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10.1 Intr oduction

Shocksandotherboundariesprovide key sitesfor mediatingthe mass,momentum,
andenergy exchangein spaceplasmas,andhave thusbeenthe subjectof considerable
research.The transient,non-planarnatureof the Solar-Terrestrialinteraction,however,
complicatesany interpretationof datafrom a singlespacecraft.The importanceof such
complications,togetherwith the importanceof the boundarylayer physics,is a prime
motivation behindany multi-spacecraftmission. In this chapterwe review thebasicter-
minology andmethodologyfor the determinationof the mostbasicof parameters,such
asthe Mach numberandthe shock/discontinuityorientation. Theseparametersneedto
beestablishedbeforeany detailedinvestigationcanproceed,andbeforeany of theresults
thereofcanbesetinto their propercontext.

While we concentratemainly on shocks,themethodsdescribedbelow apply to most
“discontinuities”encounteredin spaceplasmas,suchasrotationalor tangentialdisconti-
nuities.

10.2 The ShockProblem: Rankine-Hugoniot Relations

Theoverall shockproblemconsistsof a surfacethroughwhich a non-zeromassflux
flows andwhich effectsanirreversible(i.e., entropy-increasing)transitionvia dissipation
of somesort. At themacroscopiclevel, theshockmustconserve total mass,momentum,
andenergy fluxes,togetherwith anobeyanceof Maxwell’s equations.Adoptinga partic-
ularmacroscopicframework, suchastime-stationaryidealMHD, thegoverningequations
canbe written in conservation form to reveal expressionsfor thesefluxes in the planar
(1-D) case.For example,startingfrom themasscontinuityequation

∂ρ

∂t
+ ∇ · (ρV ) = 0 (10.1)

only then̂ d/dxn operatoris non-zero.In aframein whichtheshockis atrest,this implies
conservationof thenormalmassflux andis givenby

ρu(V u · n̂) = ρd(V d · n̂) (10.2)
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wheren̂ is theshocknormalandsubscriptsu andd denotequantitiesmeasuredup- and
downstreamof theshock.Similar expressionscanbederivedfor thethreecomponentsof
momentumcarriedthroughtheshock,theenergy flux, thenormalmagneticfield, andthe
two componentsof thetangentialelectricfield. To theseareaddedthefrozenin field rela-
tionsfor thetwo tangentialelectricfield components.Theresultingsystemis 10equations
in the10 parametersρ, V , P (theplasmathermalpressure),B, andE tangentialon either
sideof theshock. This setof relationsbetweenupstreamanddownstreamparametersis
known astheRankine-Hugoniotrelations(sometimesreferredto asthe“shockjumpcon-
ditions” althoughthey applyacrossany discontinuity).If theupstreamstateis completely
specified,theserelationscanbe solved for the downstreamstate. In the caseof a more
complicatedsystem,e.g.,two-fluid or multi-species,therearein generalfewer equations
thanparameters,andfurtherassumptionsconcerningenergy partition,etc.,arerequiredto
closethesystem.Evenin MHD, theenergy conservationequationrequiressomeclosure
assumptions(e.g.,zeroheatflux) whichatbestmimic theconsequencesof thedissipation
at theshock.

10.3 ShockParameters

Thereareseveralbasicplasmaparameterswhichcharacterisethemediaoneitherside
of ashock.Theseareusuallybasedonplasmafieldsandmoments.Thissectionintroduces
theessentialparametersandshocknomenclature.

10.3.1 ShockGeometry

In a plasmapermeatedby a magneticfield, thereare several vectorswhich play a
role in the analysisof a shocktransition. Theseinclude the bulk flow velocity, V , the
magneticfield, B, andthe shocknormal, n̂. It is customaryto orient the normalvector
sothat it pointsinto theunshockedmedium.In a framein which theshockis at rest,this
normalpoints“upstream”andthetermupstreamis ofteninterchangedwith “unshocked”.
This useof upstreamanddownstreamcancauseconfusionin the caseof interplanetary
shocks,however, sincein thespacecraftrestframeashockpropagatingin theanti-sunward
direction(a“forward” shock) hasits unshockedmediumdown-windof theshocklocation.
Nonetheless,wewill follow commonpracticeandusethetermsupstreamanddownstream
asseenin a framein which theshockis at rest. Accordingly, subscriptsu andd will be
usedto denotequantitiesmeasuredin theupstreamanddownstreammediarespectively.

Thebasicshockgeometryis sketchedin Figure10.1. ThevariousanglesbetweenV u,
Bu, and n̂ aretypically denotedby a subscriptedθ , e.g.,θBnu is the anglebetweenBu

and n̂. Usually only the acuteanglesfor θBnu andθV nu arerequired,but the usermust
be careful in analysingany given situationor in writing a generalisedalgorithmto cope
with a rotationthrough180◦ of the magneticfield or a normalvectorwhich points into
thedownstreamdirection. Thevectorformsof thetransformationvelocitiesgivenbelow
avoid suchproblems.

