Answer FIVE questions.
The numbers in square brackets in the right-hand margin indicate the provisional

allocation of marks per sub-section of a question.
1. (a) If the general quadratic equation is of the form az? + bx + ¢ = 0 show by
4]

‘completing the square’ that
—b £+ Vb? — 4ac
T = .
2a
(4]

(b) If the roots are o and /8 show by any method that

Oz-l-,B:—é and aff=-—.
a a

(c) A particle of energy E and mass m decays into two massless particles of ener-
gies Fy and Es respectively. The angle between the trajectories of the two decay

particles is ¢. In such a decay, with c=1,
.0 m
E=FE +FE d == .
1+ L9 and Ssin 2 5 \/m
Show that E; satisfies the quadratic equation [4]
2 m?
E{ — EFE, + =0.
! Ty sin23§
(d) Using any method show that [4]
E 1 2
Bi=2d- |B2-
2 2 sin g
(e) At what value of sin$ is By = £ ? [4]
TURN OVER
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2. (a) Write down the definition of the derivative ( ) in terms of a limiting procedure.

(b) By long division show that
" —a"=(z—a)(z" ' +ax" *+ ... +ad" 2z +a") (n>2).

(¢) From the above obtain the standard result that

d n
di =z Y
(d) It
. Ne dE r2e”
E:1+€$ where JT_k—T and C _d_T show that CU:Nkm

(e) Obtain an expression that determines the stationary values of C,.

. (a) Write down the definition of the definite integral in terms of a limiting proce-
dure of elementary areas.

(b) Write down the definition of the indefinite integral.
(c) Show that that the derivative of an indefinite integral of f(x) is f(z) .
(d) Explain the method of ’integration by parts’ and evaluate [In x dz .

(e) Given that

. (a) Obtain the Taylor expansion in two variables, as far as the terms shown,

f(z,y) = f(a,b) + faAz + fyAy + - {fmAx + 2 foy AxAy + fy, Ay }

(b) Show that the term involving the second derivatives can be written as

L f (Ax+fwyAy> + Ay? (f 2)

(¢) From this expression obtain the conditions for a local maximum.

Determine the coordinates of the stationary points of the function
flz,y) = 2* + 42%y* — 22° + 29 — 1.
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5. (a) Show that the unit vectors in polar coordinates can be expressed as [5]

7 =1cosf+ jsinf and 6= —isinf + jcos# .

(b) Starting from the position vector in polar coordinates 7 = r# show that the

velocity is given by [5]
dr _dr. 495 .5
P dtr+rdt = UpT + Vg0 .
(¢) A boat is to dock with a ship. The ship is sailing along a straight course
with speed v. The boat moves with constant speed nv, its motion being always
directed towards the ship. Show that the polar equation of the course of the boat

as observed from the ship is given by

— =ginftan” -
T 2

where A is a constant, the origin of coordinates is the ship and the x axis is in the
direction of the ship’s motion. [10]

0
You may use without proof that / cosec #df = In tan 7

6. (a) Define the scalar product of two vectors A and B and from the definition
obtain an expression for the scalar product in cartesian coordinates. [4]

(b) Define the vector product of two vectors A and B and from the definition
obtain an expression for the vector product in cartesian coordinates. (6]

(c) If P is the position vector of a point, @ is the position vector of a point in a
plane and n is the unit vector normal to the plane, show that the perpendicular
distance d from the point to the plane is given by [4]

d= (P — @)

(d)Find the distance from the point P (1,2,3) to the plane which contains the
points A(0,1,0), B(2,3,1) and C(5,7,2). (6]
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7. (a) From the Maclaurin expansion

df(0)  1d*f(0) ,  1d°f(0) 4 1 d"f(0)
+ dz x+5 dz? o 31 dx3 o +E dzn o

n

f(z) = [(0)
obtain the series for [6]

e’,cos r and, by whatever method, the series for sin z .

(b)Use these series to derive the Euler relation (6]
e = cos 0 +isin 6 and de Moivre’s theorem €™ = cos nf +isin nf .
(c) Find an expression for cos® @ in terms of the cosines of multiple angles. [4]
(d) Evaluate (—8)3. [4]
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