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1. Show that the quantity inverse to the Hubble constant, Hy', has the dimensions of
time and calculate its value, expressing the result in years. Using the Hubble law show
that this quantity in order of magnitude s equal to the age of the Universe. Show that
the quantity % has the dimensions of density and calculate its value, expressing the
results in kg m=3. Explain briefly why this quantity corresponds to the critical density
required for the Universe to recollapse.

Solution Al[seen similar]

[Ho] = km s~ Mpc ™ 'has units LT 'L~ =Tt
[1/10]
(10°hm s71)

Hy = 100h km s~ Mpc ™! = =32x10"¥h st
o = 100 km s Mpe = oo 016 106 my o2 <10 s

hence
Hy'=31x10"h"" s ~ 104! years.

[1/10]
Then taking into account that

h=0,7,

we obtain finally
Hi' = 1.4 x 10" years.

[2/10]
%3 has units T72(M~'L3T~2?)~! = M L3 which is dimensions of density.
[1/10]

Then
C3HZ 3% (3.2x107'8h)?

— — ~ 2 1—26 2k —3'
P = 3G T Bx31x69 <101 =2 X0 kgm

[3/10]
Then taking into account that
h =0.7,

we obtain finally
per =5 x 10727 kg m™3.
[1/10]

This density is called critical because the future destiny of the Universe depends cru-
cially on its present density, po:  if po < perit the Universe will expand for ever,

if pg > perie the Universe at some moment in future will star to contract and will
end in the Big Crunch.

[1/10]
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2. Use the Friedmann equation for a spatially curved Universe to find the present value
of the scale factor Ry in terms of the present Hubble constant, Hy, and the densily
parameter, )y. Show that in the case of the spatially flat Universe, Ry is arbitrary.

Solution A2[seen similar]

From the Friedmann equation we have

R _ 8nGp ke
R2 3 R2’

hence G k> 887G 3H? kc? kc?
HQZLCMQ—L:L _N e M
3 Pt T e T T3 G T R R?
then o2
c
2 HQ(Q - 1),
and
kc? = RZHZ(Q —1).
[4/10]
Thus if 2 # 1
c k
R=mVa-t
[2/10]
Taking into account that
Qo > 1, if k=1,
Qo< 1, if k=-1,
Qo =1, if k=0,
[1/10]
we have
RO_H@\/ETI’ if k=1,
[1/10]
RO:HO\/i_iﬂO, if k=-1.

[1/10]

If k=0 and €2y = 1 the equation

kc> = RPH*(Q) — 1)
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is trivial like

valid for an arbitrary Rj.

[1/10]
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3. Assume that a small fraction of the dark matter density corresponding to the density
parameter 2, < 1 in a spatially flat Universe can be explained by hypothetical primor-
dial black holes of mass M = 50M,. Assuming that the average distance between these
objects at the present time is 10kpc, estimate €. Given that the density parameter of
dark energy in the form of the A-term at the present moment is Qz ~ 0.7, find the
redshift corresponding to the moment of time when the density of the primordial black
holes was equal to the density of dark energy.

Solution A3[unseen]

The number density of the objects at the present moment is

QIPCT‘
M )

n =

[1/10]

the average distance between these objects is determined from

d®n ~ 1,
hence
n = d_s,
[1/10]
hence
= M _ 50X 20X 10TKE s 109 33 5 10%m? v 0,75 102202908 o 7,010~

B Perd? T 5 x 1027 kg m—3

[3/10]

The density of non-relativistic objects depends on z as

p(2) = Quper (1 + 2)37

[1/10]

while the density of dark energy, ppg, in the form of the A-term does not depend on z

ppE = QA pPer,

[1/10]

hence the moment when
p(2) = ppE
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corresponds to the redshift

0.7 )1/3

l~~——
et (0.7 % 103

~ 10,

hence
z=09.

[3/10]
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4. Consider a spatially flat Universe containing dark energy with equation of state o« = —1
and dust with dimensionless density 2q. Show that the deceleration parameter q depends
on redshift z as follows

(1+2)°—~
2(1+2)3 4+’
where
y=2(0"-1).
Assuming that Qg ~ 0.25, estimate z when the Universe started to expand with accel-
eration.