Thetransformationof avelocitymeasuredin anarbitraryframe,V arb, (e.g.,thespace-
craft frameof reference)to onein whichtheshockis atrestis accomplishedby subtracting
the shockvelocity in the arbitraryframeof interest. Only the normalcomponentof the
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Figure10.1: Sketchof the variousvectorswhich enterinto shockanalyses.Theseare
shown in ashockrestframe.

shockvelocity, V arb
sh , is unique,soweshalluse

V

Shock
Rest = V arb − V arb

sh n̂ (10.3)

All thevelocitiessubscriptedu shown in Figure10.1aresuchshockrestframevelocities.
Section10.5 provides methodsto determineV arb

sh . Thereare, in fact, a multiplicity of
shockrestframes,sinceany translationalonga (planar)shocksurfaceleavestheshockat
rest.Two framesareuseful:

The Normal IncidenceFrame (NIF) is suchthattheupstreamflow is directedalongthe
shocknormal. As we shall seebelow, it is only this componentof theflow which
entersinto theshockMachnumber.

The deHoffmann-Teller (HT) frameis suchthattheupstreamflow is directedalongthe
upstream magneticfield. This framehasthe advantagethat theV u × Bu electric
field vanishes. Additionally, due to the constancy of the tangentialelectric field
acrossany planelayer, theflow andfield arealsoalignedin thedownstreamregion.

The transformationinto the NIF framefrom anothershockrest frameis achieved via a
framevelocity

V NIF = n̂ ×
(

V u × n̂
)

(10.4)

sothatin theNIF frametheupstreambulk velocity is

V NIF
u = V u − V NIF (10.5)

It is straightforwardto verify thatV NIF
u is parallelto n̂ andthatthetransformationvelocity

V NIF lies in theshockplane.Thesevectorsareshown in Figure10.1.
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Figure10.2: Sketchshowing the variousfield, flow, andnormalvectorsin the Normal
IncidenceFrame(NIF) (left) anddeHoffmann-Teller (HT) frame(right).

Thetransformationinto theHT framefrom anothershockrestframeis achievedvia a
framevelocity

V HT =
n̂ × (V u × Bu)

Bu · n̂
(10.6)

sothatin theHT frametheupstreambulk velocity is

V HT
u = V u − V HT (10.7)

Notethatthis prescriptionfor thevelocityV HT is restrictedto transformationsonly from
anothershockrest frame,whereasV HT in Chapter9 provides the transformationfrom
an arbitrary(e.g.,spacecraft)frame. It is straightforwardto verify that V HT

u is parallel
to Bu andthat the transformationvelocity V HT lies in the shockplane. Thesevectors
arealsoshown in Figure10.1. For highly obliquemagneticfields (i.e., θBnu ≈ 90◦) the
transformationinto theHT framerequiresrelativistic treatment,andcannotbeachievedat
all whenθBnu = 90◦.

The resultinggeometriesin thesetwo framesare shown in Figure 10.2. Note that
theflow andmagneticfield vectorsin theHT framearealignedwith oneanotherin both
the upstreamand downstreamregions. Also note that by the coplanaritytheorem(see
below) thereis a singleplane,the CoplanarityPlaneshown in the figure anddefinedby
themagneticfield andnormalvectors,whichcontainstheflow, magneticfield, andnormal
vectorsonbothsidesof theshocksurface.This planeis alsoshadedin Figure10.1.

This discussionof variousshockframesrevealsthat thereis only onegeometricpa-
rameterwhich enterstheshockproblem,namelyθBnu. Shockswith largevaluesof θBnu

arecalledquasi-perpendicular, while thosewith valuesnear zeroarequasi-parallel.In the
caseof fastmodeshocks,the separationbetweenquasi-perpendicularandquasi-parallel
is usuallytakenat θBnu = 45◦, asthis valuedividesthebehaviour of reflectedionswhich
participatein theshockdissipation.
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10.3.2 Mach Numbers

TheMachnumberof ashockin anordinaryfluid is theratioof thespeedof theshock
alongtheshocknormal(i.e.,

∣

∣V u · n̂
∣

∣ in ournotation)to thespeedof soundin themedium
upstreamof theshock.In a magnetisedplasma,therearethreelow frequency modes:the
fastandslow magnetosonicwavesandtheintermediate(Alfv én)wave. Theintermediate
modeis incompressive andmight not be expectedto leadto a shocksolution,although
therehasbeensomediscussionaboutpossibleintermediateshocksin thetheoreticalliter-
ature.Theintermediatemodedoesgive riseto non-compressive sharptransitions,known
asrotationaldiscontinuities,in which thefield (andflow) arerotatedthroughsomeangle
aboutthenormal.Both thefastandslow magnetosonicwavesgiveriseto shocksolutions,
known asfastandslow shocks.

ThusthereareseveralMachnumbersof interest.Theplasmacounterpartsto thesonic
Machnumberin fluids areobviously thefastMachnumber, Mf , andslow Machnumber,
Ms , which arethe ratiosof the normally incidentflow speedto the fast andslow MHD
wave speedsin theupstreammedium.Thesespeedsarecomplicatedby thenon-isotropic
natureof theMHD modes,sothatthewave speedsdependon propagationdirection(i.e.,
θBnu). Thusan additionalMach number, the Alfv én Mach number, MA, is often used
to characterisea shock. This Mach numberis calculatedwithout regardto propagation
direction,i.e.,

MA =
∣

∣V u · n̂
∣

∣

|Bu| /
√

µoρu

(10.8)

The intermediateMach number, MI ≡ MA secθBnu, is usefulas it representsan upper
limit to theslow Machnumber. Thereis noupperlimit to thefastMachnumber, although
in this casethereis a “critical” Machnumber, Mc, above which simpleresistivity cannot
provide thetotal shockdissipation.Mc is a functionof thevariousshockparameters,but
is at most2.7andusuallymuchcloserto unity. Thusmany fastmodeshocksin spaceare
supercritical.

