QUEEN MARY,
UNIVERSITY OF LONDON
B. Sc. Examination 2009

MTH6123 Mathematical Aspects of Cosmology.
Solutions. 2009

Duration: 2 hours

Date and time:

(© Queen Mary, University of London 2009 TURN OVER

1



Section A: Each question carries 10 marks.

Question 1 Show that the density parameter Qg (see rubric) is dimensionless. Ezx-
plain briefly how the value of this parameter can be obtained from direct observations
and why dark matter problem is relevant for the determination of €.

Solution 1 [seen similar/

Taking into account that

o = p/c)fit - 8;;(?0,
and
[G] = [M[L)[T)?[M]2[L]? = [M]HLP[T] 7
[oo] = [M][L]7;
[Ho] = [LI[T]7' L)~ = 117
we have

[Q0] = [M]THLPT 2 ML) (1) = (M) LP )72 = ML),

i.e. Qo is dimensionless. 4]

The value of g is determined by pg and Hy. Both these two values are cosmological
parameters and are obtained from direct observations:

(i) Hp is obtained from spectroscopic measurements of Hubble velocities and mea-
surements of distances to relevant cosmological objects. The measurements of the
velocities are based on the Doppler effect; the measurements of distances are based
on ”"standard candles” in Astronomy. 2]

(ii) The value of py is determined from measurements of masses and distances within
astronomical objects and counting the number of such objects in a given volume. The
masses are determined from dispersions of random velocities or rotational velocity,

which also obtained with the help of the Doppler effect. 2]

Such measurements show that gravitating masses exceed luminous masses, i.e. indi-

cate that there is dark mass within astronomical objects. 2]
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Question 2 The Hubble radius is determined as

where Hy is the Hubble parameter. It is given that according to some cosmological
model with k = —1 the present scale factor, Ry, is twice larger than Ry. Use the
Friedman equation to find the density parameter corresponding to a such cosmological
model.

Solution 2 [seen similar/

From the Friedman equation with k& = —1 taken at the present moment, we have
R(Q) _ 87TGPOR3 + 02.
3
Taking into account that '
Ry = HoRy
and )
3H,
po = Q0,007'1'1E = ﬁa
we obtain
HER3(1 — Q) = ¢,
hence

c Ry

Ry = = .
T HWI-Q V1%

Since Ry = 2Ry we obtain that

1 1 3
\/1—Qozfand90:1—*:*.
2 4 4
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Question 3 Assume that the contribution of some low massive Jupiter-like dark
objects of mass m to the average density of the Universe is 1% of the critical density.
Estimate the average distance between these objects at the present time,d. You can
assume that the Hubble parameter Hy is equal to T0kms ' Mpc™" and m = 1073 M.
What was the distance between such objects at the moment corresponding to the
redshift z =97

Solution 3 [unseen/

If there are N objects in a volume V the volume per object v ~ d° is

V= —.

N
On the other hand the average density of such objects is

_M_mN_m_m
P=yv = v T T @

hence

At the present moment
p = 0.01pcrit = 1072 kg m~?.

(see rubruc) [1]

Hence
1073 x 1.99 x 1030 kg

d~ < 1028 kg m—3 > ’

Hence

. <10—3 x 1.99 x 1030 kg

1/3
1028 kg m3 ) ~ <2 % 1055) " ma 310 m~ 100 pc.

Taking into account that the density of massive objects depends on z as
p(z) o< (1+2)%,

we can say that
d(z) o< p~3(2) o (142)7,

hence at the moment corresponding to the redshift z =9

100 pc
T 10

d(z=9) =10 pc.
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Question 4 A cosmological model describes the early Universe which contains a
perfect fluid with equation of state p = apc?. Using the energy conservation and
acceleration equations (see rubric) show that

@ B <R> —3(1+a)
2 Ry '
Ezxpress a in terms of acceleration parameter q.
Solution 4 [unseen/

