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1 Functions of Several Variables

1.1 Introduction

Since we live in a three-dimensional world, in applied mathematics we are interested in functions which
can vary with any of the three space variables x, y, z and also with time ¢. For instance, if the function f
represents the temperature in this room, then f depends on the location (z,y, z) at which it is measured
and also on the time ¢ when it is measured, so f is a function of the independent variables x, y, z and ¢,

ie. f(z,y,2,t).

1.2 Geometric Interpretation

For a function of two variables, f(z,y), consider (x,y) as defining a point P in the xy-plane. Let the value
of f(z,y) be taken as the length PP’ drawn parallel to the z-axis (or the height of point P’ above the
plane). Then as P moves in the zy-plane, P’ maps out a surface in space whose equation is z = f(x,y).
Example: f(z,y) =6— 2z — 3y

The surface z = 6 — 2x — 3y, i.e. 2x + 3y + z = 6, is a plane

which intersects the xz-axis where y = z =0, i.e. z = 3;

which intersects the y-axis where z = z = 0, i.e. y = 2;

which intersects the z-axis where z =y =0, i.e. z = 6.

Example: f(z,y) = 2% — 3>

In the plane x = 0, there is a maximum at y = 0; in the plane y = 0, there is a minimum at x = 0. The
whole surface is shaped like a horse’s saddle; and the picture shows a structure for which (0,0) is called
a saddle point.
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1.2.1 Plane polar coordinates

Since the variables x and y respresent a point in the plane, we can express that point in plane polar
coordinates simply by substituting the definitions:

r=rcosf y=rsinb.

Example: f(z,y) = 2% + 3>

The surface z = 22 + y? may be drawn most easily by first converting into plane polar coordinates.
Substituting z = rcos@ and y = rsinf gives z = r2. The surface is symmetric about the z-axis and
its cross-section is a parabola. [Check with the original function and the plane y = 0.] Thus the whole
surface is a paraboloid (a bowl).

Another way to picture the same surface is to do as map-makers or weather forecasters do and draw
contour lines (or level curves) — produces by taking a section, using a plane z = const. and projecting it
onto the zy-plane. For z = 22 4+ y2 as above, the contour lines are concentric circles.

1.3 Partial Differentiation

Remember the derivative(!):
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For a function f(x) that depends on a single variable, z, the ordinary derivative is

df _ o flo+ o) = f(a)

— = 11m
dx dx—0 ox

and gives the slope of the curve y = f(z) at the point x.
Example: f(x)=3z* +sinz

d
—f = 1223 + cos .
dx
For a function f that depends on several variables x, vy, ...we can differentiate with respect to each

of these variables, keeping the others constant. This process is called partial differentiation (partial
derivatives).

Example: f(x,y) = yz* +sinx
We treat y as a constant as we did 3 for the f(z) above, and have
of

== = 4dyz3 + cos z.

Ox

The formal definition (for a function of z and y) is

O _ yy @ t02,9) — f(zy)

Or  sz—0 dx

and it gives the slope of a slice y =constant of the surface z = f(x,y).

To find a partial derivative we hold all but one of the independent variables constant and differentiate
with respect to that one variable using the ordinary rules for one-variable calculus.

Notation:
The partial derivative of f with respect to « is denoted by df/0x or by f.

Example: Calculate the partial derivatives of the functions:
(a) f(z,y) = 2*+ 2xy* + ¢°;
(b) f(x,y,2) =22+ e¥* +sin (xy).

Solution:

(a) Holding y constant gives 0f/0z = 2x + 2y* + 0.
Holding x constant gives 0f /9y = 0 + 4ay + 3y>.

(b) Holding both y and z constant gives f, = z 4+ 0+ y cos (xy).
Holding both z and z constant gives f, = 0 + ze¥* 4+ x cos (zy).
Holding both = and y constant gives f, = = + ye¥* + 0.



1.3.1 Second-order partial derivatives

For f(z,y) we can form 0f/0x and Jf/dy. Each of these can then be differentiated again with respect
to x or y to form the second-order derivatives
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fxzy and fy, are called mixed derivatives.

Example: If f(z,y) = v%y? — 22¢% then

% = 4dx3y? — 2xy°
% = 22%y — 62%y°
% = 12x2y2 — 2y6
Bay28fx = 83y — 12297
ZZJ; = 22* - 302%y*
;jgy = 83y — 12297

Note that in this example f,, = fy, and this is true in general.

1.3.2 The Mixed Derivatives Theorem

The Mixed Derivative Theorem states that if f,, and f,, are continuous then f,, = fy..
Thus to calculate a mixed derivative we can calculate in either order.
[Think about calculating 8/0z (9f/0y) if f(x,y) = xy + 1/(sin (y?) + €¥).]

For third-order derivatives the mixed derivatives theorem gives firzy = foye = fyae-

1.3.3 Partial differential equations

Just as we can use ordinary derivatives to write down a differential equation for a function we don’t

know: )
ﬂ + 3x df

dx2 a—’—f(x):(h



for many real-world physical situations, we are working in three-dimensional space or four-dimensional
space-time, so the equations we need will be partial differential equations.

Quantum mechanics The wave-function describing how electrons behave, ¥(x,y, z,t), is governed by
Schrodinger’s equation:

Lo R (0% 0% 0%
ZFLE = “om (8.%‘2 + (97:[/2 + 822> + V(x,y,z)z/).

Heat transfer The heat equation for the way the temperature changes in a conducting solid is
oT o*T n o*T n 0*T
— =k|l=—=+==+=)-
ot 0x2 = Oy?2 022

All of the partial differential equations above will work better in a vector form: we will see how this sort
of shorthand works later on.

1.4 The Chain Rule

Remember the chain rule for ordinary differentiation:

df _df da
dt  da dt’
This applies when f is a function of x and x depends on t.

We now generalise this result for a function of several variables. For f(z,y), suppose z and y depend on
t. The chain rule for a function of two variables is:

af _(0f\dx _(0F)dy
dt  \ox) dt oy ) dt’
Note that f depends on z and y [so partial derivatives df/0x, Of/0y] whilst  and y depend on the

single variable ¢ [so ordinary derivatives dz/dt, dy/dt]. Thus f depends on ¢ and has the derivative
df/dt given above.

Example: If f(z,y) = 22 + y?, where x = sint, y = t3, then

df (0f\ dz of\dy 0 . ;
dt (396) a " (ay 3 = 2xcost+2y3t” = 2sintcost + 6t

Of course in this simple example we can check the result by substituting for  and y before differentiation
to give f(t) = (sint)? + (¢3)2, so % = 2sintcost + 6t° as before.

The chain rule extends directly to functions of three or more variables.

1.4.1 Extended chain rule

For f(z,y) suppose that « and y depend on two variables s and ¢. Then changing either s or ¢ changes
2 and y, which in turn changes f. If we write

F(Sat) = f(x(svt)vy(sat))



then the partial derivatives %—I; and %—Ij are produced according to the extended chain rule
oF _0fox  0f0dy oF _ofor  0foy
ds Oz ds 0Oyds’ ot dx ot Oy ot

Example: f(r,y) = 2%y3, where x = s — t?, y = s + 2t. Then
0 of

e 221> and a—y = 322y

and
OF 9fdx _9f dy s , ; 2
D5 " 9295 T ovds 2 =(s— 2 At —
9s 0z ds | oyds WY T (s — %) (s + 2t)*(5s + 4t — 3t°)

OF _ 0for 05y, 0 oo
o = awar Tagar 2y (CH3TY2)

= 2(s —t?)(s + 2t)*(3s — 2st — Tt?).

Of course, we could just substitute in the definitions of « and y:
F(s,t) = (s — t*)%(s + 2t)3
which produces the same results. [Exercise: check this!]
Question:
For a function f(x,y), if the independent variables x and y are changed to polar coordinates r and 6, so
x=rcos, y=rsind, and F(r,0) = f(x(r,0),y(r,0)), show that
Vo (0P LPF_ o o
ror \ or r2 002 0x2  Oy?’
Solution:

We calculate the derivatives in terms of the polar coordinates:

2—1: = %COSQ+ %sin@
or af . af
20 = f%rs1n9+ 8—yrcos€.
If we wanted expressions for f, and f, we could combine these:
rcos@%—l: — sinﬁaa—g = %TCOSQ 0+ g—]ycrsinﬂcosﬁ + %rsm2 0 — g—]ycrsinﬂcosﬁ = T’%
0 _ . g0F sm0OF
T Ter T T e
rsin@%—f + cos&%—l; = g—irsinﬁcosﬁ + %rsinQH — g—irsinﬁcosﬁ + g—zrcos2 0= r%
0f 4 OF | cos0OF
a5y T MU T T ae



We calculate the second derivatives we need:

o [ OF\ of of < 3 of of
ar(rar> T o ( Yor Ty ) "oy ( a oy )&“9
0*F 0 0 0 of
F — 2 ( &i +x [“)i) (—rsinf) + < (“)i > (rcosB)

and simplify:
9 ra—F of +x Of + °f cosf+ |z ' + == of + O f sin
ar " or oz " Y022 T Yooy dzdy oy " Vo2

agl = —r( an—&-g-&- an)sinQ—i—r(—aJc—yan +:C2f>0089

62 o2z T oy T Toray ar  Yozoy  Toy?
and add:
10 ([ 0F 1 0°F o%f  0%f f A\ .
o (T8r>+r2892 = {<W+82)z0039+(62+82)ysm0}
82 2
L0
0x?2 = 0y?

1.4.2 Matrix form of the extended chain rule

The form we had for the extended chain rule was

oF of ox  Of Oy

Ds ~ 020s oyos
OF _ Ofdx Ofdy
o Oz ot Oy ot’

which we can write as a matrix-vector equation:

OF/0s \ _ ([ 0x/0s Oy/0s of /0x

oOF/ot )]~ \ 9z/0t Oy/ot af /0y
and the matrix in this equation is known as the Jacobian matrix of the transformation from s,t to
z,y.

1.5 Change of Variables: Polar Coordinates

We are used to the three Cartesian or rectangular coordinates:

T —o0o<x <0
Y —o0 <y < oo
z —o00 <z <00



and we have also seen plane polar coordinates:

r 0<r<oo
0 0<60<2m

which are related to = and y by
x =rcosf y=rsind.

0

X

Example: Express in polar coordinates the portion of the unit disc that lies in the first quadrant.
Solution: The region may be expressed in polar coordinates as 0 <r <1 and 0 <6 < 7/2.

Example: Express in polar coordinates the function
flz,y) = 2® +y* + 2ya.
Solution: We substitute x = r cos and y = rsinf to have

f=r2cos?0 +r?sin® 0 + 2r?sin 0 cos § = r2 + r% sin 26.

1.5.1 Cylindrical Coordinates
These are really the three-dimensional equivalents of plane polar coordinates:

r 0<r<o
0 0<6<2m

z —00 < 2 < 0
which are related to the rectangular coordinates by:
x =rcosf y=rsinf z=z.
Example: Express in cylindrical coordinates the function
flxyy,2) = 22 +y* + 22 — 22/(22 + 4?2)

Solution: We substitute x = rcosf and y = rsin 6 to have

f:r20082<9+7“28in29—|—22—22\/T200529—|—r251n29:7“2—|—22—22Vr2:r2+z2—22r:(r—z)2.



1.5.2 Spherical Coordinates

These are fully three-dimensional polar coordinates, and are used in lots of situations where there is a

natural spherical symmetry (e.g. electron orbits).

p  0<p<oo
0 0<o<nm
10) 0<¢p<2m

They are related to rectangular coordinates by

T = psinfcos ¢ y = psinfsin ¢ z = pcosf
In the above equations, 6 is the latitude or polar angle, and ¢ is the longitude.
Example: Express in spherical polars the function

flzy,2) =a° +y* + 22

Solution: We substitute the definitions x = psinfcos ¢, y = psinfsin¢ and z = pcosf to get

f = p*sin®0cos® ¢+ p?sin? Osin? ¢ + p? cos H

= p%sin? O[cos® ¢ + sin? @] + p® cos? O = p®sin? @ + p? cos® O = p2.