10.3.3 Important Ratios

In additionto θBnu andtherelevantshockMachnumber, two moreratiosareusefulin
parameterisingshocks.Oneis theupstreamplasmaβ, i.e., theratioof plasmato magnetic
pressure.The valueof β controlsthe relative importanceof the magneticfield andthe
level of turbulenceamongstotherthings.At theMHD level, θBnu, MA, andβu completely
specifytheshockproblem.MA canbereplacedby any otherMachnumber, asthey areall
relatedvia θBnu andβu.

Theotherratio of interestis theelectronto ion temperatureratio, asthis controlsthe
expectedmicro-instabilities.

10.4 Determination of Shockand Discontinuity
Normals

Therearenumeroustechniquesaimedat determiningshocknormals,shockspeeds,
andthe valuesof upstreamanddownstreamplasmaandfield parameterswhich bestde-
scribethe shock. Many of them rely heavily on magneticfield data,which generally
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providesgoodtime resolutiontogetherwith small experimentaluncertainties.The field
alone,however, cannot provide the shockMach number, heating,andotherparameters,
andsolutionswhich includeplasmaobservationsarethusrequired. In the caseof trav-
elling interplanetarydiscontinuitiesthe shocksareoften weak,implying that only small
changesoccur in the plasmaproperties.This, coupledwith the rathershort transit time
of the spacecraftin relationto the shock,increasesthe difficulty of the task. In thecase
of standingplanetarybow shocks,the upstreamstateis the solarwind flow, which ap-
pearsto the ion instrumentsasa collimatedbeam,while thedownstreamstateis a much
broader, heatedpopulation.Undersuchcircumstances,it canbedifficult to resolve both
stateswithin a singleinstrumentto thenecessaryprecision,andcombiningdatafrom two
separateinstrumentsimposesseverecross-calibrationproblemswhichmustbeovercome.

In the sectionswhich follow, we describea variety of approachesto this problem.
Thereis a continualtrade-off amongsteaseof applicability, completeness,andaccuracy
whichmustbebalanced.

10.4.1 VarianceAnalyses

A singlespacecraftpassingthrougha1-D structurewill seevariationsin themagnetic
field. Since∇ ·B = 0, thenormalcomponentof thefield mustremainconstant.It follows
that if a uniquedirectioncanbe found suchthat the variationsin magneticfield along
that direction are zero (or at leastminimisedto a sufficient extent), then this direction
correspondsto thenormaldirection. This methodfails for pureMHD shocksolutionsor
othercaseswherethevariancedirectionis degenerate(seeChapter8). Whenconsidering
the electric field, an oppositeargumentholds: the tangentialcomponentsof E should
be continuousthroughsucha layer, so the normal direction will correspondto that of
maximumvariancein E. Thesevariancetechniquesare describedin greaterdetail in
Chapter8 andextendedin Chapter11to multiplespacecraftencountersof curvedsurfaces,
andwill notberepeatedhere.

It is worth rememberingherethat, unlike all the othermethodsdescribedbelow, the
variancetechniquesdealwith variationswithin thetransitionratherthantheobservations
taken well up- anddownstreamof the transition. Theremay well be fluctuationsin the
upstreamor downstreamregionswhich do not lie alongtheshocknormal(suchaswaves
propagatingalongthe magneticfield direction)which cangive rise to difficulties if the
interval selectedfor varianceanalysisis not carefullychosenandtested.

10.4.2 Coplanarity and RelatedSingleSpacecraftMethods

Thenormalto a planarsurfacecanbedeterminedif two vectorswhich lie within the
surfacecan be found. Several subsetsof the Rankine-Hugoniotrelationscan be used
to determinesuitablevectors. The most widely usedmethodrelies on the Coplanarity
Theoremwhich insiststhat, for compressive shocks,the magneticfield on both sidesof
theshockandshocknormalall lie in thesameplane. A corollary to this, sincetheonly
possibletangentialstressesarisefrom themagnetictension,is thatthevelocityjumpacross
theshockalsoliesin thisplane(asshown in Figure10.2). Thedominantchangein velocity
is usuallyalongtheshocknormal,especiallyat moderateandhigherMachnumbers.

Thus therearea variety of vectorswhich lie in the shockplane. Theseinclude the
changein magneticfield (which alsolies in the coplanarityplane),the cross-productof
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the upstreamanddownstreammagneticfields (which is perpendicularto the coplanarity
plane),andthecross-productbetweentheupstreamor downstreammagneticfield or their
differencewith the changein bulk flow velocity. Thesevectorsgive rise to constraint
equationsfor theshocknormal:

(1B) · n̂ = 0 (10.9)

(Bd × Bu) · n̂ = 0 (10.10)
(

Bu × 1V arb
)

· n̂ = 0 (10.11)
(

Bd × 1V arb
)

· n̂ = 0 (10.12)
(

1B × 1V arb
)

· n̂ = 0 (10.13)

We have introducedthe1 notationto indicatethejump (downstreamminusupstream)in
any quantity, e.g.,1B ≡ Bd − Bu. In equations10.11, 10.12and10.13wehaveusedthe
superscriptarb (seeequation10.3) on thevelocity jump to indicatethat this jump canbe
measuredin any frame(e.g.,in thespacecraftframe)andnot just in ashockrestframe.In
principle,any pairof vectorswhicharedottedwith n̂ in theaboveconstraintscanbeused
to find theshocknormal. (A third constraintto uniquelydeterminen̂ is to make it a unit
vector. Thesignof n̂ is arbitraryandcanbeadjustedif requiredto make n̂ pointupstream.)
For example,themagneticcoplanaritynormalusesthevectorsin equations10.9and10.10
to give

n̂MC = ±
(Bd × Bu) × (1B)

|(Bd × Bu) × (1B)|
(10.14)

