1B45 Mathematical Methods Problem Class 1 2005/2006
Week starting Monday 24th. October
Solutions

1. We have az’ +br +c=2>+ o+ = (a2 + 22 - Y 1 c =9

so( 1))2 b? — dac q _ —bE Vb —dac

%) T a2 M 2a

A quadratic may be factorized if b? — 4ac is a perfect square.
If  and [ are roots then

(z—a)(z—B)=2"—(a+B)z+aBf=0.
Combining this with the second equation on the first line we find
b
a+ [ =—- and aB:E.
a a
a) For 222 + 1 —3 =10, b* — 4ac = 25 = 5,

22 +1r—-3=222+3x— 22— 3

=202 —22+3r—-3=22(z—-1)+3@x—-1)=0.

ie. =1 = —.
ie. x or T=—
b) For 222 + 7x +3 =0, b*> — dac = 25 = 52,

222 +Tr+3=222+6x+x+3

=22 +24+624+3=222x+1)+3022+1)=0,

1
e z=—= =-3.
1.e. T 5 or

¢) For 222 — 9z + 5 = 0, b* — 4ac = 41

i.e $2_2x+§_($_9)2_§+§
. 2 2 4 16 2

9\* 81 40
=(s-3) — 15+ 15 =0

4) 16 716
9 + /41
ie. z = 1 .



2. a) Let
2°+3 A Bz+4C

x(x? +2) =7 (22 +2)
thus 22 +3 = A(z* + 2) + (Bz + C)z .
Choosing z = 0 we find A =2 and 22 + 3 =222+ 3+ B2? + Cz .
Comparing the coefficients of 22 , we find B = —% .
Now choose x = 0 again to find that C =0 .

Hence ?+3 3 x
ncee ————=—— —————
z(z?2+2) 2z  2(z?2+1)
b) Let
3 A B C

Br—12 7 @Gz-1 "
or3=A0Bz—1)?2+ Bzx(3z— 1)+ Cx .
Choosing x = 0 we find A =3 .
Choosing = = % we find C =9 .
Then setting x = 1 we fine B = —9 .

3 9 9

Hence ———> =2 _
N Br—12 1 (Ba-1) (Ba—-17

(3z — 1)?

3. a) For a right angle triangle

2 b2
a’>+b® =% and —2-1——2:1
c c

and cos’f +sin’f =1 .
Dividing by cos? @ we find
1+ tan®6 = sec® @
and dividing by sin? § we find
1+ cot® @ = csc?h .
b) Since cos(A + B) = cos A cos B — sin Asin B
cos 24 =cos? A —sin? A =1—2sin” A

(since cos? A = 1 —sin® A) .
Since sin(A + B) = sin Acos B+ cos Asin B,

A
sin2A4 = 2sinAcosA and sinA = 23in§(:055

g A 2tan§ 2tan§
= 2tan — cos® — = T+ = SA -
2 sec? 5 1+ tan® 5

2



A A A A 1—tan?4
Since cos A = cos? = — sin? = = cos? —(1- tan? —) = 723 .
2 2 2 2/ 1+tan’4

¢) For 2cos?f — sinf) = 1 we have 2(1 —sin?#) — sinf = 1 or 2sin® @ + sin 6§ — 1.

This may be factorized as (2sinf — 1)(sinf + 1) =0 .

5% 3T

1
Hence sinf=—- or —1 and HZE,— or — .
2 6 6 2

For cos26 + 3sinf = 2 use cos 20 = 1 — 2sin? 6 to obtain 1 — 2sin? # + 3 sinb.

ie. 2sin’f —3sinf+ 1= (2sinf — 1)(sinh — 1) =0

. 1 ) T OT s
and s1n0—§ or 1 i.e. G_E’F or o -

For sin f 4+ 2 cos @ = 1 use the expression for sin § and cosf in terms of tan g. Let

tang = t. Then
2t n 2(1 - t2)
1+ (1+8)

which yields 3t> — 2t — 1= (3t + 1)(t —1) =0 .

6 1 0 6
So tan—=—— or 1 and 52161.57° or §:45°,

ie. 0 =323.14° or 90°.

(Note - substituting for sine in the above would involve a square root and a loss

of sign information on squaring.)

4. We have

T T

61:1_% and 62:1—TLHQ
Tor —Tea
Ae=¢€ —e = < ~©=
€ €9 €1 TH
which is negative if Ty > T
Ae _ Tor—Tca Tuw  Tor —Te2

Ty —Ter Ty —Ten

€1 TH
Ae _ =15 __ :
For a gas power plant o = 38 = 0.038 i.e. 3.8%.
For a PWR nuclear plant 2¢ = 232 = 0.064 i.e. 6.4%.



5. Sound takes time to travel from the car to the observer, Thus if the observer
receives the pulse at time t, then the (retarded) time this signal is emitted is t minus
the time the sound takes to cover the distance between the retarded position of the
car to the observer.

Thus [t]| =t — Hcﬂ where [|?H = \/(z —ot])? + 22 + 12

S

(where z — v[t] is the retarded z position of car)
ie. c[t]—ct=[7]
and squaring
At] — 2ct[t] + 2 = 2% 4 v[t]> — 2z2v[t] + 22 + ¢
or
(=)t +20zv — AO[t] — (2 +y? — 22+ A2 =0
and

2(zv — cQt)[ |- (2® +y*) + 2% — t?
(@ (@

The above is a quadratic in [t], which we now solve by completing the square.
We find

[t]* + =0

(vz — 0215)]2 _ (vz — 2t)? + (¢ —v?) (2% + (2% + y?) — A2t?)

i+ = .

The above, taking the negative square to ensure retardation and a very steady
nerve yields

=% — 3ot + (- )2 + )

(1-%)

1] =