From conservation of energy we have

d(pc*R?) = —apc®d(R?),

hence

dp(R) dR
2TV 311 ot
= s0a)
and
p X R73(1+a).
2]
The fact that we consider the early Universe means that we can neglect the
curvature term in the Friedman equation. Thus from the Friedman equation we
have
= |Gl R o gi-d0ve) — gt
3
2]
This means that stt
dt x R 2 dR
and 3at1l 3(1+a)
txR 2 "'=R =
Hence )
R o 30+
and )
t '\ 3(0+a)
R =R () .
0 o
2]
Then the deceleration parameter is
_ _RR 2 ( 2 _1>< 2 )—2_3(1+oé)_1
1= TR T T30+ B0t 30+a)) 2 '
2]
Finally
2a—3)
a=-(qg—=
3172
2]
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Question 5 Consider a spatially flat cosmological model containing dark energy with
equation of state o = —1/2 and radiation with density parameter Qq . Using for-
mula for dependence of density on scale factor from the previous question, show that
the ratio of the total pressure P to the total energy density pc® depends on redshift
as

P . %QO(T)(l + 2)4 - %(1 - QO(T))(l + 2)3/2

pct Qo (14 2)+ (1= Qo) (1 + 2)%/2

Find Qo if it is given that according to a such model the Universe started expand
with acceleration at z = 1/4.

Solution 5 [unseen/

The fact that the dark energy and radiation do not interact with each other means
that we can write down the conservation of energy equation for dark energy and
radiation separately. 1]
For radiation we have
P(ry X R4 o (1+2)%
Thus
Py = poery (1 + 2)* = Qo perit(1 + 2)*

and

Q0 r pcritcz
Py = a(r)c2p(r) = %(1 +2)*
2]
For dark energy we have
P(de) X R (14 Z)4.
Thus
Paey = Pocdey(1 + 2)*/% = Qo(aeyperin(1 + 2)3/
and O
0(de)peri
Plae) = tae)plaey = —— g (1 + 2)
2]
Taking into account that
Q0 = Q0(7") + QO(de) = 17 P = P(r) + P(de)> P = P('I‘) + P(de)v
we finally obtain the required formulae for P/pc?. [1]
The Universe starts to expand with acceleration at the moment when, pc? + 3P,
changes sign. From the previous eq. we have
3
Qo (1+2)" + (1= Qo)) (L +2)*2 + Qi (14 2)" = S (1 = Qo) (1 +2)*2| =0.
2]
Hence
0 3(142)%?2 B 1 B 1 R S
o(r) = 2(1+z)4+%(1+z)3/2 T 14+4(1+2)52 1_1_4(1_’_%)5/2 - 1+25§/5 D
2]
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Section B: Each question carries 25 marks.

Question 6 Assume that the Universe with A = 0 is open (k = —1) and contains
only dust. The evolution of the scale factor in this case is given in the following
parametric form

a a .
R(n) = (coshn —1), #(n) = ~(sinhn —n),
2 2c
where n is a variable which runs from 0 to 0o and a is some constant.

(a) Using the Friedman equation express a in terms of the Hubble and density
parameters. [17]

Solution 6.a [seen similar/

Let us put this parametric dependence of R on t into the Friedman equation
to find out under what conditions such a dependence is the solution of this
equation. [1]

From the mass conservation equation we have

IOR3 = pOR(%’
hence
pR* = AR™!,
where
A= poR}
is a constant. 2]
Then taking into account that
dR _ % _ %(sinhn . sinh 7
dt 3—; S(coshn —1)  coshnp—1’
3]
Substituting the above expression for pR? and this derivative to the Friedman
equation for £k = —1 we obtain
inh? 167G A
2 sinh"n 617G )
(coshn —1)2  3a(coshn—1)
3]
Using the well known identity
cosh?n —sinh®n =1, ie. sinh®n = cosh?n —1 = (coshn — 1)(coshn + 1),
[1]
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we obtain

2 (coshn +1) 0 = 167G A 1
(coshn — 1) ~ 3a coshp—1'

We see that the above parametric dependence is indeed a solution of the Fried-
man equation if