Magneticcoplanarityis easyto apply, but fails for θBnu = 0◦ or 90◦. Threemixedmode
normalsrequiringbothplasmaandfield dataarealsocommonlyused:

n̂MX1 = ±
(

Bu × 1V arb
)

× 1B
∣

∣

(

Bu × 1V arb
)

× 1B
∣

∣

(10.15)

n̂MX2 = ±
(

Bd × 1V arb
)

× 1B
∣

∣

(

Bd × 1V arb
)

× 1B
∣

∣

(10.16)

n̂MX3 = ±
(

1B × 1V arb
)

× 1B
∣

∣

(

1B × 1V arb
)

× 1B
∣

∣

(10.17)

Thereis alsoanapproximatenormal,thevelocity coplanaritynormal,givenby

n̂V C = ±
V arb

d − V arb
u

∣

∣

∣
V arb

d − V arb
u

∣

∣

∣

(10.18)

which is anapproximation,valid at high Mach numbersandfor θBnu near0◦ or 90◦ for
which magneticstressesareunimportant,to anexact relationshipbasedon theRankine-
Hugoniotrelations.

Applying the Algorithms

All of thesesinglespacecraftnormalscanbeevaluatedusingthesameoverall proce-
dures:
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1. Selectdataintervalsin boththeupstreamanddownstreamregionsandfind the“av-
erage”valuesof therequiredquantities.

2. Computethe normalusingthe formula. Adjust the sign of n̂ to point upstreamif
desired.

3. [Optionalbut recommended]Comparenormalscomputedfrom differentmethods,
usingdifferentaveragingintervals,etc.

An alternative approach,which hasbeenappliedto bothminimum varianceanalysis
andcomputationsof θBnu, is to computenormals,θBnu’s,or whatever quantityof interest
from pairs of individual upstreamand downstreamdatapoints and then to averagethe
resultover an ensembleof suchpairs. The datapointsfor any given pair canbe chosen
at randomfrom the relevant upstreamor downstreamset,with subsequentreplacement
prior to thenext choice.This approachhastheadvantageof providing, via theensemble
statisticaldeviation,anerrorestimateof theresult.

Caveats

Thereareseveralpitfalls here,including:

1. All singlespacecraftmethodsrely on time stationarityby assumingthat upstream
anddownstreamquantitiesmeasuredatdifferenttimescorrespondto thesameshock
conditions.

2. Selectingdifferentintervals for “average”valuescanleadto differentresults.Care
shouldbetakento ensurethat theshocklayer itself is entirelyexcludedfrom these
intervals.

3. Many methodsfail whencloseto thesingularcasesθBnu = 0◦ or 90◦.

4. All methodsassumeplanar, 1-D shockgeometry.

10.4.3 Multi-Spacecraft Timings

If thesameboundarypassesseveralspacecraft,therelative positionsandtimingscan
beusedto constructtheboundarynormalandspeed,since

(V arb
sh tαβ) · n̂ = rαβ · n̂ (10.19)

whererαβ is theseparationvectorbetweenany spacecraftpairandtαβ thetimedifference
betweenthispair for aparticularboundary. Thusgiven4 spacecraft,thenormalvectorand
normalpropagationvelocityV arb

sh ≡ V arb
sh · n̂ arefoundfrom thesolutionof thefollowing

system:




r12
r13
r14



 ·
1

V arb
sh





nx

ny

nz



 =





t12
t13
t14



 (10.20)

This problemis also addressedelsewherewithin this book, e.g., inChapters12 (Sec-
tions12.1.2and12.2), 14 (Section14.5.2) andtheentireChapter11.
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Algorithm

Solve the system10.20for n̂/V arb
sh (to within the ± sign arbitrarinessfor n̂) by any

standardlinear algebratechnique,e.g.,by inverting thematrix on the left containingthe
separationvectors.

Caveats

1. If theseparationvectorsarelarge,theassumptionof planaritymaybreakdown.

2. Spacecraftpositionsareoftengivenin non-stationarysystems,suchasGSE.Since
theorigin of suchsystemsmoves(especiallyyGSE) with time, spacecraftpositions
shouldbeplacedontoacommoncoordinatesystem.

3. Themethodfails if thespacecraftarenearlycoplanar. This is discussedfurther in
Chapters12and14, andillustratednumericallyin Chapter15.

10.4.4 CombinedApproaches

Providedsomemulti-spacecrafttimingsareavailable,it is possibleto addto thesystem
10.20any (or all) of the constraintsgiven in Section10.4.2. For example,considerthe
system

A · (n̂/V arb
sh ) ≡













r12
r13
r14
1B

1B × 1V arb













·
1

V arb
sh





nx

ny

nz



 =













t12
t13
t14
0
0













(10.21)

whichmakesuseof equations10.9and10.13.

Algorithm

The system10.21of equationsis over-determined.The leastsquaressolutionwhich
minimisestheresidualson theright-handsidecanbeobtainedby multiplying on the left
throughoutby thetransposeof thematrixof coefficientsA andsolvingtheresulting3× 3
squaresystemfor n̂/V arb

sh (to within the ± sign arbitrarinessfor n̂). This approachhas
the advantagein that it can fold in more informationandcanbe usedwhennot all the
quantitiesareknown (e.g.,whenonespacecraftis missing).