Example: Express in spherical polar coordinates the solid T' that is bounded above by the cone z
2 _

22 + y2, below by the xy-plane, and on the sides by the hemisphere z = (4 — z
Solution: The solid is defined by the following inequalities:

22 < 22 4q?
z > 0
x2+y2+22 < 4

Substituting the definitions of =, y and z in terms of p, § and ¢ gives:

pcos’h < p?sin®6fcos® ¢+ p®sin® Osin® ¢

pcosf > 0
p?sin? @ cos? ¢ + p*sin® Osin? ¢ + p?cos’h < 4
SO
picos’d < p?sin®6
pcosf > 0
p? < 4

and we can use the fact that p > 0 and sinf > 0 to deduce

p < 2
cosf > 0
1 < tan.

10

2 _



Figure 1: Spherical polar coordinates
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Given that 0 < 6 < 7, this reduces to:

0 p 2
4 0 T

ININA
INIA

7/ /2.

In this case, where there is no information about ¢ contained in our limits, we use the whole permitted
range:
0< ¢ < 2m.

1.6 Critical Points
1.6.1 Maxima and Minima of a function of one variable

A critical point of an ordinary function f(z) is a point at which f’(z) = 0, i.e. the graph is locally
horizontal.

If f”(x) > 0 then the gradient is increasing and we have a local minimum:

~_.

If f”(x) < 0 then the gradient is decreasing and we have a local maximum:

TN

If f(x) = 0 then we may have any of three possibilities: a maximum, a minimum, or an inflexion point
(e.g. x =0 if f(x) = 23). This is called a degenerate critical point and you won’t need to classify any
of these.

1.6.2 Critical Points of a Function of Two Variables

Definition: For a function of two variables, f(x,y), a critical point is defined to be a point at which
both of the first partial derivatives are zero:

af_o of

%—, @—0

We can classify any critical point: this is the equivalent of, for an ordinary function, deciding whether
it is a maximum, a minimum or an inflection point.

For a function of two variables, there are two key quantities we will need in order to classify our critical
point:

e f.., the second partial derivative of f with respect to z, and

o H= foefyy — mzy’ the Hessian.
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If the Hessian is zero, then our critical point is degenerate.

For a non-degenerate critical point, for which the Hessian is nonzero, there are three possible be-
haviours.

We may have a maximum:

This happens if the Hessian is positive and fg, (or fy, if you prefer) is negative:

Sufficient conditions for a maximum at a critical
point are that f;, < 0 and for fyy — f;} > 0 at
that point.

The function decreases as you move away from the critical point in any direction.

We could have a minimum:

which happens when the Hessian is positive and so are f;, and fyy:

Sufficient conditions for a minimum at a critical
point are that fy, > 0 and fiufyy — fgy > 0 at
that point.

The function increases as you move away from the critical point in any direction.

Finally, we may have a saddle point:

This happens if the Hessian is negative:

Sufficient condition for a saddle point is that
Saafyy — 3y < 0 at that point.

13



As you move away from the critical point, the function may increase or decrease depending on which
direction you choose.

Example: Locate and classify the critical points of the function f(z,y) = 1223 + 3 + 1222y — 75y.
Solution:

fe = 3622+ 24xy = 122(3z + 2y),
fy = 3y*+122% — 75 = 3(42® + ¢y* — 25).

Critical points are given by f, =0 and f, = 0.
Now f, =0 = 2 =0o0r 3z+ 2y =0.

(a) Suppose z = 0. Then f, = 3(y* — 25) so we need y = +5.
(b) Otherwise, suppose 3z + 2y = 0. Then y = —3z/2 and
fy = 3(42% + 927 /4 — 25) = (3/4)(162* + 92* — 100) = (3/4)(252% — 100) = (75/4)(x* — 4)
so we need z = £2.
We have found four critical points:
(0,5); (0, =5); (2,-3); (=2,3)

The 2nd order partial derivatives are

few = T2x+ 24y =243z +v),
foy = 24z,
fyy = 6y.

At (0,5) |, foe =120> 0, foy =0, fyy =30, H = foufyy — gy = 3600 > 0, so this is a minimum.
At|(0,=5) |, foz =—120<0, fzy =0, fyy = —30, H = 3600 > 0, so this is a maximum.

At | (2,-3) |, fox =72, foy =48, fyy = —18, H = —72 x 18 — 482 < 0, so this is a saddle point.
At (=2,3) |, fox = =72, fuy = —48, fy, =18, H = —72 x 18 — 482 < 0, so this is a saddle point.
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2 Grad, Div, Curl and all that

2.1 Gradient vector in two dimensions

For a function of two variables f(x,y), we have seen that the function can be used to represent the
surface

z = f(z,y)
and the partial derivatives 0f /0x and 0f /Oy measure the slope of the surface along the = and y directions,
respectively.
We now ask how we can calculate the slope of f in any direction in space. The answer lies in the vector
of of of . of .

v = —, = — —_—

) (6x 8y> 3x1+ 8yl
called the gradient of f.
Example
If f(z,y) = 2%y? + 23 + y, find Vf at the point x =2, y = 5.
Solution

We first work out the first partial derivatives:

fx 22y? + 322
fy = 2%y + 1

to give
Vf=(2zy* + 32%,22%y + 1)

and then substitute in the values:
Vf = (112,41).
Example
If we know
Vf= (3:1023/2 + 22,223y + cos y)
find the most general possible form of f(z,y).
Solution

We start by using the definition of V f to separate this into two equations:
of

= = 32292 + 23
0
—f = 2z3y+ cosy
Ay

Now we integrate one of them, remembering that for a partial derivative, all the other variables act like
constants, so when we integrate a partial derivative our “constant of integration” will depend on all the
other variables.

of

1
5y =30y et = flay) = 2%+ 707+ g(y).
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Now we can differentiate this with respect to y:
dg

of 3
- =2 —.
By xy—i—dy

Notice that since g only depends on y this is now an ordinary derivative. We already know that

of

L =923y + cos
By Yy Yy
so to make these consistent we need
d d
223y + cosy = 223y + <9 = %9 _ cosy
dy dy

and this is now an ordinary integration, giving as its result

g(y) =siny +c.

The final answer is then 1
flz,y) = 23y* + ZCCQ +siny + c.

2.2 Directional Derivative

First of all notice that of
- Vf=—
ey ox
dotting V f with the unit vector in the z direction gives the slope in the x direction.

In the same way,

dotting V f with the unit vector in the y direction gives the slope in the y direction.

We can do the same thing with any other direction: the directional derivative

Vf

IS

gives the slope of the surface measured in the direction of the unit vector u.

Example: If f(z,y) = 2% +xy, find Vf. What is the slope of the surface z = f(x,%) along the direction
i+ 2j at the point (1,1)?

Solution:

_(9f Of\ _

Now at the point (1,1), we have V f = (3,1). To find the slope of f along a vector v, we need to calculate
the dot product of Vf with the unit vector of v. Here, v = (1,2) which has modulus /(1 + 4) = /5 so
the unit vector is u = (1/v/5,2//5).

w-Vf=(1/V5,2/V5)-(3,1)=3/V5+2/V5=5.
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2.2.1 Two properties of the gradient in two dimensions

We are looking at a function f(x,y) which represents the surface z = f(z,y).

Property 1. At any point, Vf points in the direction in which f is increasing most rapidly: i.e. Vf
points uphill. Tts magnitude |V f| gives the slope in this steepest direction.

Property 2. At any point, V[ is perpendicular to the contour line f = const. through that point.

2.3 Gradient vector in three dimensions

Now let us look at a function of three variables, f(z,y,z). We can still calculate the gradient vector:

_(ofof ofN _of,  of. Of
vf_(@x’ay’az)_8x2+8y3+82k'

We can still represent a surface using our function: the equation

f(z,y,2) = A

describes a surface in three-dimensional space for each value of A.

Examples

z+y+z=1

represents a plane: it can also be written as

z=1—z—y.

P —2=0
can be written as
2= a2 4y
which is a surface we have already seen: the paraboloid bowl.
Finally, if we have
fla,y,z) = a® +y° + 22
then the equation

f(x,y,z) =4

represents the sphere centred on the origin of radius 2. This is easier to see if we use spherical polar
coordinates:

f=0r p=2.
Remember in 2D we had two properties: V f points uphill, and Vf is perpendicular to contour lines.
There are equivalent properties in 3D:

e V f points in the direction in which f increases fastest, and its magnitude gives the rate of change
of f in that direction.

17



e Vf is perpendicular to the surface f = constant.

Let’s look at our example function f(z,y, z) = 22 + y? + 22.

of of 9
Vf= (aﬁ»ag’ ajzc) = (22,2y,22) = 2(x,y,2).

This is double the position vector, so it points in the radial direction. Now remember that the surface
f(x,y, z) = constant represented a sphere, and we know intuitively that the perpendicular to the surface
of a sphere points outwards along the radius. On the earth, the vector perpendicular to the surface is
vertical, which is along the same line as the centre of the earth. So this agrees with the property that
V[ is perpendicular to the surface f = constant.

Example: Find a vector perpendicular to the surface z = 22 + 32 at the point (1,2,5).
Solution:

The vector Vf is perpendicular to the surface f = const. so we need to write our surface in the form
f = const. We use
fle,y,2) =2" +y° -2

and our surface is f(z,y,z) = 0.

_(0f of ar\ _ -
Zf - <8x’8y’82> - (2xa2ya 1)

At the point (1,2,5) we have x = 1, y = 2, z = 5 so the gradient is
yf = (2747 _1)

and this vector is perpendicular to the surface.

2.4 Vector fields

What we have from the gradient is a vector function or vector field: for each point (x,y, z) it gives
a vector.

A vector field does not have to be a gradient: in the same way that we can have an ordinary function of
either one variable:

f(z)
or of more:

f(z,y,2)

we can form a general vector function of three variables

Q(&) = y(z,y,z) = (Ul(l‘,y,Z),UQ(I,y,Z),’Ug(l‘,y,Z))

For every point in 3D space, this vector field assigns a vector.

Example:
o(z) = (y, 2, 2% +y* + 2°)

18



Let us look at a few values.

v(0,0,0) = (0,0,0) v(1,0,0) = (0,1,1)
(0,1,0) =(1,0,1) v(0,0,1) = (0,0,1)
(1,1,1) = (1,1,3) y(l,?,l) = (2,1,6)

<

<

As you can see, the first component of the input or argument vector z is x, the second is y and the third
is z. We substitute in the three values for each component to get the three components of the output
vector v.

Examples
Some physical uses of vector functions are:

e Magnetic field: this has a magnitude and a direction so it is a vector, and it can be different at
every point in space

e Fluid velocity: think about a turbulent river flow — there are many different velocities at different
points in space

e Temperature gradient: the heat flow through one point of a conducting object is proportional to
the gradient of temperature at that point.

e Normal to a surface: if we look at a smooth 2D surface in 3D space, at any point on the surface
we can find a vector which is perpendicular to the surface. This gives us a (different) vector for
every point on the surface: in other words, a vector which is a function of position, or a vector
field again. This is what we did in the last example of the section on V, and is called the normal
field to the surface.

e Tangent to a surface: at each point of a surface, there is more than one vector parallel to the
surface (in fact there is a plane of them); but we can write down a vector function which is at every
point tangent to (parallel to) the surface and this is called a tangent field.

2.5 Grad as a separate entity

Suppose that f(z,y,z) is a scalar function. Then we can think of the V part of Vf separately, as an
operator (more on these later). It operates on f as follows:

(0 0 0N, _(of 0f o1

This is the gradient of f, which we have just discussed. It takes a scalar function and gives us a vector
field. The operator V is given by
0 0 0
y =\ 9 49_
oxr’ y’ 0z

and it is not really a vector in its own right; it only exists to operate on (or apply to) something else.

Question How does V operate on vector functions or vector fields?

