linearly independent eigenvectors, the Diagonalisation Theorem implies
that A is not diagonalisable. O

Put differently, the Diagonalisation Theorem states that a matrix A € R™*"™ is diagonalis-
able if and only if A has enough eigenvectors to form a basis of R™. The following corollary
makes this restatement even more precise:

Corollary 7.17. Let A € R™ ™ and let \i, ..., \. be the (distinct) eigenvalues of A. Then
A is diagonalisable if and only if

dmNA-MNI)+---+dimNA-NI)=n.
A very useful special case of the Diagonalisation Theorem is the following:

Theorem 7.18. An n x n matrix with n distinct eigenvalues is diagonalisable.

Proof. Let vq,...,v, be eigenvectors corresponding to the n distinct eigenvalues of A. Then
the n vectors vy, ..., v, are linearly independent by Theorem 7.13. Hence A is diagonalisable
by the Diagonalisation Theorem. O

Remark 7.19. Note that the above condition for diagonalisability is sufficient but not nec-
essary: an n X n matrix which does not have n distinct eigenvalues may or may not be
diagonalisable (see Examples 7.15 and 7.16).



7.3. INTERLUDE: COMPLEX VECTOR SPACES AND MATRICES 81

Example 7.20. The matrix

1 -1 5
A=10 2 6
0O 0 3

is diagonalisable, since it has three distinct eigenvalues 1, 2, and 3.
7.3 Interlude: complex vector spaces and matrices

A:((l) —01).

What are the eigenvalues of A? Notice that

Consider the matrix

-2 -1

det(A — \I) :‘ Y

’:A2+1,

so the characteristic polynomial does not have any real roots, and hence A does not have any
real eigenvalues. However, since

MN4l=XN—(-1)=A-2=A—-))A+1),

the characteristic polynomial has two complex roots, namely 2 and —¢. Thus it makes sense to
say that A has two complex eigenvalues ¢ and —i. What are the corresponding eigenvectors?
Solving

(A—i)x=0
leads to the system
—ilCl — T2 = 0
I — iIQ =0
Both equations yield the condition o = —ixq, so _; ) isan eigenvector corresponding to

the eigenvalue 7. Indeed

b ()= 0)- ()= ()

Similarly, we see that (z) is an eigenvector corresponding to the eigenvalue —i. Indeed

(b)) =) =)= 0)

The moral of this example is the following: on the one hand, we could just say that the matrix
A has no real eigenvalues and stop the discussion right here. On the other hand, we just saw
that it makes sense to say that A has two complex eigenvalues with corresponding complex
eigenvectors.

This leads to the idea of leaving our current real set-up, and enter a complex realm instead.
As it turns out, this is an immensely powerful idea. However, as our time is limited, we shall
only cover the bare necessities, allowing us to prove the main result of the next section.
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Let C" denote the set of all n-vectors with complex entries, that is,

21
C" = : Z1y...,2n €C

Zn

Just as in R™, we add vectors in C" by adding their entries, and we can multiply a vector in
C™ by a complex number, by multiplying each entry.

Example 7.21. Let z, w € C? and «a € C, with

1+4 —2+ 30
z=| 2 |, w= 1 , o= (14+2i).
3 241
Then
(1+4)+ (-2 4+ 30) —1+4i
Z+wW= 2i+1 =| 1+
3+ (2+1) 541
(14 24)(1+414) 1+ 20+ 4+ 24 —1+3i
az = | (14+2)(26) | = 2i 4 (20)? =|—-4+2
(1427)-3 3+ 61 3+ 61

If addition and scalar multiplication is defined in this way (now allowing scalars to be in
C), then C™ satisfies all the axioms of a vector space. Similarly, we can introduce the set
of all m x n matrices with complex entries, call it C™*", and define addition and scalar
multiplication (again allowing complex scalars) entry-wise just as in R™*". Again, C™*"
satisfies all the axioms of a vector space.

Fact 7.22. All the results in Chapters 1-5, and all the results from the beginning of this
chapter hold verbatim, if ‘scalar’ is taken to mean ‘complex number’.

Since ‘scalars’ are now allowed to be complex numbers, C* and C™*" are known as
complex vector spaces.