Caveats

1. Theleastsquaressolutionasdescribedabove takesnoaccountof therelativeerrors
or confidencein the variouscoefficients containedin A. More generalinversion
techniques(e.g., singularvaluedecomposition)provide someerror analyses,and
canweight the differentconstraintequationsdifferently to reducethe residualer-
rors. Thereare probablymethodswhich can include the possibility of different
errorestimatesfor individual componentsof A, but they have not yet beenapplied
to thesekindsof problems.
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2. Somecautionshouldbe takento ensurethat the sameinformationis not included
many timesin extendingthesystemof equationsto besolved.

3. Thenatureof theinformationcontributedby multi-spacecrafttiming dependsupon
thespatialgeometryof thepolyhedrondefinedby thespacecraft(seeChapter12).
Theeffectof thisuponthecombinedapproachmeritsfurtherstudy.

10.4.5 ShockJump Conditions

The previous methodsusea small subsetof the Rankine-Hugoniotrelationsand/or
multi-spacecrafttimings to determinethe shocknormal. A potentiallymorereliableap-
proachis to takemoreof theRankine-Hugoniotrelationsinto accountin orderto establish
a full setof upstreamanddownstreamquantities(including the shocknormaldirection)
whichbestsatisfythesephysicallaws. Sincethethermalpropertiesof theshockprocesses
often involve kinetic andanisotropicprocesses,multi-species,etc., it is probablybestto
avoid asmuchaspossiblethoserelationsthat involve theplasmapressure,namelythe n̂-
momentumequationandtheenergy flux equation.Thepressurejump canthenbeusedto
verify that theresultingsolutiondoesin fact representa compressive, entropy-producing
shock.

LeppingandArgentierofirstputsuchaschemetogetherin 1971,althoughtheirmethod
still relied on magneticcoplanarityto establishthe shocknormal direction. Viñasand
Scudder(VS) overcamethis difficulty in 1986. Althoughthemethodis too lengthyto be
repeatedhere,wedescribetheoverall philosophyandapproachfor reference.

VS begin with a setof pairsof measurementsof theplasmaparameters(ρ, V , B) on
eithersideof theshockin anarbitraryframeof reference.Equation10.3is usedto write
theRankine-Hugoniotrelationsfor massflux, normalmagneticfield, tangentialstress,and
tangentialelectricfield in anarbitraryframeof reference.Theshockspeed,V arb

sh , enters
linearly in the massflux balanceequationand can be eliminated. Treatingthe plasma
parametersasknown (from theobservations)leadsto asystemof 7 equationsin whichthe
only unknownsarethetwo angleswhichdefinetheshocknormaldirection.Thisnonlinear
systemis solvedvia aleastsquaresmethodfor thesetwo angles.Oncethenormalis found,
the shockspeedcanbe found from the massflux equationas the averageof the shock
speedinferredfrom individual pairsof up- anddownstreammeasurements.This solution
minimisesin a leastsquaressensethe residualsfrom the shockspeedasinferredby the
individualpairs.

Next, in a manneridentical to that usedto find V arb
sh , the conservation constantsfor

themassflux, normalmagneticfield, tangentialstress,andtangentialelectricfield canbe
evaluatedastheaveragesof their valuesdeducedfrom individualpairsof observations.

Next, usingtheseconservationconstants,VS setupaleastsquaresproblemto establish
theself-consistentasymptoticstatesvia two vectorequationsfor V andB parameterisedin
termsof themassdensity. Thevalueof ρ whichminimisestheresidualsin theseequations
thendeterminestheasymptoticvaluesof thevariousparameters.

Finally, thenormalmomentumequationcanbeusedto testthat the inferredjump in
thermalpressure,asdemandedby theasymptoticvaluesof theotherparameters,hasthe
correctsign.
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Algorithm

SeetheVS referencefor amoredetailedaccountof thealgorithm.

Caveats

1. Thesemethodsalsorely on theselectionof suitableupstreamanddownstreamin-
tervalsof data,andonpairinganupstreamobservationwith adownstreamone.

2. Theusualcaveatsconcerningstationarityandplanarityapply.

3. Thepotentialadvantageof bringingmoreplasmaparametersto bearontheproblem
hasthe potentialdisadvantagethat it placesmoreemphasison quantities,suchas
theplasmamassdensity, whichmaynotbeparticularlyaccurate.

10.4.6 Model Boundary Equations

In thecaseof theEarth’sbow shockandmagnetopauseand,to perhapsa lesserextent,
thoseat otherplanets,the largenumberof spacecraftencountersenablesus to definethe
shapeof theboundarysurfaceon a statisticalbasis.Suchstatisticaldatasetscanbefit by
simplegeometricalforms,from which thenormaldirectioncanbecomputedanalytically.
This methodis straightforward,andthealgorithmis describedbelow. In many instances,
suchnormalsarelikely to beasaccurateasany of thosecomputedabove.

To begin, chooseanappropriatemodel. Most arecylindrically symmetricconicsec-
tionswhichcanthusberepresentedin theform

L

rabd
= 1 + ǫ cosθabd (10.22)

in whichL is thesemilatusrectumandǫ theeccentricityof theconic. Thevariablesrabd

andθabd arepolar coordinatesin the naturalsystemfor the conic. This naturalsystem
is aberratedby anangleα from GSEby, e.g.,theEarth’sorbital motion (30km/sso that
tanα = 30km/s/Vsolarwind) andthenperhapsdisplacedfrom theEarth’scentre.Thusthe
relevantvariabletransformationis





xabd

yabd

zabd



 =





cosα − sinα 0
sinα cosα 0

0 0 1



 ·





x

y

z



−





xo

yo

zo



 (10.23)

wherero is the displacementof the focusof the conic in the aberratedframe and r is
a position vector in the relevant observational frame (e.g., GSE).This configurationis
sketchedin Figure10.3.