Answer Using either of the vector products we already know — dot or cross.
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2.6 Divergence

If g(z,y, 2) = (@1 (2,9, 2), ¢2(x,y, 2), q3(x, y, 2)) is a vector function, then by definition

) 0 0 0g:
divlg) =¥ g = o+ 52+ &)

This “product”, V - ¢, defined in imitation of the ordinary dot product, is a scalar called the divergence
of q.
Example: Calculate V - ¢ for the vector function ¢(z,y,2) = (v —y,z + ¥, 2).
Solution:
Oxz—y) Olx+y) 0z

g = — =14+1+1=3.
V-q o + 3y +az +1+

2.7 Curl

For the vector ¢ = (q1(, ¥, 2), ¢2(x,y, 2), q3(, y, 2)), we also have

i gk
curl(q) =V xq = det| g 5 &
q1 42 g3
SR T ) o)
Oy 0z 0z Ox’ dx Oy

This second “product”, V X ¢, defined in imitation of the ordinary cross product, is a vector called the
curl of q.

Example: Calculate V x ¢ for (from above) ¢(z,y,2) = (z —y,z +y, 2).
Solution:
A J k
Vxqg=|0/0x 0/oy 0/0z | =i(0)+j(0) +E(1+1)=2k.
r—y x+vy z

2.8 Laplacian

Now we have two operators, based on V, that we can apply to any vector field: div and curl. Since V f
is a vector field for any scalar function f(z,y,z), we can apply either of them to Vf. What do we get?

Curl of gradient
This one is not very interesting:
curl(Vf) =V xVf=0.
Div of gradient
Because it’s based on the dot product, this gives a scalar:

N L AV C AN T A
div(Vf) =V -Vf= P (m) +3y <8y> + o <8z> = foa + fyy + [z
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This is called the Laplacian and is used in lots of applications.
VQf = fzz + fyy + fzz

Example: Calculate the Laplacian for f(x,y,2) = 22 + y? + 2.
Solution: FT T 5 5 5
VAT St AT RIS RN, VA, WTTNC, P SIS SIS, Sy S
/ 8x2+3y2+822 ox x+8y y+5‘zz tet
The forms for the Laplacian in different coordinate systems are more complex (we found one of these as
an example for polar coordinates). They are given by:

10 of 1 6%f . .
2 - - — - J
Vef = o <r 87") + 2 902 in plane polar coordinates
2 2
Vif = %% (rgi> + 712% + ZTJ; in cylindrical polar coordinates
10 of 1 0 (. Of 1 0%f . . :
2 2
Vif = ?87,0 <p 8/)) + 7 <090 (sm 980) + i 5057 in spherical polar coordinates

Example: Looking again at the example we used for the Laplacian:
flx,y, 2) =22 + 9% + 22 V2f =6.

We will recalculate this in the different coordinate systems.

In cylindrical polar coordinates, x = rcosf and y = rsinf so
f(r,0,z) =r?cos? 0 + r?sin® 6 + 22 = r? 4 22.
Then using the formula for V2 in cylindrical polars:

2 1o (ofy 1of of 10 9
Vi r Or Tﬁr + r2 902 922 r(“)r(TQT) +0+ az(QZ)
10

1
- 4 2=44+2=6.
r or (4r) + +

r

(2r) + -(22) =

In spherical polar coordinates, x = psinf cos¢, y = psinfsin ¢ and z = pcos so
f(p,0,0) = p”.
Then using the formula for V2 in spherical polars:
19 af 1 o (. Of 1 0% f
v2 - - = 2YJ . 0—L _ 7
f p? Op <p 5/)) T 7sin6 a0 (Sm 9> T P20 067
10 1

0
%(2:03) = ?602 = 6.

1
= 22 0+0=—=
p2ap(p p)+0+ =

These three different calculations all produce the same result because V2 is a derivative with a real
physical meaning, and does not depend on what coordinate system is being used to look at the system.
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2.9 Real Partial Differential Equations

Remember the examples we had of partial differential equations. Here we will run through most of them
again in vector form, using the functions div, grad, curl and the Laplacian:

Quantum mechanics We can re-write Schrodinger’s equation as

L0p R,
ZTLE = —%V W+ V(x,y,2).

Electromagnetism In the scalar format there were eight Maxwell’s equations: four of them are

covered by these two vector equations:
V-B=0

0B
e Eif .
; +V x 0

Fluid flow The Navier-Stokes equations in vector form are:
ou 9
plg T Vu)=-Vp+uViu

Heat transfer The heat equation becomes
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3 Operators and the Commutator

3.1 Operators: Introduction and examples

An operator is an instruction or action: it operates on something.
Example: for a variable x, the function f(x) = ax can be thought of as an operator on x:
f: r—ax “multiply by a”
and so can any other function, e.g. g(x) = z*:
2

g : T—oxX “square”

Equally, differentiation can be thought of as an operator acting on a function of x:

d
D : f(x)— d—f “differentiate with respect to z”
T
For a vector v, a matrix é is an operator on v:
A : v— Av “multiply by A”

Another operator that can operate on a function is multiplication by a constant:

a : f(z)—af(zx) “multiply by a”

3.2 Linear operators
O(f) is a linear operator if:
e O(f +9) = O(f) + O(g) and
e O\) = 20(f)
We can show whether an operator is linear or not by checking these two properties.
Multiply by a

O : f(x)—af(x)
O(f +9) = alf +g) = af(x) +ag(x) = O(f) + Olg)
ON) = arf(x) = Aaf(z) = AO(f).

We have checked both properties so it is linear.

Multiply by z=

O : flx)—xf(x)
O(f +9) = =(f+g) =xf(x)+zg(x) =O0(f)+O(g)
ONf) = =z f(z) = Azf(z) = AO(f).

We have checked both properties so it is linear.
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Differentiate with respect to =

. df
d d d

D(f+9) = (f(@)+g(w) =L+ L = D)+ Dly)

_ 4 Y
DOV) = (M) = AL = AD(f),
We have checked both properties so it is linear.
Squaring function
f o z—a?
flaty) = (z+y)? =2 +2ay+y* = f(z) + fy) + 2y

so the squaring operator is not linear.
Multiply by z? function

O : flz)—2*f(a)
O(f+9) = 2*(f+g) =2"f+2°9=0(f) +O(G)
ONf) = 2*(\f) =X 2%f = \O(f)

so this operator is linear.

3.3 Composing operators

If we have two different operators and we want to apply them to a function in sequence, we use the
notation

0100, : fﬂOl(O2(f))

so we apply O, first, then apply O; to the result.
Example

Oa : f(z) = zf(z)
Op : g(z)—

We will compute O4 o Op:

0400 : g(z) 2y
0400 : glx)—>=x

Suppose g(x) = €”: then

Oalg) e
Oplg) = €*
Oa00p(g) = ze**



Example

Oa : f(z) —df/dz+ f()
Op : f(x)—df/dx+2f(x)

We can also write these as

Os=D+1 Op =D +2.
We will compute O4 o Op:
Oa00p : flz)2df/de+2f(z) 2 (d/dz + 1) (df/dz + 2f(z))
= d2f/da? +2df/dx + df /dz + 2f (z)
= d®f/da? + 3df/dx + 2f(x)
Op005 = D?*4+3D+2

and similarly, (left as an exercise to the reader):
OpoO4 : f(z)— (D*+3D+2)f(x)

i.e. the same as O 4 o Op, but this will not always work.

We can apply derivatives repeatedly, but we can also mix our operators.

Do+ fw -
p*=pop : f)— (L)~ L
(D+a) : @)= 5 +af@)
(D+a)o(D+b) : f(;v)—>(D-|—a)<j£+bf(x)>
= Y L)+ ol s wvs)
= %+(a+b)d—f + abf(x)
= (D*+(a+b)D+ab)f

It doesn’t have to be all constants and derivatives:
Dox : fa)— Diaf() = —(af(@)) = fla) + a2t
N — = — = —_
dx dx
Dox(z?) = 2 +x(22) =2+ 222 = 32% = D(2?)
We must be careful about the order of our operators though:

xoD f(x)%x(Df(a?)):Ig%Dox(f)

A couple more linearity checks:
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Second derivative D?

d2f
D?
f@) = 5
d2 d2f d%g
2 _ a _4J g e 2
d2
D*(\f) = ——=(\f)=AD?
() = £5(\f) =D
Just as D was linear, so is D?.
The operator xD
xD f(x)—wc%
_ 4 _ R4 g
eD(f+g) = s (f+9)=a+a =aDf+aDyg
d df
xD(\f) = xa()\f) _x/\dx =XxDf

so the operator D is also linear.

In general, if O4 is linear and Ogp is linear, then O4 0 Op and Op o O 4 are also linear.

3.4 Partial derivatives

Partial derivatives can also be treated as operators:

b+ a2
b+ s

Just like the ordinary derivative D, these are linear operators. Equally, V is an operator, as are div, curl
and the Laplacian:

T s (2.20.90)

Ox’ Oy’ Oz
div : q(z,y,2) — % % %
= or y 0z
i j k

curl = q(z,y,2) — a/bx d/0y 8/52
il q2 a3
o2f O f  0°f
2 . AP

All four of these are also linear.
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3.5 Order of operators is important

Remember if we have two different operators O, and Opg, we can apply them in turn:

Oa00p : f—04(05(f))

Let us look at an example:

d
Oa @ f(x)— é
Op : flz)— x%
d d
OA OOB = a <$dx)
d /d
OB @) OA = l‘@ <dl’)
The order can be important:
d d?
OaeOp = G T oaqm
d2

Opo0O4 = z—5 #0400p
da?

For example, try applying them to f(z) = e*.

OAOOB(e) = (dl‘+xdx2>e =€ +xe :(1+$)€
d2
OpoOy(e®) = x@ew = ze”

Let us look at another example two operators: this time two matrices acting as linear operators on a
vector:

Q
N
=
1l
<

Q
Ss]
<
% [

1S3

with

The composed operators are:

and the matrices involved there:



1 1 10 1 0
2a=(1 o) (o0)=(10)
Since the order of matrix multiplication is important, this is another case where the order of the operators
is important.
3.6 The commutator
Given two operators O4 and Op, the commutator of the two is
[04,0] =0400p5 —0Ogo0y4.

It can be nonzero precisely because the order of operators is important.

Let us work out the commutators for the examples from the previous section. We start with the matrix
example:

v

10 11
o ( 0 0 ) £= ( 10 )
and we had worked out the composed operators:

OAOOB v
OBOOA )

1 1 1
as=(4 o)  Ba-(;

[04,0] =04005 —0po004

with

[sS

with the matrix products:

o O
N———

The commutator is thus:

[04,08] : v—=(AB-BA)yv
and we can write this as

[04,0B] @ v—

1

v

~(00)-(10)=(40)

Note that the commutator of two operators is itself an operator.

with
g pr—

[5S
[is
|
[is
[FS

Next we look at a commutator involving a derivative:

d
D : f(x)— é
xD : f(x) — x%
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The commutator is
[D,xD]=DoxD —xDoD =D +xD*—xD* = D.

Let us work out just one more example for practice:

[%,D? = 2?0D?—-D?o02?

2?D? — Do Dox?

2?D? — Do (2z + 2°D)

22D? — (2 + 22D + 22D + 2?D?)
= —2—-4zD

2

Remember, 22 as an operator means “multiply by z2”.

3.7 Commutators and Partial Derivatives

We can involve both partial derivatives and multiple variables in a commutator: e.g.

9 | o of
[%,xy} w f o g af) ey
B 0 of
= yfrayy (f) —ayz =yf
S0
9 -
ax7my _y
Similarly,
RS R A
8y’y8x ' Ay e Yor Oy
TR
- Yo xy@zay yay ywayﬁx
L2 of
ox y@y
SO

The next example comes from classical mechanics. The angular momentum of a particle with unit
mass travelling with velocity V¢ is r x V¢: you don’t need to worry about this but let’s work out the
components.

i J k
x¥o=| oy s | =i a5l ) i (50 a3l )k (age - )
8¢/0x 8¢)0y 060z 0z Oy ox 0z oy Vou

|
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A handy shorthand is to number the variables from 1 to 3:
rT = o =Y Ir3 = 2.

