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1. For f = 2% +y* — 222, in Cartesian coordinates

Vf=2wé +yé, —22¢,). [1]

In polar coordinates, f = r?(sin®§ — 2 cos? ) = r*(1 — 3 cos? ), so that, using
the above formula,

yf:%(l—300520)@—1—67’81116’0056’@9. [3]

To show that the two vectors are identically equal, the student has either to
work geometrically or use the relation given between the basis vectors in the
two coordinate systems:

¢ = sinflcos¢é, +sinfsingé, +cosbe, ,
€p = cosfcospe, +coslsinge, —sinbe, ,
€y = —singe, +cospe,,

Now

2r(1 — 3cos? 0) &, + 6rsin d cos 6 &,
= 2r(1 —3cos’0)(sinfcos pé, + sinfsingé, + cosfé,)
467 sin 0 cos 0(cos  cos ¢ €, + cosfsingp é, —sinf ¢é,)
= 2rsinfcos (1 — 3cos®f + 3cos® 6)é,
+2r sin @ sin ¢(1 — 3 cos® 6 + 3 cos” 0)é,
+[27(1 — 3cos? ) cos @ — 6rsin® 0 cos 0] é,

= 2rsinfé, +2rsinfsinge, — 2rcosfe, =2xe, +2ye, —4ze,,

which is the same answer as in Cartesians. [4]



2. We have to verify
Vx (AxB)=A(V-B)—(A-V)B+ (B-V)A— B(V-A)

for the vector fields
A=zxe, +ye, +z¢,,

B=-ye, twe,.

é{[ éy éz
AxB=| x y =z :—xzém—yzéy%—(a:Q—{—yQ)éz. 2]
-y x 0
Hence
& & &
Vx(AxB)=| Z a% 2 = (2yty)é,—(2z+m)é,+(22)é, = 3y e, —3ré,.
—rz —yz %+ > [3]
However,
V-B= and V-A=3,
so that
A(V-B) =0,
“B(V-4) = 3(yé, — v¢,)
The other two terms are
(A V)B = (x(,i tyg +§> (~yé, +38,) =yé, —aé,,
0 0 . . . . . 3
(B‘V)A=<—yax+xay> (we, +yé, +2¢,)=—yé, +re,. [3]
Thus
AV-B)—(A-V)B+(B-V)A—-B(V-A)
&) 2]

This verifies the identity.



3. In spherical polar coordinates,

so that

= —r°sinfé, . [2]

The expression for curl is given in the hand-out:

1

r sinf

(VX E), =

{869 {sin® Fy(r,0,¢)} — %FMT’Q’@} '

rsinf | ¢

(VX E)y= {aﬁr (r Fo(r,0,6)} — (%Fr(r,e,@} .

(V x F), = — {8Fr(r,0,¢)—sin0;ﬂ{TF¢(7’,9,¢)}},

Since only the ¢ component of F' is non-zero, this reduces to

1 0 )
V3 B), = i { g o}

(V X E)G =0 9
1 a 3 .
(VxFE),= - {87’ {7” sm&}} :
The differentiation with respect to ¢ gives nothing, and so we are left just with

V x(AxB)=—-3rsinfé,, [3]

which does agree with the result of question 1.

Since A only has a radial component,

U o
E(V.A):rsmﬁgﬁﬁa(r)z3rsm9g¢, [1]
and B only an azimuthal component,
10,
A(V'B):rﬁrrsirﬂ&i(b(r sm@):Q. [1]



Now, using the expression for the gradient,

(A-V)B=r2

E(r sinfléy) = rsinfé, . [1]

O re)= 2
rsinf ¢ e ~0¢

Now the differentiation of r with respect to ¢ clearly vanishes, but the basis
vector itself depends upon ¢, so that
0

+ & = —sinflsinge, +sinfcospe, =¢,,

¢

(B-V)A=rsinf

(ré.).

which means that
(B-V)A=rsinfé,. [3]

Putting everything together,
ANV-B)—(A-V)B+ (B-V)A—-B(V-A4)
=0—3rsinfée, +rsinfé, —rsinfe, = —3rsinfdé,, 1]

which verifies the identity in spherical polar coordinates.