Different modelsgive different valuesfor ǫ, L, and ro. Somepopularmodelsare
tabulatedin Table10.1. Thesemodelsarealsoshown in Figure10.4for comparison.In
any application,it mayalsobenecessaryto scalethedistances(L andro) which appear
in themodels.For example,thebow shockandmagnetopauserespondto changesin the
dynamicpressurein thesolarwind. Theexpectedspatialvariationis proportionalto the
dynamicpressureto thepower−1/6, dueto thebalancewith themagneticpressurewhich
theEarth’sdipolefield is ableto exert. An alternativeapproachis to scalethedistancesto
make themodelpassthroughanobservedlocation.
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Figure10.3: Observational(e.g.,GSE)coordinatesystem(x, y) andaberrated-displaced
system(xabd , yabd) for modelboundaries.For simplicity, only a two-dimensionalsystem
is shown. Note that the directionof α is definedsuchthat positive valuescorrespondto
theaberrationdueto theEarth’sorbitalmotion,which is in the−ŷ direction.

Algorithm

1. Chooseanappropriatemodel.For measurementsunderunusualcircumstancesor at
high latitudes,considertheparameterised3-D modelsby Peredo et al. andRoelof
and Sibeck for thebow shockandmagnetopauserespectively.

2. Calculatethe aberrationangleasgiven in the modelor via a measurementof the
solar wind speed. If solar wind datais not present,a typical value of 450km/s,
correspondingto α = 3.8◦, is usuallyadequate.

3. ScaleL and ro as necessary. One way is by the −1/6 power of the solar wind
ram pressure,normalisedto the modelmeanasgiven in Table10.1. This process
is not particularlyaccurateandproducesfar lessvariation in, say, the bow shock
positionthanis actuallyobserved.Thuswell upstreamof thebow shocktheabsolute
positionof thebow shockcanbeuncertainby severalRE . Alternatively scalethese
parametersso that themodelpassesthrougha givenpositionvectorr crossing. This
processcanbereducedto thesubstitutionsL → σL, ro → σ ro, andr → r crossing
in equations10.22and10.23andsolvingtheresultingquadraticequationfor σ . In
thecaseof hyperbolic(ǫ > 1) models,thelargerof thetwo rootscorrespondsto the
correctbranchof thehyperbola.

4. Calculatethegradient,∇S, to thesurfacegivenby themodel.This surfacemaybe



10.4. Determinationof ShockandDiscontinuityNormals 261

Table10.1: Parametervaluesfor variousmodelsurfaces

Source ǫ L xo yo α ρV 2
sw

Units RE RE RE
◦ nPa

Terrestrial Bow Shock Models
Peredoetal., z = 0 0.98 26.1 2.0 0.3 αo-0.6 3.1
SlavinandHolzermean 1.16 23.3 3.0 0.0 αo 2.1
FairfieldMeridian4◦ 1.02 22.3 3.4 0.3 4.8 ?
FairfieldMeridianNo 4◦ 1.05 20.5 4.6 0.4 5.2 ?
FormisanoUnnorm.z = 0 0.97 22.8 2.6 1.1 3.6 3.7
Farrisetal. 0.81 24.8 ≡ 0 ≡ 0 3.8 1.8

Terrestrial Magnetopause Models
RoelofandSibeck(F00 only) 0.91 11.2 4.82 ≡ 0 αo 2.1
FairfieldMeridian4◦ 0.79 13.1 3.6 0.4 -0.3 ?
FairfieldMeridianNo 4◦ 0.80 12.8 3.9 0.6 -1.5 ?
Farrisetal. 0.43 14.7 ≡ 0 ≡ 0 3.8 1.8
Petrinecetal., (Bz > 0) 0.42 14.6 ≡ 0 ≡ 0 αo ∼ 2.5
Petrinecetal., (Bz < 0) 0.50 14.6 ≡ 0 ≡ 0 αo ∼ 2.5
Formisano

Unnorm.z = 0 0.82 12.5 4.1 0.1 4.2 3.7
Norm. z = 0 0.69 13.5 0.9 -0.4 6.6 3.7

Notes: The above tableshows aberrationanglespositive whenin the nominalsensefor
theEarth’sorbital motion,asshown in Figure10.3. Thevalueαo indicatesthateachdata
point wasaberratedby theamountcorrespondingto theprevailing solarwind speed.The
averagesolarwind dynamicpressure,whereavailable, is alsoshown. All modelshave
zo ≡ 0. Non-axially symmetricmodelshave beenreducedto polar form after setting
z = 0 in themodelequation.

written

S(rabd(x, y, z)) ≡
(

rabd + ǫxabd
)2

− L2 = 0 (10.24)

Thisgradient,expressedin termsof theaberratedcoordinatesrabd but rotatedback
into theunaberratedcoordinateframecanbewritten

(

rabd

2L
∇S

)

=





[

xabd
(

1 − ǫ2
)

+ ǫL
]

cosα + yabd sinα

−
[

xabd
(

1 − ǫ2
)