Then we can define the angular momentum operator

d¢ 9o
L : — Xg— —
ab ¢ Tq 8$b Tp al’a
0 0
Loy = x“ach - xbaixa

This means that our angular momentum vector is
r X Vo =iloz(¢) + jL31(¢) + kL12(9).
and we could even treat the whole thing as an operator on ¢:

rx NV =ilo3+ jL31 + kL.

Returning to the scalar operators L, we can work out the commutator of two of them:

[Li2,La3] = (ny —yDg)(yD. — ZDy) —(yD. — ZDy)(IDy —yDy)
Dy (yD, — 2Dy) —yD.(yD, — 2Dy) — yD.(xDy — yDy) + 2Dy(xDy — yDy)
= (D, +yDyD, — 2D}) — y(yD, D, — 2D, D,))
—y(@D.Dy — yD.Dy) + z(xD; — Dy — yDy D)
= zD, —zD, = Li3.

3.8 Extended Chain Rule Revisited
Remember the extended chain rule: if © = z(s,t) and y = y(s,t), and we have a function f(z,y) so that

F(S,t) = f(-r(s7t)7y(87t))

then
oF oo ofoy
ds  Ox0ds OyOs
oF oo 0foy
ot Oz ot Oy ot
We can write this in operator form as
Jr dy
Dy = Dot 30Dy
or dy
Dy = EDQC + Py

Let us look again at the example of calculating the form of the operator V2 in plane polar coordinates.

Let us use s for r and ¢ for 6:
T = scost y = ssint
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then the extended chain rule gives us

D, = costD, +sintD,
D; —ssintDy + scostD,,.

We will start from the standard form:

10 (ory, 10
rOr \ Or r2 002

which gives us the linear operator

L f—>18(6’f>+162f

50s Sas 52 Ot2
or ) )
2
L = =D,(sD,)+ D}

Now we can look at the individual terms:
1 1 .
—Ds(sDs) = —Ds(s[costD, +sintD,))
s s
1
= (costDy +sintD,)(scostD, + ssintD,)

1
= g(cos tD, +sintDy)(xD, +yDy) . ..

The rest of the calculation is left as an exercise.
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4 Ordinary Differential Equations

4.1 Introduction

A differential equation is an equation relating an independent variable, e.g. t, a dependent variable, vy,
and one or more derivatives of y with respect to ¢:

dx dy d%y dy
P 3 2-d — t - J 3 2,279
a Yar = a2 Y,

In this section we will look at some specific types of differential equation and how to solve them.

=0.

4.2 Classifying equations

We can classify our differential equation by four properties:
e Is it an ordinary differential equation?
e Is it linear?

e Does it have constant coefficients?

e What is the order?

Ordinary

An Ordinary Differential Equation or ODE has only one independent variable (for example, z, or t) and
so uses ordinary derivatives. The alternative (equations for e.g. f(z,y)) is a partial differential equation:
we saw some earlier but we will not solve them in this course.

Linearity

A differential equation is linear if every term in the equation contains none or exactly one of either the
dependent variable or its derivatives. There are no products of the dependent variable with itself or its

derivatives. Each term has at most one power of the equivalent of z or & or & or ...; or f(x) and its
derivatives.
Examples:
df 2 df a2 f
r)—— = —w“z is not linear —= = f3(x) is not linear — = —2%f(x) + €” is linear.
F@)5 L pw =) +

Constant coefficients

A differential equation has constant coefficients if the dependent variable and all the derivatives are only
multiplied by constants.

Examples: which have constant coefficients?

d d? d? d
35 = —w’r: yes dT:J; = —2?f(x) +€*: no chJ; + 3£ +2f(x) =sinze®: yes.
Finally, a “trick” one:
d
36$£ + e”f(x) = 2* does have constant coefficients: divide the whole equation by e®.
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Order

The order of a differential equation is the largest number of derivatives (of the dependent variable) ever
taken.

Examples:
f( )df 2z is 1st orde &/ 2f(z)+e® is 2nd orde d2f+3d2fdf 0 is 2nd orde
)" = —w?r i rder —= = —x°f(x)+e” is 2nd order —=+3—=— =0 is 2nd order.
dz dx? dz?  da? dx

4.3 First order linear equations

First the general theory. A first order linear differential equation for y(x) must be of the form

Y pla)y = a(e).

If there is something multiplying the dy/dz term, then divide the whole equation by this first.

Now suppose we calculate an integrating factor

I(z) = exp ( / p(@) dw).

Just this once, we won’t bother about a constant of integration.

We multiply our equation by the integrating factor:

1) 3+ I@)pla)y = I(a)a(a).
and then observe that
() = L1 +y D = L) + () I@)

which is our left-hand-side. So we have the equation

= (y1(a)) = )a(x)

which we can integrate (we hope):

yl(z) = /I(x)q(x) dz +C

1 C
y= Tx)/l(x)q(x)dx—i— @

The last thing we do is find C: we will do this using any initial conditions we’ve been given.
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Example

— 4+ 2zy =0 and y=3 when z=0.

dx
I(z) = exp (/ 2x dm) = exp z?

Here the integrating factor will be
d
et Yy 2x612y =0.

dx

and our equation is

d

dx [9612} =0 = ye” =C = y=Ce™
x

The last thing we do is use the initial conditions: at z = 0, y = 3 but our form gives at z =0, y = C so

we need C = 3 and )

y=3e"".

Example
d
xd—y + 2y =sinz with y(7/2) = 0.
T
First we need to get the equation into a form where the first term is just dy/dz: so divide by x:

dy 2 sinx

dr =z T

Now we calculate the integrating factor:
2
I(xz) = exp (/ - dx) =exp (2Inz) = expln (2?) = 2°.
x

We multiply the whole system by z2:

xz—y + 2zy = xsinz
dx
and now we can integrate:
d o . 2 .
d—(x y) = zsinx = x*y= [ zsinzdx +C
x
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which we can integrate by parts:
2%y = —xcosx + /cosxdx +C = —xcosx +sinx + C

so the general solution is
cosz sinz C

y=— =
T 2 2

Finally, we use the initial condition y = 0 when = = 7/2 to get

_cos(m/2)  sin(r/2) ¢ 1 C
) R G5 R C7o LR CF R PN
which means C = —1 and our solution is

cosr 1—sinz

Yy=—- -
x x2

Example

This time we will solve two different differential equations in parallel.

d d
—y—&—?)y:e*m" and 7f_|_3f:€739;
dx dx

In this example, we don’t actually have variable coefficients — but that just makes it easier!

In both cases, I(z) = exp / 3dx = €37,

d d
oY 3e37y = e” and esm—f +3e3f =1.
dx dx
d 3z T d 3z
a(e y):e and a(e f):l.
e3$y — ex + CO and e3$f = + C].
y=e 2% 4 Coe 3 and f=xe 3% + Cre 3",

Notice that we haven’t got any initial conditions so we can’t determine the constants Cy or C; here:
what we have found is called the general solution.

4.4 Homogeneous linear equations.

A homogeneous linear equation is one in which all terms contain exactly one power of the dependent
variable and its derivatives: )
d%y dy
3
e.g. r°— 4+ dr— + 2y = 0.
& dxz? dx Y
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For these equations, we can add up solutions: so if f(x) is a solution and g(z) is a solution:

d2f df d?g dg
L 45—t 4+2f = = 4 i +2g9 =
T L2 5x P 0 and T 2 5x - g=20

then so is af(x) + bg(x) for any constants a and b:

x?)dd*;[afm +bg(x)] + 5xd%[af<x> +bg(x)] + 2[af(z) + bg(x)] = 0.

An nth order homogeneous linear equation will “always” (i.e. if it is well-behaved: don’t worry about
this detail) have exactly n independent solutions y, ..., y, and the general solution to the equation is

Y =C1yY1 +CY2 + -+ CplYn.

4.4.1 Special case: coefficients ax”

Suppose we are given a differential equation in which the coefficient of the rth derivative is a constant
multiple of x":

2
247y Y
O8 T T Y
Then if we try a solution of the form y = 2™ we get
dy 1 d2y -2

and if we put this back into the original equation we get
22m(m — 1)2™ 2 4+ 2mras™ ! — 62™ = 0

2 (m(m —1)+2m—6)=0 z™(m? +m —6) =0.

Now 2™ will take lots of values as x changes so we need
(m*+m —6)=0 — (m —2)(m+3)=0.

In this case we get two roots: m; = 2 and my = —3. This means we have found two functions that work
as solutions to our differential equation:

2 -3

y1=x"™ ==x and yo=a" =z

But we know that if we have two solutions we can use any combination of them so our general solution

1S

Y= clxz + czx_?’.

This works with an nth order ODE as long as the nth order polynomial for m has n different real roots.
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Example

d?y dy
2
—2 — 62— + 10y = 0.
x 12 Gxda: Oy=0
Try y = 2™:
d d?
y=az" —di} = ma™ ! —dxz =m(m — 1)xm_2.

m(m —1)z™ — 6mz™ + 102™ =0 = z™(m* —m —6m+10) =0 = 2™(m —5)(m —2) = 0.
The general solution to this equation is

Y= clms + 62:172.

4.4.2 Special case: constant coefficients.

Now suppose we have a homogeneous equation with constant coefficients, like this one:

d’y L dy
— +5— +6y=0.
dz? + dx + 0y
We try a solution y = e**. This gives dy/dz = \e*® and d?y/da? = \2e** so

A2eM 4 5NN 4 6 = 0.

(A2 + 51 +6)e =0 for all x.
Just like the polynomial case, the function of z will not be zero everywhere so we need
M 4H5A+6=0 = A+2)(A+3)=0.
In this case we get two roots: A\; = —2 and Ay = —3. This means we have found two independent
solutions:
Y = e)\lw — 672‘% and Yo = 6/\2x _ ef?mv7

and the general solution is
y= cre” % 4 cqe 37,

Example

A third-order equation this time:

d3 2

Py _dy ,dy
dz3  daz? dx

Trying y = e gives
Mo _2A=0 = AN -2-2)=0 = MNXA-2)A+1)=0
which has three roots,
A =0 Ay =2 A3 = —1.

The general solution is

x x

y = 16" 4 c2€%* + c3e™ = ¢ + 26 + cze ",

Notice that we have three constants here: in general we will always have N constants in the solution to
an Nth order equation.
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Example

Another second-order equation:

d’y dy
— +2—= 45y =0.
dxz? + dx +oy

Trying y = e gives
M 4+2X0+5=0

which has two roots,
—24+4-20 -24++/-16 )
)= 5 = 5 = —1=+2i.

The general solution is then
y= Ae(71+2i)z +Be(7172i)1} — efz[AEZiz + 36722@]

where A and B will be complex constants: but if y is real (which it usually is) then we can write the
solution as
y = e “[eq sin 2z + ¢o cos 2x].

Repeated roots

If our polynomial for A has two roots the same, then we will end up one short in our solution. The extra

solution we need will be ze*®.

Example

Another third-order equation:

Trying y = e gives
N2+ =0 = MM -22+1)=0 = I -1)?=0

which has only two distinct roots,
A =0 Ao =A3=1.

The general solution is
y = 1% 4 co€” + czze® = 1 + c2€” + caze®.

4.5 Inhomogeneous linear equations.

What happens if there is a term with none of the dependent variable? That is, loosely, a term on the
right hand side, or a function of x.

2
Fal) LY+ R+ o)y = 9(2).
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In the most general case we can’t do anything: but in one or two special cases we can.

If we already know the general solution to the homogeneous equation:

fo(x )jz+f1( )dy+f0( Jy=0 = y=cay(@)+cy(z)

then all we need is a particular solution to the whole equation: one function u(z) that obeys

d?u

du
fa(@) g + () o + folw)u = g(e).
Then the general solution to the whole equation is

y = ayi(x) + coy2(x) + u(x).

The solution to the homogeneous equation is called the complementary function or CF; the particular
solution u(x) is called the particular integral or PI. Finding it involves a certain amount of trial and
error!