Solution A4[unseen]

For spatially flat Universe
Qdark energy T Qa=1, Qqark energy — 1 =84,

[1/10]

According to Friedmann equation for spatially flat universe

2 - 8nGp
7

[1/10]

From the acceleration equation we obtain the following expression for deceleration
parameter )
LR G any (), 0P
1= "R T3\ T 2) 79 pc2 )’
[1/10]

where pressure
b= anepcr = _(1 - Qd)pcr7

[1/10]

and

Ro\*
p = Qaper (R> + (1 - Qd)'

[1/10]
Taking into account that

]]%%0:1—1—2,

[1/10]
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we have

1 1 3(1— Q) (422 —n
=3 1—Qut Qa1 +2)?) 20422 +7
[2/10]
The Universe started to expand with acceleration when ¢ = 0, i.e.
1/3 -1 1/3 1/3
=9 1= 2((025) " = )] T —1=6"— 1~ 082
[2/10]
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5. According to some cosmological model of the early Universe the scale factor evolves as
R t?,

where 3 is a constant. The equation of state at that epoch is p = apc®. Express 3 in
terms of a and find the range of o corresponding to the expansion with acceleration.

Solution Ab5[seen similar]

For equation of state p = apc? from energy conservation we have

d 2 3 d 3 . . .
m = —achﬂ, pR® + 3pR?’R = —3apR*R,
dt dt
hence ,
P R
P — _301 -
and
p X R73(1+a).

[2/10]

From the Friedmann equation

N
<R> _ 87er x R30+),

R 3
or . 3(1+a) 3(1+a) 3(1+a) _2
RxR'""2, R"2 YMRoxdt, R 2 ot Rxtia,
[3/10]
Finally
2 2
P=5iray 1T 33 T 55
[2/10]
By definition )
~ RR
1=
then . .
Rot’, R pt°~', R o B(8— 1)t772,
hence

BB -7 (B-1)
== 326-1 g

[2/10]

If 5 > 1 we have ¢ < 0, hence B > 0, which corresponds to the expansion with
acceleration. Thus from 5 > 1 we have oo < —1/3.

[1/10]
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SECTION B

1. Assume that the Universe with A = 0 is closed (k = 1) and contains only dust. The
evolution of the scale factor in this case is given in the following parametric form

R(n) = g(l —cosn), tn)= i(n — sin7),

where 1 is a variable which runs from 0 to 2w and (3 is some constant.
(a) ]
Using the Friedman equation and the acceleration equation, show that

2¢qo

7= Hola— 1)

where qq is the deceleration parameter at the present moment.
Solution Bla[seen similar]

The energy conservation equation in the case o = 0, which means p = apc? = 0,
gives dpR? = 0, hence p = po(Ry/R)3.

[1/10]
Substituting this result to the Friedman equation we have R?> = ¢2(v/R — 1),
where v = 8mpoR3/3c%.

[1/10]

Then we calculate R2, using the parametric solution:

2
d [%(1 — COs 77)} , sin’n o1+ cosn
=c =c .

8 (1 —cosn)? 1 —cosn

d [26(77 — sin n)}

[2/10]

Putting this into the Friedman equation we have

1+ cosn 2y 2y
P =1 1 =——1
c 1~ cosn c (ﬁ(l—cosn) ), + cosn 3 + cos 7,

[2/10]
so we see that this parametric solution does satisfies the Friedman equation, if
B=r~=8rGpyR3/3c*.

[1/10]

From the Friedman equation, taken at the moment ¢, we have

H3RS = HIR3Qo — ¢,
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[1/10]

so we can express Ry in terms of Hy and )y as

Ry—— S
' H T

[2/10]

Then substituting this to the formula for 5 we have

ﬂ . CQO
© Ho(Qo — 1)3/2°

[2/10]
From the acceleration equation
_R()Rg . 47TGp0 . &
(Ro)2  3HF 2

qo =

[2/10]

then substituting
Qo = 2qo

[1/10]

into expression for Swe, finally, obtain

8= 2cqo

Ho(2g0 — 1)3/%

[2/10]
[8Marks]

Present time dependence of the Hubble constant in parametric form, using the
above expression for [3.

Solution Blb[unseen]

H:éz gsmﬁ :§ sinn _ (2q0—1)3/28in7]
R~ Z(—cosm)B(L —cosn) B {I—cosmlP  ao(l— cosn)?

