1B40 Practical Skills

Combining uncertainties from several quantities—error
propagation

We usudly encounter Stuations where the result of an experiment is given in terms of two (or
more) quantities. We then need to know what is the error on the final answer, in terms of the
uncertainties on theindividua quantities. We will discuss some specific cases before dedling
with amore genera case; asummary appears at the end.

Linear cases

A smple case iswhere the result, Z, is alinear sum of two other quantities A and B, e.g.
z=a-b. If Ahasthevdue atdaand B thevaue b+dbthen Z hasthevdue z+dz How
isd zrelated to daandd b ? We might expect that d z=da - db. However this could lead to
the nonsense result thatd z£ 0! We could decide to consider the maximum possible error and
smply add the magnitudes of daandd b . Thiswould be an overestimation of the error.
A more sengble approach isto consder andard deviations. Thusif we square,
dz=da- dbweget

(dz)° =(da) +(db)’ - 2dadhb.
Over alarge number of measurements we would expect that ifd aand d b are both equaly
positive and negative and not correlated to each other then the average value of dadb is

zero. Hence
<(d z)2> :<(da)2>+<(db)2>,

sZ=sZ+s/,
and so we add the errors on a and b in quadrature. Note the result would have been the same
if z=a +b.
A forma derivation of the result isasfollows,

s2=s2+s?- 2cov(a,b).
The lagt term involves the covariance of a and b. Thisis ameasure of whether ther errors are

correlated or not. It can be pogitive or negative or, in the case where they are uncorrelated,
zero. Itsvaueisrelated to the extent that a vaue ofd a affects that ofd b.



Products and quotients
If z=ab then
z+dz=(a+da)(b+db)=ab+adb+bda+dadb,

dz=ab+bda+dadh.
Tofirg-order in the errors,
dz=ab+kda
Since we don't know the Sgns of the uncertainties, we square and average over alarge number
of messurements,

(dz)" =a?(db)’ +b?(da)’ +2ab(da)(db),

(([@2)°) =a?((db)')+b*((da)")+2ab((da) (db)).

If the uncertaintiesin aand b, da andd b, are uncorrelated, <(da)(db)> =0 and
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Thusin this case we add the fractiond errorsin quadrature.

If Z:Ethen
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where in the second line we have use the binomia approximation for gi+ bbo =1- d—bbwhen
a

db/b«x 1.
Just asin the linear case we don’'t know the sign of the uncertainties, so squaring as before

a@Eo aeﬁo a@lbo_zaeﬁoaelbo
€7y &ag 8bf_a €apgebg

e e

aS_o S, 0 L38h o
zp &ag 8 bg
if the errors are uncorrelated. Thus also in this case we add in quadrature the fractiona errors.



Functions of a single variable

Suppose we have a measured quantity A, and determined itsvalueas a+da. Thereason A
was measured was to provide an indirect measurement of a quantity Z which isaknown
functionaof A, i.e. z= f(a). What isthe best estimate for z+ dz? The graphillustrates such a
caefor z=a’.
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The uncertainty, dZ, in Z isrdated to that in A by
q _azo
Zz=~—=- da
8da@_ao

Thisis equivadent to assuming thet f(a) islinear over the smdl region we are consdering and we
evduate the differentia at the mean of the measurements. Thisisagenera result.
Three examples are
N dz 1 .. dz_ da
1) z=a"...... —=na"", gving — =n—.
da z a



Functions of Several Variables
If z=f(a,b) and the uncertaintiesin A and B are given by da and db respectively we make the
same gpproximation as before, i.e. zisalinear function of a and b in the relevant region, so that
we can write
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The quantity 1111—2 iscdled apartial derivative Y ou will learn more about these in your
a

mathematics courses (if you haven't dready met them). To obtain an expresson for % we
a
consder z as afunction of the variable a, dl other quantities are consdered as constant, and
differentiate the expresson for zin the norma way.
As before the signs of the uncertainties are not known, so we square the expression and
average over many measjrements,
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Thelagt termiszeroif A and B are independent variables asthereis equa probability of
positive and negative combinationsof daand db whose average istherefore zero. Thus
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This can be extended to more variables by adding further similar terms, viz
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All theearlier examples, eg. z=a+bor z=a/barejust specia cases of the generd result
given above.

dz= da+ db.
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Correlated uncertainties
Mogt of the measurements of quantities you will meet in the [aboratory course are uncorrelated,
or at least weskly correlated. So the subtle effects of corrdaionswill usudly be ignored.
However it isworth congdering an extreme case to illudrate their effects. Consider the Smple
caseof z=a+b. Theerror on zisgiven by

sZ=s2+s/.



If b© athen thisresult leedsto
s?=2s2,
s, =2s .
Yet if we had started from z = 2awe would immediately get d z= 2daand hence
S,=2s,
in contradiction to the previous result. Thelatter is correct, the former iswrong as it has not
alowed for the correlation between a and b (° a) whichis, of course 100%. We have

((da)(da))* 0,infact cov(a,a) =1.

Example
Congder that aquantity zis dependent on quantities a, b and c in the fallowing way,

z=aa’+,/b’+b exp(c)

wherea and b are constants. (Thisis a contrived expresson smply for the purposes of this
exercise!) We want to find the error on zin terms of thoseon a, b and ¢. We can proceed
either by applying the formulae for the various specid cases consgdered above, or the generd
formula

Case 1 — apply special case formulae.
Let y=b*+bexp(c) and p=y"?, then
z=aa’+y"? =aa’ +p.

By differentiation
1
d - -1/2d :
P 2y Y
and o
(dz)" =(a2ada)’ +(dp)°
2 _ .2 2 1 2
(dz)" =4a’a*(da) +4y(dy) .
But

(dy)* =[d (b°)1 +b[d (exp(Q) )I?
(dy)* =4b?(db)” + b 2exp(2c) (dc)’.
Thus combining the results we get

(d2)’ = 4a%a? (da) + = %

€% (db)’ + b2 exp(2c) (dc) U.
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Case 2 — application of general formula.

By partid differentiation we have
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The generd formulathen gives
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sZ=4a’as’+ g4b’s ; + b?exp(20)s 2.



Summary of error propagation formulae

If quantitiesa and b have errors s , and s, respectively and are uncorrelated, and k and n are
condants, then if

quantity error on quantity
z=na _ .. __88,0
S,=ns,;, S,=z¢21
Eayg
= 2 _.2 2 - 2 2
z=a+b si=sZ+s/ SZ—~/Sa+Sb
=a - 2 _.2 2 - 2 2
z=a-b S; = a+Sb’ S, = Sa+sb
z=ab 8,8 85,6 a8,0 __|es.8 a8, 08
—+ Tc— = to = S,=Z|c— =+ tor =
zp &agy &b g €ay &by
z=alb s & 05,8 8,5 _ \/a@a()z 8,0
2z =l2al 4 Tb S,=27,[o—2s vl
&z &apg &bp €ay &by
Z:an @ZO_ %ao — @ao_ n-1
ZZi=ng—2= s, =mg—2:=na""s,
zp &ag ag
z=In(a) s =52
a
z=exp(a) s,=5,=€s,
z=¢ s,=zs, =€“ks ,
z=4dn(ka) k cos(ka)s, Noteaand s , arein radiand
z=1f(abc,... & 5 &
( ) szzzaé[_fgsi+£1_fgs§+£[_fgsc2+m
&fa &1b &fcp

In complex expressions, either apply the generd result from the last row, or bresk the
expression down into sums, products and quotients and apply the separate formulae and
combine the results.