Special case: Coeflicients ="
In this case, we can only cope with one specific kind of RHS: a polynomial. We will see this by example:

d2 d
2

1
xdx 6d+0y 62°.

The homogeneous equation in this case is one we’ve seen before:

d? d
x2—y —Gx—y—FlOy:O - y = c12° + cox?.
da? dx
Now as long as the power on the right is not part of the CF we can find the PI by trying a multiple
of the right hand side:

d d?
y=Ar® = Y _3422 and Y —6Aa.
dz daz?
%y dy 2 2 3 3 3
S 63@5 + 10y = 2“6 Az — 623Ax° + 10Az> = 2°[6A — 184 + 104] = —2Ax
so for this to be a solution we need —2A = 6 so A = —3. Then the general solution to the full equation

is
Y = clx5 + 02962 — 323,
A couple of words of warning about this kind of equation:
e If the polynomial for the power m has a repeated root then we fail

e If the polynomial for the power m has complex roots then we fail

e If a power on the RHS matches a power in the CF then we fail.
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Special case: constant coefficients

Given a linear ODE with constant coefficients, we saw in the previous section that we can always find
the general solution to the homogeneous equation (using e**, ze** and so on), so we know how to find
the CF. There are a set of standard functions to try for the PI, but that part is not guaranteed.

Example

d’y dy
— —3—=+42y=¢€"".
dz? de tay=e
First we need the CF. Try y = e** on the homogeneous equation:
M —3\+2=0 = A-1(A-2)=0.
So there are two roots, Ay = 1 and Ay = 2. The CF is then

el 2,.
Yyor = c1e” + zoe T,

Next we need the PI. Since the RHS is e™*, we try the form

_ dy _ d?y _
= A z _— = —A z —_— = A $.
4 € dx € dz? €
d? d :
d—z — 3d—y +2y = Ae " +34Ae™ " + 24" = 6Ae™"
x x

so we need A = 1/6 for this to work. Our PI is

1 —x
= —€
Yp1 6

and the general solution is

1
y = cre” + x9e®® + 6671.

Example

% + 3y = e 3.
This is only first-order: in fact we solved it in section 4.3 and the solution was
y=xe 3% 4 Cre3%,
Let us solve it the way we have just learned. First the CF: try y = e** then
A+3=0
so A = —3 and the CF is

yor = Cre 3.
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Now look for the PI. The RHS is e 3% so our first thought might be to try Ae~3*. But this is the CF:
so we know when we try it we will get zero! So instead (motivated by knowing the answer in this case)

we multiply by x and try
dy

dz

xT

y= Aze™? Ae™3* — 3Axe™3"

d
di/ +3y = Ae 3% — 3Aze 3% + 3Axe 3" = Ae 3%,
x

so we need A =1 and we end up with the same solution we got last time.

In general, if the RHS matches the CF (or part of the CF) then we will multiply by « to get our trial
function for the PI.

Example

This time we have initial conditions as well: remember we always use these as the very last thing we

do.
Py Py dy : dy d?y

First we find the CF. Try y = e’*:
M42X2 4+ A=0 = AN +22+1)=0 = M)A +1)2=0.

This has only two distinct roots: A\; = 0, A = A3 = —1. Therefore the CF is:

Yor = €1 + coe” ¥ 4+ cgze” ",

Now we look for the PI. The RHS is = so we try a function

dy d2y d3y
y TEE = dz - dz?  da3
This makes & &2 4
Y Y Yy
— 42—+ = =0+0+4
da3 + da? + dz T+

and no value of A can make this equal to z. What do we do when it fails?
e If the trial function fails, try multiplying by z.

[Note: in this case we could have predicted this because the B of our trial function is part of the CF.]

We want one more power of x so we try

dy d2y d3y
— 2 — — —
y=Czr"+ Ax = @—2090—1—14 == @—2Cand@—0.
@4-2012—3;4—@—0—&-46'—}—203:—&—14
dx3 dz?  dx
so we need
2Cr+4C+ A =2z which means C =1, A = —4.
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Our general solution is
y=c1+coe" 4 cgwe™ " + x? — 4a.

Now we apply the initial conditions:

y=c1+ce  tegre "+ —dr = y(0)=c+cx=3
d d
& _ —coe P+ cze ¥ —czxe P+ 2 —4 — —y(O) = —cpt+ec3—4=—-4
dz dx
d2 d?
d—xg =coe ¥ —2c3e” "+ czxe T2 = d—;;(()) =cy—2c3+2=4
The solution to this linear system is co = —2, ¢3 = —2, ¢; = 5 so our final answer is

y="5—2e"% —2xe " + 2% —4x.

Table of functions to try for PI

f(z)  Conditions on CF | First guess at PI

aelT A = k not a root Aer®

sinkx A =1k not aroot | Acoskxr + Bsinkx
coskx A =ik not aroot | Acoskxr + Bsinkx

n A =0 not a root Az + B 14 ...+ C

If the trial function given above matches with part of the CF then this won’t work; instead we multiply
by @ (or #? if the result of that still matches the CF) and try again.

5 Fourier Series

5.1 Introduction: A model problem
Consider a forced spring:

periodic
forced oscillation

L F()

equilibrium free oscillation

-yt

The force exerted by the spring is a negative multiple of y: we will choose k so that the force is —mk?y.

Unforced system
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The governing equation is
i+ ky=0

(recall the notation ¢ = d?y/dt?) which has auxiliary equation A = +ik and general solution
Yy = acos At + bsin At.

The solutions look like:

Yy
J/\ -~ - .

0 ~_ P ~—_ —p !

(this is sin kt): they are periodic with period P = 27/k. When t = nP we have sin kt = sin 2nm = 0.
Add periodic forcing

The governing equation for the forced system is now
i+ Ky = F(t).

So how do we find y? In other words, how will we find the PI?

5.2 Harmonic forcing

What we mean by harmonic forcing is that the forcing can be written as a pure sine wave Asin (wt — §)
for some constants A and 4.

We will look here at a pure sine wave:
F(t) = sinwt 0 T

which has period T = 27 /w. We must have T # Pfor the following discussion to work. ..

This system is easy to solve: try a particular solution y = a coswt + Ssinwt. Then §j = —w?y and
j+ky=F = —wy+k?y=sinwt = (k% —w?)(acoswt + Bsinwt) = sinwt

Equating coefficients of coswt and sin wt:
1 .
a=0 B=-—-—— Yy = - sinwt
— —w

as long as k # w.

Notice that this solution will be very large if k is close to w: this phenomenon is called resonance.
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5.3 Periodic forcing

Now we look at the case where F' has period (or ‘repeat time’) 2L, but a non-harmonic shape:

/W\
eg. O 2L 4L 6L
— 1]
0 2L 4L 6L
l 2L 4L IGL
0 square wave
To solve
j+ Ky = F(1),

we write F' as a sum of harmonic waves:
F@) = %ao 4+ ajcoswt + bysinwt
+ agcos2wt + by sin 2wt
+ -
= %ao + 307 | an cosnwt + by, sinwt

This series is called a Fourier series.

F(t) = %ap|0F——2L| + a1 |[0P<—“2L| + b |[0F—~—=2L

+ oay |OPSATF2L| + by | 0O AT2L

_|_

In our example case, we can solve the equation term by term:

Yn + kzzyn = a,, cos nwt + b, sin nwt

We use a trial solution

yn(t) = ayncosnwt + By, sinnwt
Un = *ﬂ2w2yn
i+ E*yn = ancosnwt + by, sinnwt = (k* — nw?)y,
(079 bn
= Qn = 2 — n2u2’ ﬁn:sznzwz

and we can build our complete solution from these modes:
y(t) = yer + syo(t) + Z Yn(t).
n=1

So the only part left is to calculate the a,, and b,, constants from F(¢): calculate the Fourier series of
F.
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5.4 Preparation for calculating a Fourier series: Orthogonality

We will need some properties of cos and sin.

2L 2L
For m # 0, / cos <M> de = [L sin (me)] =0
0 mm L o
L ama —L mmay 1> L
and sin (—) dr = |—cos (7> =__
0 @ L /], mm
2L 2L
For m =0, / cos <m> de = ldx = 2L
0 0
m T
and / sin (—) dr = 0
0

Remember, there is nothing special about the name x in these integrals: the results are just as valid for

the integrals over ¢ or any other name.

cos(a+b) = cosacosb—sinasinb

sin(a+b) = sinacosb+ cosasind
cosacosb = i(cos(a+b)+cos(a—Db))
sinasinb = i(cos(a—b)—cos(a+Db))
sinacosb = %(sin(a+b) + sin(a —b))

We can now integrate combinations. For all positive integers m > 0, n > 0:

2L1

/2L . (wmx) . (7r'nx>d / { (wmx wnx) (me n
sin(—— )sin(—)de = — <cos ———) —cos | ——
0 L L , 2 L L L
1 2L _ 1 2L
= - / cos m(m —n)z dr — f/ cos
2 J, L 2 o
_ Lf2L m=n 1[2L m=n=0
T 210 m#n 21 0 otherwise
_ L m=n#0
o 0 otherwise
Notice that one of the cases we have just shown is
2L
/0 sin (ﬂme) sin (%m> dx =0 if m # n.

We have shown that the functions sin (rkz/L), k = 1,...

(We're ignoring k = 0 as the function sin0

In exactly the same way, we can show that

2L
/ COSs (
0

™mx

) COS

is not really a function.)

(

™x

7 if m #n,

)dx:O
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so the functions cos (rkx /L), k = 0,1, ... are orthogonal in the interval 0 < z < 2L; and

/2L sin (?) cos (%) dz = 0.
0

So we have a set of mutually orthogonal functions in 0 < x < 2L:

cos(?) form=0,1,... sin(%) form=1,2,...

This means any two different functions are orthogonal.

5.5 Calculating a Fourier series

We use the orthogonal property to calculate a Fourier series. We are given F(z) in 0 < z < 2L (and F
periodic, hence we know F' everywhere) and we want

ao—|—Za,Lc05( ) anbln< )

The trick is to use the orthogonality. We pick one of our family of functions, multiply by it, and integrate:
and the orthogonality condition means most of the terms on the right disappear. Let us do the sin terms
first (this will give us b,,). We will multiply by sin (mma/L), m > 1, and integrate:

F(z) = ao+2ancos( ) Zb Sm(wnx)
/OQLSin (LT)F(x)dx = ;ao/o%sin (%) d:n—l—Zan/O%cos (%) sin (?) dx
+Zb/ sm(%)sin(?)dﬂ?
- O+0+an{0 MED L,
n=1

L m=n

1 2L
by = Z/o sin(LTZx)F(z)dx for m > 1.

Recap

We were looking for the Fourier series for a function F'(x) with period 2L:

ao—l-Zancos( ) Zb sm( )
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We showed the useful results:

2k . (ﬂmx) . (ﬂm)d _ L m=n#0
o CmUT)RUT )Y T L 0 otherwise
2L
/0 sin (sz) cos (%) de = 0
2L T - 2L m=n=0
cos(T)cos(T>dx = L m=n#0
0 0  otherwise
and we have shown that
1 2L
by, = Z/o sin (?)F(m) dz for m > 1.

