Answer FIVE questions

The numbers in square brackets in the right-hand margin indicate the provisional allo-
cation of maximum marks per sub-section of a question.

[Part marks]
1. (a) Give the definitions of arithmetic and geometric series. 4]
(b) Assuming that the sum of squares of the natural numbers up to N can be 5]

written in the form

N
Sy = Zn2 =aN?+bN? +¢N,
n=1
determine the constants a, b, and ¢, and explain whether this series can be
classified as arithmetic or geometric.

(c) Prove that [4]
N—1 N
a(l —r")
P~ 1).
> o= (r#1)
(d) A Fabry-Pérot interferometer consists of two parallel heavily silvered glass [7]

plates; light enters normally to the plates, and undergoes repeated reflections
between them, with a small transmitted fraction emerging at each reflection.
Find the intensity |B|? of the emerging wave, where
o
B=A(1-R)Y R'e",

n=0

with A, R (the reflection coefficient < 1) and ¢ real constants.
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[Part marks]

2. (a) Write down the definition of the derivative of a function in terms of a limiting  [4]
procedure.
(b) Starting from the definition of the derivative of a function, prove the product [6]
rule of differentiation.
(c) Explain the method of “integration by parts”. [4]
(d) Evaluate the following integral using two different methods: [6]
+o0
/ %6 dg |

You may use as given the following:

+oo 2 T
/ e " dr =4/—.

—00 a

3. (a) Find the real and imaginary parts of €', where s = a + 1b. (3]

(b) The damped oscillation of a vibrating block is given by z =Re(z), where [5]

5 — o(—02+0.50)t

I

in terms of the time ¢. Show that
z = e " cos(0.5¢)

and determine the values of ¢ where z is zero.

(c) Find the velocity of the block (i) as dz/dt and (ii) as Re(dz/dt) and confirm  [6]
that the answers are the same.

(d) For which values of ¢ does the velocity get to a stationary value (either mini- (6]
mum or maximum) in each oscillation cycle?
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4. (a)

[Part marks]

The position vector of a particle moving on an ellipse in the x — y plane is
given as a function of time ¢ by 7= ¢a cos(wt) + jbsin(wt), where a, b and w
are constants. Show that the particle’s acceleration is always directed towards
the origin of the coordinate system.

Show that the unit vectors in polar coordinates, # and 6, can be expressed in
terms of the Cartesian unit vectors, ¢ and 7, as

7 =1icosh+ jsinb and éz—%sin@-{-}cos&.

Starting from the position vector in polar coordinates 7 = r7 show that the
velocity in polar coordinates is given by
dr _ dr de -

d_t_d_tr—i—,rd_tg

The position vector of a moving particle is given in polar coordinates by
r = 1/(cost), § = t, where ¢ is time. Sketch the path of the particle for
0<t< %w and find its radial and angular components of acceleration as a
function of time.

The equation 3y = 23 + 3zz defines z implicitly as a function of z and y.
Show that

0z -z

oxdy (2 +x)3"

Determine the stationary point(s) of the function

flz,y) = ay(@® +y* —b),

where b is a parameter.

When b > 0, one of the stationary points is (z,y) = (vVb/2, —v/b/2). Deter-
mine whether this point is a minimum, maximum, or neither.
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[Part marks]

6. (a) We would like to express an arbitrary function f(z) in the form [5]
f(@) = ao+ ai(z — 2) + as(x — 20)* + ... = Y _ an(z — 7)" .
n=0

Determine the constants a,,.

(b) Derive the MacLaurin series for € and cosz, and, starting from the latter,  [4]
show that
_ A
Slnxzx—§+a—...
(c) Prove that [4]
e = cos# +1sind, (cos @ + 18in 0)" = cos(nfd) + vsin(nd) .
(d) Find the sum of the series [7]

22cos20 23 cos 30
+ + ...

1+ 2cosf+ o 3l

7. (a) Define the scalar product of two vectors @ and b and from the definition obtain  [5]
an expression for the scalar product in Cartesian coordinates.

(b) Define the vector product of two vectors @ and b and from the definition obtain 5]
an expression for the vector product in Cartesian coordinates.

(c) Find the equation (in the form az + by + cz = d) of the plane that is defined  [5]
by the points A : (—1,—-2,1), B: (1,—2,0) and C : (1,0, 3).

(d) Find the vector equation of a line that passes through the origin of the coor- [5]
dinate system and never crosses the above plane.
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