Answer FIVE questions.

The numbers in square brackets in the right-hand margin indicate the provisional
allocation of marks per sub-section of a question.

1. (a) If the general quadratic equation is of the form az? + bx + ¢ = 0 show by
‘completing the square’ that

_ —b+ Vb? —4ac 4]

2a

Z

(b) If the roots are o and /8 show by any method that

Oz-‘rﬂ:—g and Ozﬁ=§. [4]

(c) The energies E of a two state coupled quantum system are given by the equation
(E - Hn)(E - H22) — HisHy =0.

Show that the solutions for E are given by

H H. Hy — Hy)?
E= 11; ZQi\/( — 2] | H,H, [6]
— _4H12Hxn : : .
= Al )
(d) Ifr Tni oy << 1 determine the solutions for E to first order in 7 (6]
2. (a) Write down the definition of the derivative % in terms of a limiting procedure.  [4]

(b) Apply the above definition to the function y = @, where a is a constant and
explain carefully how the exponential function is defined by the following expression

dy -
y=—-—==¢e".
dx (4]
(c) How do the above considerations in (b) allow one to determine [ d—;’? (3]
(d) The angular frequency distribution of black body radiation I(w)dw is given by
1 fiwdw
I(w)dw = m262 (eM/kT — 1)
Show that the maximum in the distribution is determined by
h
(3—1x)e” =3 where z = k—; : [6]
(e) Starting with the expression immediately above, how would you estimate the
value of z at which the the black body distribution is a maximum . [3]
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3. (a) Write down the definition of the definite integral in terms of a limiting proce-

dure of elementary areas.

(b) Write down the definition of the indefinite integral.

(c) Show that that the derivative of an indefinite integral of f(x) is f(z) .

(d) From the standard result

d n
dZ =nz™ Y use (c) above to obtain /a:"da: =
(e) Obtain
de and / _dr
z2 (az + )%’
(f) It

do 2 1 00
—=C (—) 5 evaluate op =
dE { 2 (g) + (E _ EO)Q} ~/—oo

by making the substitution (E — Eg) = § tan® .

1
n+1

"

do
—dFE
dE

4. (a) Obtain the Taylor expansion in two variables, as far as the terms shown,

f(x,y) = fla,b) + folz + fAy + % {fre2? + 2fr, AzAy + £, Ay} ...

where Av =x —aand Ay=y —b .

(b) Show that the term involving the second derivatives can be written as

1 fmy ’ 2

2
Ty

Ja

)}

(c¢) From this expression explain why the conditions for a local maximum are

fzza.fyy<0 and fzzfyy_ §y>0

(d) Show that the coordinates of the stationary points of the function

f(z,y) = 2® — 32" — 4y°

are (0,0) and (2, 0).
(e) Determine the nature of the stationary point (2,0) .
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5. (a) Starting from the definition of the differential df of a function of two variables
f(z,y) obtain the expression

if = f v+ 85 6]

(b) Stationary points are to be found in a function ¢(z,y, z) subject to the con-
strain ¢(z,y, z) = 0 . Explain carefully the method of Lagrange multipliers. (6]

(¢) The volume of a closed metal can, in the form of a right cylinder of radius R
and length L, is to be maximised subject to the total surface of the can being fixed
at S . Determine what R must be in terms of L . (8]

6. (a) Define the scalar product of two vectors A and B and from the definition
obtain an expression for the scalar product in cartesian coordinates. [4]

(b) An extremely long pgymer chain is made from n links, n is very large and each
link is of equal length |L;|. Each link L is randomly oriented with respect to its
predecessor in the chain.

Obtain an expression for TE) . TB) where TE) is the vector from the start to the end of
the chain. [4]

Determine the mean value of R for the polymer chain. [1]

(¢) Define the vector product of two vectors A and B and from the definition
obtain an expression for the vector product in cartesian coordinates. [5]

(d) Two straight lines are given by
H=Ai+j+k) and 73 =k +p(i+2j+3k) .

Determine the shortest distance between these lines. [6]
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7. (a) From the Maclaurin expansion

B df(0)  1df(0) ,  1d°f(0) 4 1d"f(0) ,
fla) = F(0)+ dx x+5 dzz U T3 dgs +E dzn ©
obtain the series for
e’,cos = and, by whatever method, the series for sin z . (6]

(b)Use these series to derive the Euler relation

0 9

e = cos f+isin & and hence obtain de Moivre’s theorem €™ = cos nf+isin né . (4]

(c) Show that the sum of the series S,

ind s (né
S = o gilatt) | gilat20) ilat(n-1)0) _ ia (1- ez. ) — pilat(n-1)%) Sm(?) [6]
’ (1 —e®) sin(4)

(d) Obtain the sum of the series applicable for light from a diffraction grating
namely

Sn = cos(a) + cos(a + 0) + cos(a + 20), .......... cos(a+ (n —1)0). (4]
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