167G A
;r = ¢?[(coshn + 1) — (coshn — 1)] = 2¢2,
a
hence
oy 8tGA  8rGpoR}
- 3¢2 32

3]

From the Friedman equation with £ = —1 taken at the present moment, we

have a0 S

8rGN3HER,
H2R2 — 0% | 2
00T TG k3 ©
or -
HsR
‘;2 01 -9y =1,
hence
R ¢
C T HovT— Qo

2]

Finally

_ 2 —2 377—3/1 _ -3/2 _ 2o
a=QoHjc “c’Hy (1 — Q) o — )"
2]
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(b) At some moment of time t, corresponding to n = n, the density of the Universe
is equal to ps. Show that the moment of time, ty, when the density of the

Universe is equal to ypy, is

ty ~ t*fy_l/g.

FEstimate the ratio p(n = 10)/p(n = 20). [Hint: Take into account that for such
values of n one can approzimate coshn and sinhn by €/2 > n > e "/2.]

Solution 6.b [unseen]

From the mass conservation equation we have

_ p(n) (R(m)>3 _ (Coshm—l ) 7 )
R(n.) coshn, — 1 '

Substituting this expression into
a
t = —(sinhn — n),
5, (sinh7 —n)
we have
a eh a

a . _1 a _ _
ly = %(Slnhnw —1y) ® 2 <9 T @em 31 = @enw V3 mtuy ™13,

Using the same approximation we can see that

p(n=10)/p(n = 20) ~ 320710 = 30 ~ 1013,
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Question 7 (a) Give the definition of a covariant tensor of the second rank, A,
and a mized tensor of the fourth rank, B, . In the local Galilean frame fo] of

reference a mized tensor of the fourth rank, B,ilm, has only one non-vanishing
component, B&JO[G] = 1, and all other components are equal to zero. Write

down all components of this mized tensor in an arbitrary frame of reference,
!
i : : 1 _ 02! Gl _ Ozig)
z', in terms of the transformation matrices Sm[G] = By, and Sm[G] = gom - [10]

Solution 7.a [seen similar/

The covariant tensor of the second rank is the object containing 42 = 16 com-
ponents A;; which in the course of an arbitrary transformation from one frame
of reference, 2/, to another, 2™, are transformed according to the following
transformation law:

Ay = SYSEA!

VU

where
5«[ B 6l‘ll

me Ppm

2]
The mixed tensor of the fourth rank with one contravariant and three covariant
indices is the object containing 4* = 256 components Bj,; = which in the course
of an arbitrary transformation from one frame of reference, =", to another,
2™, are transformed according to the following transformation law:

Bliclm = Sgl)glgglu ~TszBll)Juw(G)’
where

Sl al’l

m Hx'm

2]
The law of transformation for the tensor B};lm from local Galilean to an arbi-
trary frame of reference is

Biim = Sp(c) k() Siic)Sm(c) Bouww(c)-

As given

BP

050 50

vruTw?
hence

Bium = Sy SiieySiiaySmc 5000w = Soic)SiaySita)ySmic):
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(b) Using the EFEs and Bianchi identity (see rubric) show that the stress-energy
tensor satisfies conservation law T}, = 0. [15]

Solution 7.b [seen similar/
After contracting the Bianchi identity

R}elm;n + R}Lcnl;m + RZmn;l =0
over indices i and n (taking summation i = n) we obtain

Rklm;i + Rkil;m + kai;l =0.

According to the definition of Ricci tensor
Riy = B,

the second term can be rewritten as

2]

Taking into account that the Riemann tensor is antisymmetric with respect
permutations of indices within the same pair

7 % _
kmi — — flkim — _ka7

the third term can be rewritten as
}'Cmi;l - _ka;l-
The first term can be rewritten as
fimsi = 9" Rpkimis

then taking mentioned above permutation twice we can rewrite the first term
as
R’]L{;lm;i = gZpRpklm;i = _gZkaplm;i = gZka:pml;i-

After all these manipulations we have
gikapml;'i + Rkl;m - ka;l =0.