We can do a similar calculation, multiplying by cos (mma /L), m > 1:

F(z) = 7a0—|—Zancos< ) Zb sm<7mx>

n=1
) 2L
+ nz::l bn, | sin (%) Cos (%) dz
S 0 m#n
- 0+Z_:lan I ool +0=Lan
1 2L
Ay = Z/o cos (LT)F(x)dx for m > 1.
and finally cosma for m = 0, i.e. using the function 1:

F(z) = + S by sin (T2
x ao Za,mos( ) 2_:1 nsm( T )
/O%F(x)dx = ;ao/O2L1dx+Zan/ COS dx+;bn/02LSin(7rzx)dx

= 1a9(2L) + 0+ 0 = Lay.
1 2 1 2 m0x
= —_ F = — S —_— F
ag I/ (z)dx 7 /0 Cos ( T > (z)dz

5.6 0Odd and even functions

We have derived the formulae for the Fourier series. If

*7a0+2{ancos< >+b sm(ﬁzx)}
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then oL oL
1 ™I 1 . (TNnT
ap, = Z/o cos (—L )f(m) dz by, = Z/o sin (—L )f(x) dz

But f is periodic with period 2L, and so are all the cos and sin functions, so we could equally well have
used the integration region —L < x < L, which is often more convenient:

an, = i/LLCOS(WLx)f(x)dz

b, = i/LLsm(sz)f(x)do:

Now let’s look at the behaviour of f between —L and L. If f(—x) = f(x) for every value of z in the
range, then f is said to be an even function:

3

You can see that if we integrate this over the whole (symmetric) range, we get double the integral over

the right half:
L L
/ feven dr =2 / feven dx.
—L 0

If, on the other hand, f(—x) = —f(z) for every value of x in the range, then f is said to be an odd

function:

7

Integrating this over the symmetric range (and remembering that areas above a negative curve count

negative) will give zero:
L
/ foaa dz = 0.
-L

Products of odd and even functions are odd or even too following these rules:

Even function x Even function = Even function
Even function x Odd function = Odd function
Odd function x Odd function = Even function

Cosine (cos) is an even function; sin is an odd function.
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Even functions

If f(x) is even then f(x)cos(nmx/L) is even and f(x)sin (nma/L) is odd. The integrals in the standard
form become:

Odd functions

If f(z) is odd then f(x)cos (nmx/L) is odd and f(z)sin (nwz/L) is even. The integrals in the standard

form become: .
2
a, =0, by, = Z/o sin (?)f(a:) dz.

5.7 Fourier series example: sawtooth function

—2m 0 2T 47

This function is periodic with period 27, so we will put L = 7.

x 0<zxz<m . T <
f(x)_{27r—x T<zx<2r or f(x)_{m 0<z<m

Now look at the form of f(x) between —m and 7. It is clear from the graph that f(—xz) = f(x) so this
is an even function.

We will use the coefficient formulae we derived in the last section: if
o > T™NT . /TNT
f(z) = a0 + nzl {an cos (T) + b, sin (T)}
and f(z) is even, then

2 [F TNT
an—z/o cos (T)f(x)dx b, =0

When we put in L = 7 this becomes much simpler:
2 T
ap = — cosnx f(z)dz b, =0
™ Jo

In this case we have
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™ 2 ™
/ cosna f(z)dx = f/ x cosnx dx
0 T Jo

. T T,
sin nx sin nx
( [Jc ] — / dx) by parts
n o], 0 n

[ cosmcr) 2 1( 1) = 2 0 n even
n2 lo/  wn2 cosnm n2r | —2 nodd.

A0 J o 30

~~
o
I

So the Fourier series for this sawtooth function is

o0
0
= I = 1
f(z) 5+ ; e (cosnm — 1) cosnx
T4 1
= —— = Z — cosnx
n2
2 7 .
-1 1+ Leos3e + = cossa +
= 3~ |cosz+ 5cosdz+ o cosba )
1 Lo+ ay cosz + as cos 3x
500 —+ aycosx
0 ; ‘
-7 0 T

The coefficients in this case decrease like 1/n?: this sort of decay occurs when f is continuous (i.e.
has no jumps). We may only need a few terms to get a good approximation to the shape: the graph
above shows only three terms of the series.

5.8 Example Fourier series with discontinuities: Square wave

4

—2m —| 0 s 2l 3l 4|
-1 —7m<x<0
ﬂ”‘{] O<az<m

This function is periodic with period 2x, but it is not continuous: there are jumps at 0, w, 27, 3w, ...
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This time, the function is odd: the values on the left are negative the values on the right.

Again, we use the formulae we derived: if
T

o) = o+ 3 fancos (T5) s (7))
n=1

then .
2
an =0, by, = E/o sin (%)f(m) dz
and for the special case L = 7 this becomes
2 (T
ap =0, by, = f/ sinnz f(x) dz.
T™Jo
2 (7 2 ™ 2 2
by, = 7/ sinnz(l)de = — [_cosmc} = — (1 —cosnm) = { 2 modd
T Jo ™ n lo nmw nm | 0 neven.

So the Fourier series for the square wave is
o0
4 4 1 1
flz) = ansinnx = Z Esinnz == <sin:c+ gsin3x+ gsin5z +- >
n=1 n odd
Here the coefficients decrease like 1/n: this happens when f is discontinuous (has a jump). The errors
are more visible after a few terms than for the continuous case:
by sinx
by sinx + bs sin 3x

by sinx + b3 sin 3x + b5 sin 5 l

1

5.9 Will the Fourier series converge?
Dirichlet conditions: sufficient, but not necessary, for convergence:

o f(x) is defined and single-values, except possily at a finite number of points in the periodic range

e f(z) is periodic



e f(z) and df/dzx are piecewise continuous.

e.g. is fine, as long as it is periodic.

AN
\/\ T

Where f is continuous (no jump), the Fourier series converges to f(x).

0

Where f has a jump, the Fourier series converges to the middle of the gap. For example, with the square
wave:

o

(and x =7, 27, ...) —

E b,sinnr =

atx =0
= 31+ (=1) = 3{f(05) + f(0-)}. —

T

5.10 Example with a different period: another square wave

a A

Py Py
@

—2L ~L/2 0 LJ2 2L AL

F(sr)z{ a —L/2<x<L)/2

[ ]
q
Y

0 L/2<xz<3L/2

Note that F' is an even function. This means we are expecting a cosine series, because cos is even and
sin is odd. The coefficients will be

L
an =7 /o cos (%)F(m) dz b, =0
9 (L 9 [L/2
ay = = / F(x)de = = / adr =« twice the average value of F'
L Jo L Jo
9 L o0 [L/2
an = Z/o F(z) cos (%) dz = fa ; cos (%) dz
_ [l () 2a g omy
L |nn L/, nm 2
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We can now construct the series for F(z):
O = 2a nm nmx
F(z) = 5t ; - sin (7) cos (—L )

o n 200 (773:) 1 3mx n 1 oTx 1 Trx n

—+ —4qcos|—)—scos| — —cos| — | —-cos | —

2 7 L 3 L 5 L 7 L

Note: this is a cosine series because F(x) is even. The terms decrease like 1/n for large n because F
has discontinuities.

Let’s look at the discontinuity point L/2:

« 2 nmw nwlL
F(L/2) = 3 + Z - sin (7) cos (ZL)
n Odd
nmw .
and cos (?) = 0 when n is odd
o
F(L/2) = )

so it converges to the middle of the gap as we expected.

One more case to look at: at x =0, F'(z) = « from the definition, so

_a Zof 11 1
S - 375 7

1 1 1 7/4
14— 4...=2=
s3T5 7"

5.11 Superposition of Fourier series

When we have a periodic function that is made out of two simpler functions, we can exploit this. I will
explain by example.

Square wave: f(x)

1 s

1 b = */ f(@)sinnzdz  (odd function, a, = 0)
™ —T

2 4 ™

k = = = g/ 1.Sinnxdac:g {_cosnx]
T Jo ™ n lo
2

-1 = —(1—cosnm)

nmw
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‘Triangular’ wave: g(z)

/2

3

g(xz)sinnxdr  (odd function, A, = 0)

|
3

2 g(x)sinnz dx

—7/2

Sl 3w

ERRN

w/2

A0 A0 J [

c\c\:‘\

2
rsinnrdr + —

/ (m — ) sinnz dzx
™ Jr/2

{A—cosnw)}””_/”/z —cosnw L [m_m)(‘m”x)]ﬂ - [y,
n 0 0 n n 71‘/2 71./2 n
cosnT T cosnx

n

dx}

. ( nmw ) 4 . ( nmw )
sin ( — = —sin | —
2 n2mw 2

/2
—Lcos<n—7r)—0+/ dx—i—O—l—lcos(n—W)—/
2n 2 0 n 2n 2 /2
sinnx W/z_ sinnz 1™ _g isin (ni)_'_i
n2 0 n2 /2 - 7 | n2 2

2 n

Now we can add these two functions together to get a new function, also periodic with period 27 and

odd:

Then

hz) = f(z) + g(x)

1+m/2

21

oo o

E b, sinnx + E B, sinnx
1 1

o0

Z(b” + B,,)sinnz,
1

which gives us the Fourier series of h: a sine series.
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A few of the coefficients:

2 4 nmw
by + By = —(1— i (—)
+ mr( cosnm) + —5-sin 5
4 4 8
n=1 = - = =
T T T
n=2 0 0 = 0
n—3 4 4 _ 8
3T 97 97
n=4 0 + 0 = 0
5 4 n 4 24
n = —_— —_— = —_—
5 257 257

Note that we can have 1/n and 1/n? type behaviour mixed together in the coefficients. There will always
be some of the 1/n type if the function has discontinuities (jumps): we can see it here because of the
jumpin hatx=0,m, ...

5.12 Integration of a Fourier series

The Fourier series for f(z) can be integrated term by term provided that f(z) is piecewise continuous
in the period 2L (i.e. only a finite number of jumps):

A s = p nwT s nwT
z)dr = Logde + an/ cos—dx—i—bn/ sin — dx.
f, s = [ odne Do [Cen Earen, [

5.13 Fourier series — Parseval’s identity

f(z) = 3ao+ Z (an cos "Lﬂ + by, sin ?)

n=1
is the standard Fourier series for a function with period 2L.

Now consider

2L 2L o0
fl@)f(x)dz = /0 {;ao—&—z (ancosr?+bnsin7?)}f(x) dz
n=1

2L 0 2L oL
= Zao f(:z:)dz:+z (an/ cos?f(x)dxjhbn smn—zxf( ) :z:)
0 = 0

0

0

where we are allowed to swap the order of the integral and the infinite
sum because the Fourier series converges uniformly: don’t worry about
the definition of this, but do remember we can’t always switch the order
like this!

oo

3ad+> (a2 +1b2)

n=1

— 7a0LaO—|—Z (anLay, + by Lby,)

n=1
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To put it another way,

1 [2F 1 =
| @) de = Sa v (@ 12,
0 n=1
This is Parseval’s identity.
Example
Remember the square wave, of height 1 and period 27:
A
:277 —|m 0 s 2\ 3\ 44
The Fourier series for this function was
4
> — mnodd
f(z) = Z b, sinnx with b, =< nm
1 0 n even.
Parseval’s identity gives
1 2m o0
S P = o8
o) >
0 = Ol 1
o2 9 25 4
which tells us that
OO TS TIPS
9 25 4 -8

6 Linear Equations

6.1 Notation

We begin with a review of material from B3C. First some notation:

Vectors
T %
V= 1 r= a= @2
- 6 ? L y b = a3
z
ay

If the vector has two components we call it a two-dimensional vector, three components make
it a three-dimensional vector and so on.
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Linear combinations
A linear combination of variables is an expression of the form

3x1 + 224, a4+ coy + c32
where ¢; (j =1,2,3) are constants.

In the same way we can write a linear combination of vectors:

1 6 T Y1
4<2>3<4>; Al x|+l v
€3 Y3
where A\, p are constants.
Linear equation Examples of linear equations are:

x4y —22=06 (a plane in 3D space)

a1r1 + asxy + asrs + agxy = A
with aq, as, a3, as, A constant.

Set of linear equations An example set of linear equations could be

r — y = 2
3+ y 4
or more generally,
a1 +  apry + - 4+ ainty = by
anry +  apry + - 4+ anIy = by
am1T1 + am2T2 + 0+ amnNTN = bp

This is a set of m linear equations in N unknowns x1...xy, with constant coefficients a1
bi...by,.

Matrix notation The sets of linear equations above can be written in matrix notation as

() ()-(F)

for the first, and

Az =10
for the second, where
aipr - G1N
é =
am1 - am N
is a matrix of constant coefficients,
z1 b1
T = is to be found, and b= : is a constant vector.
TN bm

o7

co - AmN,



6.2 Echelon form
One way to solve a set of linear equations is by reduction to row-echelon form: using row operations:

e multiply a row by any constant (i.e. a number)
e interchange two rows
e add a multiple of one row to another
Row-echelon form means:
e any all-zero rows are at the bottom of the reduced matrix
e in a non-zero row, the first-from-left nonzero value is 1
e the first ‘1’ in each row is to the right of the first ‘1’ in the row above

All the operations can be carried out on the augmented matrix

(4]b).