[4/10]

Finally, time dependence H (t) has the following parametric form:

(2q0 — 1)*?*  sing

A =—— 1= cosn?’
[2/10]
0) = o gy = S

[2/10]
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2.

(a) [15 Marks| Show that all covariant derivatives of metric tensor are equal to zero.

Assuming that the Cristoffel symbols are symmetric with respect to low indices,

re. Il =T, show that

n 1 nm
Ui = 59 (Gmik + Gmk,i — Gikm) -

SOLUTION B2a

DA; = gikDAk

DA; = D(gixA*¥) = g, DA* + A" Dgyy.,

hence
gixDA* = g4 DA* + A*Dg.,

which obviously means that
Taking into account that A* is arbitrary vector, we conclude that

Dg;, = 0.

Then taking into account that

Dgii. = gikzmdx™ =0

for arbitrary infinitesimally small vector dz™ we have

Gik;m = 0.

Introducing useful notation

m
Fk, il = gkmril )

[1/10]

[1/10]

[1/10]

[1/10]

[1/10]

[1/10]

[1/10]
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we have

g m m i
Gikil = 5.1 = Ikl — gLl = 9l Ii,i =i =0.

[2/10]

Permuting the indices ¢, k and [ twice as

1 —k, k—1 | — 1,

[1/10]

we have
i Ogu; Igri
O kil LG ki Dk k1 e an Dri Ik k, 1
[2/10] Taking

into account that

Ui, i = T, s
[1/10]

after summation of these three equation we have
Gikeg + Grik — Gk = 20 ki,

[1/10]

and finally

I'u=129

2

Ogmk 4 Agmi _ g
ozt Oxk  Qam )

[1/10]

[10 Marks| Using the Bianchi identity show that

k Loy
Explain briefly why this pure geometrical identity is so important for physics.
Solution B2b[Seen similar]

Contracting the Bianchi identity on the pairs of indices ¢k and In we have

9* (Riptn + Rhea + Rlimn) = 9" 9" (Ryiktsm + Rpimist + Rpitmig) =
[1/10]

ik 1
g gp(_Ripkl;m - Rz‘pmk;l - Riplm;k) =
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[1/10]

By symmetry properties of the Riemann tensor
gikglp(Rpikl;m + Rpimk;l + Rpilm;k) =

[1/10]

gikglp(_Rklip;m - Rmkip;l - leip;k) = gikglp(_Rklip;m + Rk‘mip;l - leip;k) =0

[2/10]

By the definition of the Ricci tensor

— 9" (Ripsm — Runpst + 9" Rnir) = —R,m + R, + Ry = =R, + 2R, = 0,

[1/10]

thus

m;l T

[1/10]

Taking into account the EFEs, From
1
R, —-R,=0
m;l 27

follows that
Tfln:l = 07

which is the local law for conservation of energy.

[2/10]
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3. Consider a sphere in a Robertson-Walker model with comoving coordinate x = Xs.

(a)

[8 Marks| Verify that the substitution
o= A"1sin Ay
turns the metric
ds? = —cdt* + R(t)*[dx? + (A" sin Ax)*(d6? + sin? 0d¢?)]
into the form

ds® = —c*dt* + R(t)*[(1 — A%0?)"'do? + o*(d6* + sin® 0d¢?)).

Solution B3a[seen similar]

Differentiating
o= A"tsin Ay
we have
do = A"t cos Ay - A - dy = cos Axdy,
[2/10]
hence

_do do B do
~cos Ay \/1—sin2AX V1= 02A?

dx

[2/10]

Substituting dy into the metric in the y-form, we obtain the metric in o-form:
ds® = —c2dt* + R(t)*[(1 — A%0*)'do? + o*(d6? + sin® §d¢?)].

[4/10]

[17 Marks|] What is the proper area and volume of a sphere centred at the origin.
Fxpress your result, first, in terms of x and then in terms of o. For a closed
Universe, one can scale radial coordinate v so that A=1. Show that the total

volume of such a Universe is
V =21°Ry.