2]
Then multiplying by ¢*™ and taking into account that all covariant derivatives
of the metric tensor are equal to zero, we have

"™ 9" Ricpmti+9"™ Ritom — 9™ Rigny, = (gkmgip Rkpml) +(9kakl) —(kaka) =0.

) m il
2]
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In the first term the expression in brackets can be simplified as
gkmgikapml = gipRpl = R;
In the second term the expression in brackets can be simplified as

gkakl = le

According to the definition of scalar curvature
R = gkakma

the third term can be simplified as

(9" Rim) | = Ra = Ry

3

Thus ‘
R?;i + Rglm - Ryl =0,

replacing in the second term index of summation m by i we finally obtain

) ) 1
2R§;i —R;=0, or R};i — §R,l =0.

Using the EFEs in the mixed form

PR 8rG,
k_§6llcR:CTlea

we obtain

4 4 4
i (pi o Lap\ ¢ (i LN @ (L >_
Tk”_87rG< k 25kR).,~_87TG< ki 25kR’Z)_87TG< ki g ftn ) = 0.
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Question 8 (a) A spherical galaxy of diameter D has redshift z and apparent
angular diameter AO. Using the Robertson-Walker model with co-moving co-
ordinate x, find the physical distance to this galaxy and show that

Ag— DVk(1 + 2)7
Rosin(vVEx)
where Ry is a scale factor at the present moment. [7]

Solution 8.a [seen similar/

From the Robertson-Walker metric the radial distance is
Xs Xs
r= /0 ds|at=0, d9=0, dp—0 = R/o dx = Rxs.
Then taking into account that
R(z) = Ry/(1 + 2),

we obtain
r= Ro(l+ z)_lxs.

2]
From the Robertson-Walker metric the circumference is
2 sin(Vky) [ sin(vkx)
C = ds|gi—0. do— 0= R———-~ dop = 2rR———-%.
; |dt=0, d6=0, dx—=0 T o 0 NG
2]
Taking into account that Af oc D we obtain
D 21D DVk DVE(1 + 2)
C QWRSIH(T’W Rsin(vVky)  Rosin(vky)
[3]
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(b) Consider radially propagating photons to determine an integral relationship
between z and x. Then assuming that equation of state parameter o = 0 and
k =0, use the formula for AO from the previous sub-question to find Af as a
function of z only. Show that the function AO(z) is not monotonic even for
spatially flat Universe. Give very brief qualitative explanation of such effect.
Find z at which this function attains its minimum. . [18]

Solution 8.b [50 % seen similar, 50 % unseen]
For radially propagating photons

ds =0, dd =0 and d¢ = 0.
From the Robertson-Walker metric we have

(cdt)® — (Rdx)* =0 or dx = +cdt/R.

”

Choosing sign corresponding to photons propagating inward we have

12
X =—c dt/R,
to

where ¢, is the moment of emission determined by z. Then

_ [ dR R dR
X=7C e, HRE ™ CJp HRZ

From the Friedman equation we have

H?R? = HXQoR3R™ — k2.

For the present time
H3R3 = H3QR? — kc?,

hence

R
HR = HORO\/QORO + (1= ).

Then taking into account again that

R(z) = Ro/(1 + z)

and
dR/R = —dz/(1 + 2),

we have

c z dz
X= HORO/O 1+ 2)vVI+ oz
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In the case k = 0 and Q¢ = 1 we have

c z dx 2c 1
= = 1-(1 /2
X~ HoRo /0 (1+2)32  HoRy ( 1+2) ) ’

and
DHy (14 z)3/?

Al = .
f dre (14 2)1/2 -1

When z — oo

dAG(z)

z

> 0.

Af(z) x z and

When z — 0
dAl(z)

z

< 0.