Once the process is complete, it’s easy to find the solution to the set of equations by back-substitution.

Example
r, + 2%2 + 31’3 = 9
2r1 — r9 + x3 = 8
3$1 — r3 = 3
1 2 319 Ry 1 2 3 9
2 -1 1/8 | = Ry—2R; 0 -5 —5|-10
3 0 —-1|3 Rs — 3R, 0 -6 —10| —-24
Ry 1 2 3 9
— —R2/5 0 1 1 2
“Ry/2 03 5|12
Ry 1 2 319
— Ry 01 1|2
Rs — 3R, 0 0 2|6
Ry 1 2 319
— Ry 0 1 1|2
Rs/2 00 1|3

Now we can solve from the bottom up:

r3 = 3
To = 2—{E3:—1
ry = 972‘%2731’3:2
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In this case we had three unknowns and three non-zero rows in echelon form, giving a unique solution

X1 2
i) = -1
I3 3

The rank, R, is the number of non-zero rows in echelon form. The ranks of the matrix and the augmented
matrix determine the type of the solution.
Unique solution

If we have N variables and N nonzero rows in echelon form, we always get a unique solution.

In three dimensions this means geometrically that three independent planes meet at a point.

/

Zero rows

What if row reduction leads to, for example,
1 2 015
01 1|2 ]7?
0 0 0|0

The rank R of the augmented matrix is 2, the number of variables N = 3.

In this situation x3 can have any value: so to solve, put xs = A, say, then

Ty = 2— I3 = 2—A
1 = b—229=5-2(2-)) =142\
so the general solution is
X1 1 2
To = 2 + A -1
T3 0 1

In three dimensions with two independent rows this means geometrically that two independent planes
intersect in a line.
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Here ) is a free parameter. In general, we expect N — R free parameters in the solution.

No solution

What if row reduction leads to, for example,

oS O =
S = W
S O N
o N
~J

Here the rank R of the augmented matrix exceeds the rank of the left-hand-side. There is no value of
x3 we can choose that will give a solution.

Geometrically, this corresponds to a situation where three planes which are not independent do not
intersect at all:

6.3 Relationship to eigenvalues and eigenvectors

Remember from B3C: for an N x N matrix A4, if

[5S

V= Au

with v # 0 then v is an eigenvector of A with eigenvalue .
(Any multiple of v is also an eigenvector with eigenvalue A: just pick some convenient form.)

The equation above can be written as
(A- =0

which is a matrix-vector equation with augmented matrix

(4 — AZ]0).
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If the rank is the same as the number of variables, R = N, then there is a unique solution. But
v=_0

is a solution (the trivial solution) so to get another solution we need R < N. This means that when
matrix A — AL is reduced to echelon form there must be a zero row: or (equivalently) the determinant
of matrix A — Al is zero.

The determinant det(A—AI) is a polynomial in A of degree N, so there are at most IV different eigenvalues.
A useful fact (not proved here) is det(A4) = A1 A+ - An.

Example
5 —2
a=(5 5)-
5—A -2
a0 = |°5 2 [se-nee-n - o
= (=30+ A+ M) F18 =X+ A —-12=(A+4)(\—-3)

so the matrix has eigenvalues A\; = 3, Ay = —4.
A =3

(é - >\1£)Q1 =0 and v; = <

=0 3)06)-()

(or any multiple of this).

)(3) -
- (2 ()

9¢—-2b=0 9a=2b w,= 2 or any multiple of this).
2 9

e (3 ) (3)- () (1) o

Properties of eigenvalues and eigenvectors

a—b= a=b v, =

)\2 = —4:

|
Check: (
' |
|

(A= A2l)v, =0 and v, =

Check:

e Eigenvectors for different eigenvalues are linearly independent.
e There may be multiple eigenvalues with the same value.
e )\ =0 can be an eigenvalue but v = 0 can’t be an eigenvector.

e )\ can be complex.
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6.4 Linear (in)dependence of vectors

e Vectors are linearly dependent if there is some non-trivial linear combination of them that sums to
Zero.

e Vectors are linearly independent if there is no non-trivial linear combination of them that sums to

Zero.
Example:

1 1 2

yl = 1 ] 22 - O ) 23 = 1

0 1 1

Here v, 4+ v4 — v3 = 0 so the vectors are linearly dependent.

Given vectors vy, -+ , vy, they are independent if the linear equation
ai1v; + - +anvy =0

has a3 = -+ = ay = 0 as the only solution. (Note: this is the trivial solution, so this means there is no
non-trivial solution.)

This linear equation of vectors is a set of linear equations of scalars. For example, using the vectors
above, we can write it as

11 2 i 0
1 0 1 a | =1 0 |,
0 1 1 Qs 0

in which the vectors have become the matrix columns.

We can solve this by reduction to echelon form: in this case we get
1 1 210
0 1 1|0
0 0 0|0

which gives

a3 = A
Gy = —Q3 = —A
Q1 = —20&3 — Qg = —-A

The non-trivial solution to the equation for the coefficients « is

a1 -1
(6% =A -1
Q3 1

so as we found above, the set of vectors is linearly dependent.
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6.4.1 Write a vector as a sum of other given vectors

Suppose we are given vectors v, vy, v5, and another vector w, and asked to find coefficients a1, ag, a3
such that w = ajv; + asvy + asvs. This can be solved using the same methods.

9 1 2 3
Example: Write | 8 | as a combination of | 2 |, -1 |, 1
3 3 0 -1
This is just a set of linear equations:
1 2 3 9
a1 2 + o -1 + as 1 = 8
3 0 -1 3
which we can write as
1 2 3 o7 9
2 -1 1 as | =1 8
3 0 -1 Qs 3

and solve using, for example, row reduction to echelon form.

We did this case earlier, finding

(5] 2
(65) = -1
Qs 3

If there are N vectors v,, that are linearly independent with N dimensions, then

e every vector w can be written as a combination of the vectors vy,--- ,v,: this means that the set
of vectors vy, --- ,uy spans the N-dimensional space
e for any w, there is a unique solution for the N coefficients ag, -+ ,ay to write w in terms of
V1, UN-
The N vectors v,,--- ,vy are said to be a basis for the N-dimensional space.

In general, a set of linearly independent vectors will span some subspace (defined as the set of all vectors
that can be made as linear combinations of them) and they will be a basis for that space.

6.5 Orthonormal sets of vectors
6.5.1 Orthogonal vectors

Orthogonal vectors are vectors at right angles to each other:

(-1,1) (1,1)

(-1,1)-(1,1)=-1+1=0.
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Vectors v; and v, are orthogonal if v; - v, = 0.

A set of vectors vy, vq, -+ , vy is (mutually) orthogonal if

v,ru; =0 forall i#j, i=1...N, j=1...N.

Recap: Orthogonal vectors
A set of vectors vy, vy, -+ - vy is (mutually) orthogonal if

v,ru; =0 forall i#j5, i=1...N, j=1...N.

Examples

cos 6 —sind
< sin g ) and ( cosd ) are orthogonal.
1
0

1 1
, V2 !, /2 are orthogonal.
-1 1 1
* and 0 are orthogonal
0 Y & )

6.5.2 Normalised vectors

A vector is normal or a unit vector if it has magnitude 1.
If u-u =1 then the vector u is normal.
If u-u # 1, then we can normalise the vector u by dividing by its magnitude.

To find the magnitude: |u| = (u-u)'/?, and the normalised vector is

o= u/|ul.
Example
1 1/v2
0 has magnitude (1 + 1)'/2 = 2/2 5o the normalised vector is 0

—1 —1/V/2

6.5.3 Orthonormal vectors

A set of vectors is orthonormal if they are mutually orthogonal and each has magnitude 1.

. (0 ity .
1.e. ’Ui-vj_{ 1 Z:] fOI"L—l,"',N, j—l,,N
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6.6 Easy to write a vector as a linear combination of orthonormal vectors

If we have a set of orthonormal vectors 9,,---,05 and we are asked to find aq,---,an such that
w = a10; + -+ andy then there is no need to do row reduction, etc. because

w-o;, = o0+t U 4 Faniy - Y,

Q;

so we can find the coefficients easily by dot products. This is like the calculation of Fourier coefficients.

6.7 Creating orthonormal sets

It is often useful to convert a set of linearly independent vectors into an orthonormal set. We will look
first at how to do this by example.

Example
2 0
v, = 1 y Vg = 1
0 1

These are independent, but v; - v4 # 0, i.e. they are not orthogonal.
To start with we will not worry about normalising our vectors: this can be done at the end.

To create an orthogonal set g , g, that is a linear combination of v,, vy:

e Put g, =1y It does not matter which is first, but it can be simpler if we choose a simple v, e.g.
one with lots of zeroes. In this case neither choice is better.

e Try g, = v, + av,.

We want
9,°9,=0 = wi-wtaovy vy =0
V-V
_ Uy
- a= i
Yy
Hence
ViU
1Y
g, = Uy— v
o = TR
ViU
_ 1Y .
- 22 | |yl
Uy

In our example,

0 L2 L 2

w=| 1|21 ]|==| 4
2 5 5

1 0 5

Geometrically:
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6.7.1 The general process: Gram-Schmidt

Given linearly independent vectors v, -+, vy, we will construct orthogonal g REREY/ N that are linear
combinations of the v,.

Put g = 1
Then g, = wo—(-3)7 =y — 2780 ag et
9, = Va—(v2-9,)3, =1 (0, oyt 2 before
CAIRCA}
Q3 = 23_(g3'91)gl_(23'92)§2
I ~g1)g (39,
=o(g gD (9,09,)72
9, = vi— (-39 — (- 9,)9, — (- 9,)9,
and so on.
Let us check orthogonality (one example):
959, = Y39, (93 'g1)g1 "9y — (93 'gg)gz "9,
= v3-9,—0—(v3-4,)g,l
0 OK.
Example
1 1 1
vy = -1 ) Vg = 0 y Uz = 1
1 1 2
1
g, = -1 |gl|2:3. vy g, =2
1
1 1 1
2
=10 |-z -1 |= E 2
%2 3 3
1 1 1
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62 _o 5
90, =575 L6 T2 gy
TN SRR CTE RN . o2 ) s
gg = _ = —_ _—_— = —_ - — —_ =
9 3 1 (2/3)3 1 9 3 1 6
Note we can choose any multiple of these calculated vectors: so let us have
1 1 -1
9= 1| L=12] g=|0
1 1 1
Check orthogonality:
9,9, 0
9,°9; = 0
9595 = 0

7 Eigenvectors and eigenvalues

We already know that an eigenvalue-eigenvector pair A, v satisfies

(A—A)uv=0.
Let’s look at some more examples.
Example of repeated eigenvalues
3 20
A=10 3 0
0 0 1
3—A 2 0
JA—X|=| 0 3-X 0 [=(B-X*(1-2X

0 0 1-A
so if [A — M| =0 then A\; =1, Ao = A3 = 3.
The eigenvalue A = 3 has multiplicity 2 (i.e. it appears twice).

Look for the eigenvector of A\; = 1:

2 2 0 a 0
(A-MDy,=[ 0 2 0 b | = o0
00 0 c 0

This is easy to solve as it happens to be in echelon form: there is one solution

0
vy = 0
1
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Now the eigenvector(s) of g = 3:

02 0 a 0
(A=Xlv, = 0 0 0 b =10
0 0 -2 c 0
Again, there is just one solution:
1
Vy = 0
0

In this case there are only two eigenvectors; note that they are linearly independent.

In this situation, where a repeated eigenvalue has only one eigenvector v, we can find further linearly
independent “generalised eigenvectors” by considering, for example,

A-A)w=v, = (A-A)’w=0.