Solution B3b

The proper area of a sphere is

S://mmw
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[1/10]

Working with the metric in y-form, we have

Rsin A
dly = ds|ar=dx=ds=0 = Txde,
where 6 runs from 0 to 7,
[1/10]
and Rsin A
sin )
dl¢ = ds‘dt:dx:dezo = TX Sin 9d¢,
where ¢ runs from 0 to 2.
[1/10]
Hence
m 2m rRsin Ay\? . Rsin Ax\? . AnR?%sin? Ay
S :/0 /0 (A) sin 0dfd¢p = (A) 2m(—cos )| = —
[3/10]Working

with the metric in o-form, we have

dly = ds|a=do=as—0 = o Rd0,

[1/10]

and correspondingly

dl¢ = ds‘dt:dX:dH:O = oRsin 9d¢,

[1/10]

hence
S = 4rwo’R?,

[2/10]

which is the same as before if on expresses ¢ in terms of x.

[1/10]

The proper volume of a sphere is

V= / / / dlgdlydl,,

[1/10]
where
dly = ds|a=do=as=0 = Rdx,

[1/10]
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for A =1 x runs from 0 (the first zero of sin x)to 7 (the second zero of sin x).
Thus, putting R = Ry
V= 47TR§/ dy sin? y =
0
™ 1-— 2 1
= 47TR3/ dx# =27 R3 (7 — i(sin 2X)|8 = 27 Ry
0

[4/10]
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4.

(a) 15 Marks|

Derive the equation for the evolution of small density perturbations, 5 = (p —p)/p
after decoupling to show that

0+ (4/3t)0 — (2/3t%)5 = 0.

(Hint: Take into account that o’ R® = pR>.) Solve this equation using the trial so-
lution 6 o< t™ to obtain the two modes of perturbations: § = A(t/to)™ +B(t/to)™.

B4a. Solution[seen similar]

Starting from

. _47erR7
3
perturb R and p: R = R(1 + k), and p = p(1 + ).
[1/10]
Putting this in the perturbed equation
é, _ _47TGp/R,,
3
[1/10]
we obtain i Coll 4 S\R(L 4 B
_m1+m+aRh+Rh:_7Tp<ﬁj (L+h
[1/10]
Using unperturbed equation, we obtain linearized equation
. .. . 4
Rh + 2Rh + Rh = — ”G”Rg(“ h
[1/10]

To relate h and § we use the conservation of energy equation pR® = pR3*(1 +
3h)(1+9),

[1/10]
orl=1+3h+46,s0 h=—0/3.
[1/10]
Thus we have .
.0 2. 4] AtGp 2
I A I R U
[1/10]
then ) .
- R R 8tGp
d4+2—=+ =) = 0.
TRTR 3
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[1/10]

For the dust-like Universe R ~ ¥/, so

R 2 R 22 2
e e
R 3t R 3(3 ) 9¢2
[1/10]
From the unperturbed equation
8nGp 2R 4
3 R 9
[1/10]
Then 5 o 45
§om (-2 22 =0
N 3t + 9 9)t2 ’
[1/10]
and finally
0+ ——-—=0=
- 3t 3t? 0
[1/10]
Taking trial solution 6 = At™, we obtain
4 2
m(m—1)+ — — = =0, 3m2+m—2=0.
3 3
[1/10]
Solutions of this quadratic equation are
—1+v1424 —145
m = =
6 6
[1/10]
thus my = 2/3 and m_ = —1 ( growing and decaying modes). So we have
0= A (t/to)® + A_(t/to)".
[1/10]

[10 Marks]

According to the COBE observations of the Microwave Background anisotropy,
the amplitude of the density perturbations at the moment of decoupling is about
1075 (Take redshift at this moment z = 999). Assuming that the first objects were
formed at a redshift z =9, estimate the two arbitrary constants in your solution
for the density perturbations.
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B4b. Solution|unseen)|

Taking into account that

R = Ro(t/t0)2/3 = R()(l + Z)_l,

we have
t/to = (1+ 2)7%2,

hence
§=A (1+2) "+ A (1+2)%2

So we have the system of equations for A, and A_ For 2 =9

1=A, 107" + A_10%2,

and for z = 999
107> = 4,103 + A_10°/2,

So
109/2 _ 103/275

Ay = 109/2-1 _ 1(3/2-3

~ 109/2—9/2+1 — 107

= g = 0T

[1/10]

[1/10]

[2/10]

[1/10]

[1/10]

[2/10]

[2/10]
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