+ ǫL
]

sinα + yabd cosα
zabd



 (10.25)

5. Thenormaln̂ is parallelto this gradient,i.e.,

n̂ = ±
∇S

|∇S|
(10.26)
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Figure10.4: Daysideportionsof modelterrestrialbow shocks(left) andmagnetopauses
(right) basedon theparametersgivenin Table10.1. Themodelshave not beenscaledand
havebeenaberratedby theamountshown in thetablewith αo = 3.8◦. For thepurposesof
estimatingshocknormals,mostmodelsagreeto a fair degree.Themagnetopausetailward
of the terminator(x = 0) and/orat high latitudesis morecomplex, andvariesmostwith
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shown in theeclipticplaneonly (seethebibliographyfor moredetails).
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Caveats

1. Theremayberipplesor transientswhichdistortn̂ from themodelvalue.

2. Scalingthedistancescanbeimprecisewhenthespacecraftis notatanactual cross-
ing.

3. Therearea multiplicity of modelsalthough,asshown in Figure10.4, thereis not
a largevariationin thenormaldirectionat a givenposition,at leastfor thedayside
portionsandundernominalinterplanetaryconditions.

4. At greatertailwarddistancesthebow shockmodelsneedto bemodifiedto asymp-
toteto thefastmodeMachcone(seeSlavin, J.A., Holzer, R. E.,Spreiter, J.R., and
Stahara,S.S.,PlanetaryMachcones:Theoryandobservation,J. Geophys. Res., 89,
2708–2714,1984).

10.4.7 TangentialDiscontinuities

In the caseof puretangentialdiscontinuities,it is possibleto find the normal to the
discontinuityby simply notingthatbothupstreamanddownstreammagneticfield vectors
areparallel to the shockplaneand,unlike the caseof a perpendicularshock,arenot in
generalparallelto oneanother. Thusin this casethenormalis givenby

n̂ = ±
Bu × Bd
∣

∣Bu × Bd

∣

∣

(10.27)

Caveats

Theproblemhereis to usesufficientplasmaandfield variations,particularlythepres-
sures,to establishthat the discontinuityin questionis indeeda tangentialdiscontinuity
andnota rotationaldiscontinuityor aslow shock.Sinceall thepressuresriseacrossa fast
shock,it is usuallyeasierto distinguishthesefrom thepressurebalancestructuresrequired
by tangentialdiscontinuities,althoughweakshocksmayagainprovedifficult.

10.4.8 Rotational Discontinuities

If sufficient field resolutionis present,minimum varianceanalysisof the magnetic
field, or maximumvarianceof theelectricfield, providesanestimateof thenormaldirec-
tion. The caveatsgiven above concerningthe identificationof tangentialdiscontinuities
alsoapplyhere.

10.5 Determination of the Shock/DiscontinuitySpeed

The shockspeedalongthe normal,V u · n̂, is a vital parameter, asit determinesthe
shockMach number. Therearea variety of methodsin useto calculatethis speedfrom
observationaldata,or to calculatethe shockspeedrelative to an arbitraryobservational
frame,V arb

sh n̂, which aresummarisedhere.Thesevelocitiesarerelatedby equation10.3.
Most of thefollowing methodsalsorequireknowledgeof theshocknormal.
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10.5.1 MassFlux Algorithm

Writing theshockmassflux conservationequationin termsof quantitiesmeasuredin
anarbitraryframeyields

ρu(V
arb
u − V arb

sh n̂) · n̂ = ρd(V arb
d − V arb

sh n̂) · n̂ (10.28)

Thisequationcanbesolvedfor V arb
sh to give

V arb
sh =

1(ρV arb)

1ρ
· n̂ (10.29)

Caveats

The only difficulty applying equation10.29 is its relianceon goodplasmadensity
measurementsonbothsidesof theshock.

10.5.2 ShockFoot ThicknessAlgorithm

Quasi-perpendicularsupercriticalcollisionlessshocksinitiate theirdissipationprocess
by reflectinga portion of the incoming ion distribution. Under thesegeometries,such
reflectedionsgyratearoundthemagneticfield in front of themainshockrampandreturn
to the shock. The extent of this foot region in front of suchshocksis directly relatedto
thesereflectedion trajectorieswhich, in turn, aresimply relatedto the incidentnormal
velocity (in a shockrest frame), the strengthof the field, andthe shockgeometry. The
shockfoot is clearlyvisible asa gradualrise in themagneticfield, andcanalsobefound
in thecommencementof ion-acoustic-likenoiseupstreamof theshockramp. Assuming
theincidentionsarespecularlyreflectedat theshock,andneglectingtheir thermalmotion,
the reflectedions reachtheir maximumupstreamexcursionandturn aroundafter a time
tturn which is thesolutionto

cos(�t turn) =
1 − 2cos2 θBnu

2sin2 θBnu

(10.30)

where� is the ion gyrofrequency. At this time, their distance,d foot, along the normal
from theshockrampis

d foot

(V u · n̂)/�
≡ f (θBnu) = �t turn

(

2cos2 θBnu − 1
)

+ 2sin2 θBnu sin(�t turn) (10.31)

Knowing the time 1t foot taken for the foot to passover a point in an arbitraryobserva-
tional frame(e.g.,thespacecraftframe)thenprovidestheadditionalinformationrequired,
resultingin

V u · n̂ =
V arb

u · n̂

1 ∓ (f (θBnu)/�1t foot)
(10.32)

Theupper(−) signis usedwhentheobservedtransitionis from upstreamto downstream
andthelower (+) whentheobservedsequenceis downstreamto upstream.
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Algorithm

1. Measurethefoot passagetime1t foot. DetermineθBnu from thedataby eitherfind-
ing n̂ andBu or by analgorithmgivenbelow in Section10.6.