In our case we have

0 2 0 o 1
0 0 O g 1=10
0 0 -2 5y 0
which gives
k
w=| 1/2
0

We can pick any value of k£ and get the generalised eigenvector: the part we are adding on with k£ is
always just a multiple of the standard eigenvector v.

7.1 Sets of linear ODEs

Suppose we are trying to solve the coupled linear ODEs:
dx/dt = 3x + 5y + 2 dy/dt = 5x 4+ 3y + 3

We can write this in a vector form:
dfx\_(3x+dy+2\_(3 5 x+2
dt\y ) \bz+3y+3 /) \ 5 3 Y 3 )
(3)
Yy
dv

v . (3
a—éy—&—b WlthA—(5

and if we set

v

then the whole equation becomes

w ot
~—
SN
I
R
w N
~—
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Revision
Recall, if we are solving a linear first-order ODE with constant coefficients, it will be of the form

d
d—f =ax + b, which we also write as & = ax + .

e We look first at the homogeneous equation & = ax and try solutions of the form 2 = e’

e Then we look for a particular solution of our full equation, trying something like the “right
hand side”: in this case a constant.

Returning to our example system, let us try a solution of the form

At

v = ype
in the homogeneous equation

dv A

— =Av.

dt =7

This gives
At

U= Ayge™t = égoe)‘t = )\yOeAt,

in other words, v, must be an eigenvector of A with eigenvalue A.

3—A 5
5 3—A
has eigenvalues A\ = 8, Ao = —2.

v (3 5)(3)
e (21)()-

Then the general solution of the homogeneous equation is

U:q( 1 )68t+62< _11 )e‘2t

where we have two unknown constants because there were originally two first-order equations, which is
loosely equivalent to one second-order equation.

=(B-XMN)B—=X)—=25=X2—-6)—16 = (A —8)(\ + 2) so our matrix

For this example,

=
=

I O

Constant terms in the governing equation

We now have the general solution to the homogeneous equation: but we’re not trying to solve the
homogeneous equation, we want to solve the full equation
dv
dt

Just as for ordinary ODEs, we try something that looks like the extra function on the right: in this case
b is a constant vector so we try a constant vector.

Hb>

v+ b.
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For our example, we want a solution to

i )=0535)00)(5)
()-(5) =)=

which can then be written as an augmented matrix for o and :

3 5] -2 Rl — R1/3 1 5/3 | —2/3
5 3|-3 R2—>R2—R1/3 \ 0 —16/3| 1/3

w N

)

ot w
w
~——
/N
DX R

The bottom row gives —165/3 = 1/3 so 8 = —1/16; then the top row gives a+55/3 = —2/3, a—5/48 =
—2/3, o = —9/16. The particular solution is

a\ [ —9/16
8 )  \ —-1/16
and the general solution to the governing equation is

(5)-n()ea( 3)en ()

7.1.1 What if there is a repeated eigenvalue?

Beware: sometimes, if there is a repeated eigenvalue, there may not be N eigenvectors to the N-equation
system.

Example:

= e G)=Gs)0)

When we look for the eigenvalues of the matrix, we get A = 3 twice. When we look for the eigenvectors
the only solution we find is
1
s=(o)

v = civ, e (or z = c1e3t, y = 0).

This gives us a single solution

To find another solution, we try the form

v o= (to; +w)eM
b = v+ Aty +w)e = (Ao, + v, + Aw)e
Av = Ao, +w)e™ = (tAv, + Aw)e* = (tho; + Aw)e
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so this form satisfies v = Aw if
Aw=v, + w = (A-A)w =1,

so w is the generalised eigenvector associated with A.

For our example, this means

(60 )(3)=(0) == (1) e (1)

Any choice of a will do; for convenience we choose o = 0 so that w is simple and v, - w = 0.

Now we have two independent solutions to combine for the general solution:

cao el (o)< (1))

where ¢; and ¢y are scalar constants.

7.1.2 Determining constants from initial conditions

We have found the general solution to several problems: we always had some undetermined constants at
the end. Just as with ordinary ODEs, finding the constants from the initial conditions is the last thing
we do.

Example

Suppose we had found the general solution

(5)-n()eea( 3)en (35)

and we were given the initial condition
z\ -9/16 _
OHE A
In our general solution, when ¢t = 0 we have
z\ 1 1 -9/16
(3)=a (i) a( )+ (20)
1 1 9/16 -9/16
Cl( 1 >+CQ<—1 ) ( —1/16) < —33/16)
1 O
i\ ) Te| _

We just solve a set of linear equations to find ¢ = ( 21 )
2

so we need
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1
(from last week) and the initial conditions is

X _ 1 8t ]. —2t _9/16
(3) == () (A (508).
This method of solution is particularly simple if the system eigenvectors are orthogonal. Then it is

easy to solve the algebraic equations of the type c1v; + cavy, = d using dot products: v; - v4 = 0 so
vy - (c1vq + cavy) = v; - d gives immediately ¢iv; - v; = v; - d and the solution

In this case we get ¢ = > so ¢; = —1 and ¢z = 1 and the solution that satisfies the ODE system

vy - d - vy - d
—1 = and similarly ¢y = —2—.
AT Vg " Uy

C1 =

Summary

First we look at the homogeneous equation and find the general solution, using the eigenvalues, eigen-
vectors and generalised eigenvectors of the matrix.

Second we sort our a particular solution by trying a constant vector.

Finally we impose the initial conditions to sort out our constants.

8 Matrix Diagonalisation

If an N x N matrix A has N linearly independent eigenvectors v,,, put

V=(uv - oy)
Then
A0 0
AV=_ My - Moy )=V ¢ . o [=KA
0 0 Ay

[Note that VA # A V; the order of multiplication of matrices is important. |

As the vectors v,, are linearly independent, |V| # 0 and we can invert V. to form z_l. Then

VAV =V VA=A

Example

5 =2
ForA-(2 9 >7

JA=M|=(-N)2-XN)—-4=X-TA+6=A—-1)(A—6)

so the matrix has eigenvalues A\; = 1, Ay = 6.
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Check:

<
<

o 112 1 —12\ _1(5 (10
AV=2{ 9 1 2 6 )75 o030 ) \ose)™2

Expression for A
Since AV =V A, we can multiply on the right by 2—1 to have

A=VAV™.

Summary of diagonalisation of a matrix

e Find eigenvectors and eigenvalues: this only works if we have N eigenvectors

'Kz(yl QN)
M0 0
*A=| 0 " 0
0 0 Ay

Calculate z_l

Check V'AV = A.

Common special case: A symmetric

If A is symmetric, that is, éT = A, then its eigenvalues are real.
Also, the eigenvectors v; and v; are orthogonal if \; # A;.

If further we normalise the eigenvectors, so v, - v; = 1, then

L i=j T
vi-vjz{o oy and v; v; =v; v,
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Then
vy vy, o wluy
viv= : |(u o )= ¢ ot =0 oo
vy UNY vNUN 0 0 1
Example
In the previous example
5 =2 1 -2
A:(_2 2)7 )‘1:17 ’01:<2), )‘2:67 02:< 1)

We can see that v, - v4 = 0. These vectors both have length 5 so the normalised versions are divided by

V5:
1 /1 -2 1 1 2
(2 7) =55 1)
5
0

—
— o
~~
Sl
ot
VR
N =
— |
[N}
~~
Il
S| =

1
VTV(

8.1 Relation to ODEs

Suppose we have an ODE system in matrix form in which the matrix has a complete set of N linearly
independent eigenvectors, and so can be reduced to the diagonal matrix A:

b=Av+b AV =VA V=_(v - uy)-

This is now an uncoupled system: e.g. in two dimensions

(v %) 0

(=
|

V=_(u )
. AT
(it is particularly easy to find o and 3 if A is symmetric and V. = V) then
X = MX+a
Y = MY+

X does not depend on Y and wice versa. We can easily solve each equation independently.
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Example

=
<

T =3z +4y A 3 4 (5 0 (2 1
y=4x — 3y =" \4 -3 “\0 -5 L1l =2
using the eigenvalues and eigenvectors we calculated earlier for the same example.

Then putting v = V X means

r = 2X+Y
= X-2Y
and the diagonal system is
X = 5X
Y = -5Y,

an uncoupled system.

8.2 A real linear system: 3 springs

k m k m k

The masses (both with mass m) have displacements from equilibrium x; and x5. Then the differential
equations governing the system are

mi, = —kxi+ k‘(.ﬁz — .131)

mie = —kxo—k(zg— 1)

Because these are second order equations, we're not quite ready to use our theory: so we introduce a
new set of variables, including two new ones:

Y1 =21 Yo = X2 Y3 = I1 Yq = Ta.

It’s easy to write down the two extra equations we need:

=1y Y2 = Ya-
So now we have a four-by-four system:
Y1 0 0 10 Y1
ya | _ 0 0 0 1 Y2
ys | | —-2k/m k/m 0 O Y3
Ya k/m —2k/m 0 0 Ya
If we put a® = k/m then the system is
0 0 1 0
0 0 01
U=1 22 @2 0 o 274U
a> —2a2 0 0



The determinant is |[A| = 3a*, and to find the eigenvalues:
(A= AD)| = A" +4X°a® + 3a" = (\* + a®)(\* + 3d°).
The roots of this equation are
A1 = ia, Ao = —ia, A3 = iv/3a, A\ = —iV/3a,
and the corresponding eigenvectors
1 1 1 1

o 1 . 1 B -1 - —1
U= j ’ = —ia 3T V3ia ’ U= _\/Bia

>4
™

\
I

- a

ia —ia —V/3ia V3ia

The general solution to the problem is then

T2 _ iat —iat -1 iv3at -1 —iV/3at
i | T i |© T i |© TS VB |© T VB ¢

Fo ia —ia —V/3ia V3ia

We are really only interested in our original variables x7 and x5, for which

Z1 _ 1 iat 1 —iat 1 iv/3at 1 —iv/3at
<z2)—01(1)€ +cz<1)e +03(1 e +c4 1 e .

There are four modes here: but they come in two complex conjugate pairs.

x1 _ 1 iat —iat 1 iv/3at —iv/3at
<x2>—<1>[cle + coe ]—|—<_1>[63€ + cye ]

There are two ‘normal’ modes of oscillation going on:

e A mode in which z; = x5: the middle spring is not stretched and the particles oscillate with
frequency a

e A mode in which 1 = —x9: the middle of spring 2 does not move and the particles oscillate with
frequency v/3a.

We can write down the general solution in real form:

( 1 ) _ ( 1 )(d1 coswit + dasinwyt) + ( _11 )(dg coswat + dy sin wat)

X2

2

in which w? = a?, w? = 3a? and the constants dy, do, d3 and d4 will come from the initial conditions.
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8.3 A cleverer way

With the original governing equations of the last section:

—kxy + k(IQ — .Tl)

mie = —kxo—k(zg— 1)

mil
we can write a matrix—vector system:
i=

() A= S )= (7 Se)

Now if we find the eigenvalues and eigenvectors of this new A we can diagonalise it. For the eigenvalues:

[ES

z

with

[sS

—2a® — A a? 2 2 2 2 2
|JA—-M| = o2 92\ | T (—2a*-N\)*—a* = (—2a®—A—a?)(—2a*> ~\+a?) = (A +3a?) (A +a?)
so the eigenvalues are A = —3a? and A\ = —a?. For the eigenvectors:

N (gi )(2) o = (i
vt () (8) =

We form our matrix using them as columns

<
N
—_
+—~
— =
~——

in order to create a new vector

With the new variables we have

<

X=AVX X=V 'AVX.

Now because V. was designed to diagonalise

=S

VAV =

(=
7N
&
O@
[ )
|
Q ©
[\v]
~_

We now have two separate equations:
X = —3a®X X = ¢y cos V3at + Co Sin V3at
Y = —d’Y Y = c3cosat + ¢4 sinat
which then gives us the general solution in terms of the original variables:

< T ) —v ( X ) _ ( ¢1 cos v3at + ¢o sin V3at + ¢3 cos at + ¢4 sin at >

To Y —¢q cosV3at — cosin V/3at + ¢5 cos at + ¢4 sin at
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