Af(z) x z~! and

This means that the function Af(z) is non-monotonic. 2]

This fact is explained in terms of gravitational focussing (lensing) effect of
matter within the light beam. [1]

The minimum of A#(z) corresponds to

dAO(z)
dz

=0,

dAO(z) 31+ 2)Y2[(1+2)12 = 1] = (14 2)325(1 + 2)"/2
dz = [(1+2)1/2 —1]2
(1+2)'2[(1 4 2)'/% = 3]

R

hence

(© Queen Mary, University of London 2009 TURN OVER
15



Question 9 Consider a dust sphere of average density p' in a background flat Uni-
verse with k = A = 0. Consider the amplitude of the small density perturbation

Az, M) = \/<ﬂ<;>(—)f)<>>2

where p(R) is the average density of the Universe and () means the average over
volumes containing mass M. Assume that

Az, M) = 6(2) F(M),
where F(M) is determined by the power spectrum of primordial fluctuations.

(a) Show that 6(z) as a function of redshift z is the solution of the following equa-
tion:

a5 N 20 +2)ds 38
dz? dz 2(1+2)?
[Hint: Show first that (R' — R)/R = —46/3.] [15]

Solution 9.a [seen similar/

One can find first an equation for §(R). Starting from

_AnGpR

R = 5

perturb R and p:
R =R(1+h) and p = p(1+9).

To relate h and § we use the conservation of energy equation

pR® = pR3*(1+3h)(1+6), or 1 =1+3h+04, hence h=—§/3,

2]
Then 5
R =R(1- -
( 3)7
. . dR’
R =R—
dR’
.. . dR' L d2R!
;) v 2
R = RdR +R IR
2]
Putting this in the perturbed equation
R, _ _47TG,0/R/’
3
we have
.. 0 - d? 0 47rGpR 0
—|R(1 — - 2 _[R1-2)]=-— 1+6)(1—-).
R [R(1 - S)] + B [R(L - 9)) = =22 (14 6)(1 - 5)
(© Queen Mary, University of London 2009 MTHG6123
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Taking into account unperturbed equation

P AtGpR
3
and unperturbed Friedman equation
R2 _ 87TG/)R2
3 )
in first order with respect to
we obtain
4rGpR d 4] d? 0 4]
—[R(1= )] 4+2R—[R(1—-2)]+14+6—25=0
ths s 2 _,d*
2
—R——--R"— =0.
0 RdR 3R dR?
Finally
2 dd
d=é 3 3 P

2 TORdR  2R2

Then taking into account that

Ry
l+z="
+z R
we have
46 _deds _ Rods __(1+2)
dR ~ dRdz  R?dz  Ry% ’
6 (1+2)? ([ (1+42)? _(1+z)2d[(1+z) _ a5
dR? — RyL Ry® ) R§ dz dz] R d2?

Substituting this into equation for §(R)we obtain

(1+2)4d?  201+2)3d6 3(1+2)32ds 3(1+2)%

e° oo &2 =0,
RZ  dz? RZ  dz 2R3 dz 2R3
finally
d*§ P ds 3(1+2)30
e . _ -
dz? 21+ 2)dz 2(1+2)?
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(b) Show that the general solution of this equation can be represented in terms of
two independent modes, one of which is growing, while the other is decaying.
Given that §(z) = 1075 at z =999 and §(z) =1 at z =9, find §(z) at z = 99. [10]

Solution 9.b [unseen/

Taking trial solution
0=AR™,

we obtain
3m 3

2 2
The solutions of this quadratic equation are

1( 1 1 —145
mi—<—j: +4>_ ,

0, 2m?>4+m —3=0.

2 6 4

thus my =1 and m_ = —% ( growing and decaying modes). 3]

So we have

§ = Ag(R/Ro) + Ag(R/Ro)™%/% = A,(1 + 2) ™1 + A4(1 + 2)*/2.

Then to find A; and A, one should solve the coupling equations
107° = A,1073 + A410%/2
1= A,107" + A410%/2

_ _107%2-10 . -7
Ag = 1015/2_105/2 ~ —3x10

Ay =10 — A410°2 ~ 10

Hence
§~101+2)"1=3x1077(1+2)%2~0.1.
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