2. Computef (θBnu).

3. Apply equation10.32.

Caveats

1. This is quitea goodmethodfor theseshocks,but requiresa goodmethodologyfor
identifying thefoot region.

2. The methodrequiresthat the relative shock/observer motion be steadyduring the
passageof thefoot.

10.5.3 Multi-Spacecraft Timing Algorithm

This approachfor determiningshockspeedsis detailedabove in Sections10.4.3and
10.4.4.

10.5.4 Smith and Burton Algorithm

SmithandBurtonhavederived analgorithmto determinetheshockspeedwhichdoes
not requirean explicit calculationof the shocknormal. Their algorithmis derived from
theRankine-Hugoniotrelationwhich representscontinuityof the tangentialelectricfield
[−n̂ × (V u × Bu) = −n̂ × (V d × Bd) in ournotation].Somemanipulationandimplicit
useof thecoplanaritytheoremyields

∣

∣V u · n̂
∣

∣ =
∣

∣1V arb × Bd

∣

∣

|1B|
(10.33)

Caveats

1. Thisalgorithmrequiresagood vectordeterminationof 1V arb.

2. Thealgorithmworksfor all shockgeometries,includingparallel“switchon” shocks,
but breaksdown for parallelacousticshocks,whichhaveBd = Bu.

10.5.5 GeneraliseddeHoffmann-Teller Transformation

Chapter9 shows how the transformationvelocity from an arbitraryspacecraftframe
to thedeHoffmann-Teller framecanbefoundif therearegooddeterminationsof theflow
velocity and field on both sidesof the shocktransition. The shockvelocity along the
normal V arb

sh is simply the normal componentof the generalisedHT-frame velocity, as
shown in Figure9.2(page225) of Chapter9.
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Algorithm

1. Usethe methodsin Chapter9 to determinethe velocity of the deHoffmann-Teller
framewith respectto anarbitrary(e.g.,spacecraft)frame.

2. Take thenormalcomponentof this velocity

10.5.6 Velocity of a TangentialDiscontinuity

Sinceatangentialdiscontinuityhas,by definition,zeromassflux throughthedisconti-
nuity layer, in a restframemoving with thediscontinuitytheflow velocitiesoneitherside
have only tangentialcomponents.Thusin anarbitraryframeof reference,thecomponent
of theflow velocity normalto thediscontinuitymustequalthespeedof thediscontinuity,
i.e.,

V arb
T D = V arb

· n̂ (10.34)

This shouldproducethe sameresult regardlessof whetherthe upstreamor downstream
flow velocity is used.

Algorithm

1. Apply equation10.34usinga measuredflow velocity anda normalvector deter-
minedby, e.g.,equation10.27.

2. [Optional] Apply equation10.34for flow velocitiesmeasuredboth upstreamand
downstreamof thediscontinuityto providesomeestimateof theerror.

Caveats

1. The differencebetweenvaluescomputedusing upstreamand downstreamvalues
may be due to either errors in the measuredflow velocities, in the discontinuity
normaldetermination,or both.

10.6 Determining θBnu

10.6.1 Application of the ShockNormal

Algorithm

1. Determinen̂ via oneof thealgorithmsgivenin Section10.4.

2. DetermineBu in a mannerconsistentwith that usedfor n̂. That is, if averagesof
upstreamparametersareusedto find n̂, usethesameBu.

3. θBnu = cos−1(n̂ · Bu/ |Bu|).
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Figure10.5: Normaldirectionsbasedon severalof themethodsgiven in this chapteras
appliedto a particularcrossingof theEarth’sbow shock.Thenormalsaregivenin terms
of their sphericalpolaranglesin theGSEframe: θ = 0◦ is along ẑ while φ = 0◦ is the
sunward direction. Opensymbolsusethe samemethodsas their solid counterpartsbut
useinput up- anddownstreamparametersaveragedover fewer observationaldatapoints.
Note the failureof magneticcoplanarityin this casedueto thenearperpendicularshock
geometry(θBnu ∼ 80◦ in thiscase).Theright panelshows in detailthespreadof theother
methodsandrevealsa typical uncertaintyof 5 − 10◦ or more.

10.6.2 EnsembleθBnu

Algorithm

1. Apply theprevious algorithm(e.g.,usingn̂) to pairsof upstreamanddownstream
datapoints.

2. Ensembleaveragetheresultsto provide 〈θBnu〉 togetherwith its standarddeviation.

10.7 Application

As anexampleof many of theabovemethods,wepresentheretheresultsof normalde-
terminationfor a particularlywell-studiedexampleof theEarth’sbow shock.Figure10.5
showstheresultsof severalcoplanarity-liketechniques,theRankine-Hugoniotsolutionof
ViñasandScudder, andabow shockmodelnormal.Mostmethodsagreeto within 5−10◦,
althoughthemagneticcoplanaritytechniquefails badlyheredueto thenearperpendicular
orientationof theupstreamfield in this case.Of course,thedeterminationof θBnu itself



268 10. SHOCK AND DISCONTINUITY PARAMETERS

varieswith thedifferentnormals,andthushasasimilaruncertainty. Thechoiceof method
may dependon the particularcase. Ideally, differentmethodsshouldbe comparedwith
oneanother.
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