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Credit will be given for all work done.

[For guidance: A student should aim to answer correctly the equivalent of FOUR
complete questions in the time available].

The numbers in the square brackets in the right-hand margin indicate the pro-
visional allocation of marks per subsection of a question.

1. If 1 is a scalar point function and A is a vector point function, give the
expressions for (i) Vi, (ii) V- A and (iii) V x A in Cartesian coordinates. [3 marks]

Show that if C is a constant vector,

V X (C X A) = C(V : A) — (C : V>A [6 marks]

Hence or otherwise show that if B is a second vector point function,

Vx(AxB)=A(V-B)—(A-V)B+ (B:-V)A-B(V-A). [4 marks]

Verify this identity by direct calculation if

A=zxi+yj+zk

B=x1—y)— k. [8 marks]
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2. Give a coordinate-independent definition of the curl of a vector field A. [3 marks]

JFrom your definition prove Stokes’” Theorem
/curlA-ﬁdS:/A-dr,
S el

where the closed contour ~ is along the boundary of the surface S, dr is a
line element along 7, and n is a unit vector normal to S whose direction is
determined by the motion of a right-handed screw rotated in the direction of
. [6 marks]

Verify Stokes” Theorem by direct calculation when
A=+ 505+ 3122k
and S is the octant of a sphere bounded by the planes x =0, y = 0, and the

surface 22 + y* + 22 = a?, (x > 0,y > 0,2z > 0,) and ~ its boundary in the
xy-plane. [11 marks]
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3. A string of length [ is fixed at its ends, z = 0 and x = [, and the displacement
y(x,t) obeys the wave equation

Py  10%

o2 2oz

where c¢ is a real constant. The string is released from rest at time ¢ = 0 by
giving it a small displacement at the centre in the y-direction

By applying the method of separation of the variables show that

> t
t) = Z:]An Sin(mlm)cos(m;C )

where the A,, are constants.

[12 marks]
If the displacement at ¢ = 0 is of the form
azr if 0 <z <t
_ ’ = = 9
y(z,0) {Oz(l —z), ifi<z<i
where « is a constant, show that the subsequent displacement is given by
4al >0 1 nmw . nmx nmct
Z — sin — sin T CcoSs T [8 marks]
n= 1

l
[ Assume that, for integer n, m,/ sin(nrx/l) sin(mmx/l)dx = %5nm. ]
0
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4. Determine the nature of the singularity at the point z = 0 in the second order
linear ordinary differential equation

d’y dy
rT—= — —ay = 0.
T3 tlata)— —ay
where ¢ and « are positive constants. [3 marks]

If the equation has a series solution of the form

y(z) = Z a,z" e (ag # 0)
n=0
show that c=0or 1 —gq.

Show further that when ¢ = 0,

(n+q)(n+ a1 = (o —n)ay, [7 marks]
Show that if & = m, a positive integer, a polynomial solution is obtained. [2 marks]
Write down this solution if m = 3,¢ = 3 and ag = 1. [4 marks]

Show that for general integer m,

_ - TTL'(q — 1)|xn [4 marks]
ylr) = aonéjo (m —n)Inl(qg+n—1)!
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5. (a) A function f(x), periodic in —7 < & < 7 with interval 27, has a Fourier
series expansion of the form

1 o0
f(z) = S0+ > lay, cos nx + b, sin na]
n=1
Show that 1
an:—/ f(x) cosnzx dx, n>0
wJ—m
Lo : [4 marks]
bn:—/ f(x)sinnx dz, n>1
mwJ—m

Explain what is meant by the statements that a function f(x) is
(i) an even function of x,

(i) an odd function of x. [2 marks]

Show that if g(z), (—7m <ax <) is odd, then

/7r g(SE’)dI’ = 0. [2 marks]

—T

Show that an even function of x has a Fourier cosine series only. [2 marks]
(b) The generating function for the Legendre polynomials P(z), —1 <z <1,
is

(1 -2zt +t3)"2 =3 P(a)t (-1<t<1)
=0

By expanding the left hand side in a Maclaurin series in ¢, show that

1
Ry(z) =1;  Pi(w) =z Pye) = 5032 = 1). [4 marks]

A function f(z), defined in —1 < z < 1, may be expanded in the form

f(z) = i a P ().

Given that




Obtain an integral expression for the coefficients q;. [3 marks]

Find ag, a; and ay if f(x) = sin7z. [3 marks]
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6. Define the cofactors of order (n-1), ai(jn*l), and the Adjoint Matrix, A%,

of a square matrix A of order n.
Express the inverse of A, A~!, in terms of A%,

Find the inverse of the matrix

A1 —pu
A=]|-2 3 2
-1 1 1

where \ # p.
Verify your answer by evaluating AA~!,

Hence find a column vector x such that

B
Ax=]| —p

g

where (3 is a constant.

Discuss the solutions when
(a) A= pu, B #0.

In case (b), show that it is possible to find a real solution vector x, independent

of \, satisfying x"x = 1, and find the vector x.
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7. The equations of motion of a coupled mechanical system are given by

d
% = —4x1 + 3x9
d
% — 35, — 122,

(a) Express the equations in matrix form

dx_

X _ A
a0

where x is a column vector with elements x;,7 = 1,2 and A is a (2 X 2) matrix.
(b) Find the eigenvalues and corresponding normalised eigenvectors of A. [9 marks]

(¢) By making the substitution x = Uy, where U is a (2 X 2) matrix indepen-
dent of ¢, show that

dy _

— U—IAU ) [2 marks]
dt Y

Determine a Unitary matrix U and a diagonal matrix h, such that h = U"'AU
is a diagonal matrix. [3 marks]

(d) Obtain the general solution for y. [3 marks]

Hence, given that at time ¢t = 0, 21(0) = x¢ and z2(0) = 0 show that at future
times

Zo

1 (t) = 1—0(9673)5 + Gilgt)
T (t) — %@_Bt - 6—1316)
? 10
[3 marks]
PHYS2B21/1998 END OF PAPER