The reason for allowing this more general set-up is that, in a certain sense, complex
numbers are much nicer than real numbers. More precisely, we have the following result:

Theorem 7.23 (Fundamental Theorem of Algebra). If p is a complex polynomial of degree
n > 1, that is,
p(z)=c2"+ - +az+a,

where ¢y, ¢1, ..., ¢, € C, then p has at least one (possibly complex) root.

Corollary 7.24. Every matrix A € C"*" has at least one (possibly complex) eigenvalue and
a corresponding eigenvector z € C".

Proof. Since A is an eigenvalue of A if and only if det(A — AI) = 0 and since p(\) =
det(A — AI) is a polynomial with complex coefficients of degree n, the assertion follows from
the Fundamental Theorem of Algebra. ]

The corollary above is the main reason why complex vector spaces are considered. We are
guaranteed that every matrix has at least one eigenvalue, and we may then use the powerful
tools developed in the earlier parts of this chapter to analyse matrices through their eigenvalues
and eigenvectors.
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7.4 Spectral Theorem for Symmetric Matrices

This last section of the last chapter is devoted to one of the gems of Linear Algebra: the
Spectral Theorem. This result, which has many applications, a number of which you will see
in other modules, is concerned with the diagonalisability of symmetric matrices. Recall that a
matrix A € R"*" is said to be diagonalisable if there is an invertible matrix P € R™*" such
that P~'AP is diagonal. We already know that A is diagonalisable if and only if A has n
linearly independent eigenvectors. However, this condition is difficult to check in practice. It
may thus come as a surprise that there is a sufficiently rich class of matrices that are always
diagonalisable, and moreover, that the diagonalising matrix P is of a special form. This is the
content of the Spectral Theorem for Symmetric Matrices, or Spectral Theorem for short:!

Theorem 7.25 (Spectral Theorem for Symmetric Matrices). Let A € R"*" be symmetric.
Then there is an orthogonal matrix () € R"*" such that

Q"AQ =D,

where D € R™*" |s diagonal.
Or put differently: every symmetric matrix can be diagonalised by an orthogonal matrix.

Reminder: A is symmetric means AT = A.

Q is orthogonal means Q7Q = 1I.

The proof of the above Theorem is omitted here. Rather, we end this course on Linear
Algebra with an important

Corollary 7.26. The eigenvalues of a symmetric matrix A are real, and eigenvectors corre-
sponding to distinct eigenvalues are orthogonal.

Example 7.27. Consider the symmetric matrix

0 2 -1
A= 2 3 =2
-1 -2 0

Find an orthogonal matrix () that diagonalises A.

Solution. The characteristic polynomial of A is
det(A— )= =N +3N+90A+5=(1+N>*(5-N),

so the eigenvalues of A are —1 and 5. Computing N(A + I) in the usual way shows that
{x1,x1} is a basis for N(A + I) where

1 -2
X1 = 0 s X9 = 1
1 0

Similarly, we find that the eigenspace N(A — 5I) corresponding to the eigenvalue 5 is 1-
dimensional with basis
-1
X3 = —2
1

1There are other, more general versions of the Spectral Theorem. In this course, we will only consider the
symmetric case.
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In order to construct the diagonalising orthogonal matrix for A it suffices to find orthonormal
bases for each of the eigenspaces, since, by the previous corollary, eigenvectors corresponding
to distinct eigenvalues are orthogonal.

In order to find an orthonormal basis for N (A + I) we apply the Gram Schmidt process to
the basis {x;,x2} to produce the orthogonal set {v;,vy}:

Vi =X =

— O

X9°V1

V] = 1
ViV, 1

Vo = X9 —

Now {vy, Vs, X3} is an orthogonal basis of R? consisting of eigenvectors of A, so normalising
them to produce

1 1/v2 . —1//3 . —1//6
u = ——Vi = 0 , W=——vo=| 1/V3 |, w=—x3=1|-2/V6],
[[val] 1/v/2 [[vall 1/v/3 ||| 1/v/6

allows us to write down the orthogonal matrix

1/vV2 —1/V/3 —1//6
Q= (w uy ug)= 0 1/vV/3 —2/6
1/V2 1/V3 1/V6

which diagonalises A, that is,

-1 0 0
QTAQ=[0 -1 0
0 0 5



