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THERMAL AND KINETIC PHYSICS (PHY 214)  

EXERCISE 6 : WEEK 6   

 

OUTLINE SOLUTIONS  

 

Question 1. 1998 Exam Q1 

 

a) The Zeroth law of Thermodynamics states that if systems A and B are in 

thermal equilibrium with system C then they must both be in thermal equilibrium with 

each other. 

 

Ideal gas temperature is that temperature measured by a constant volume gas 

thermometer with  

TPP P

)T(P
.itlimT

TP

16273
0

.  

 

The limit is taken in order that the gas approximates more closely to an ideal gas 

where U, its internal energy is only representative of the kinetic energies of its 

constituent parts. It is related to the observations of Robert Boyle that the product of 

pressure and temperature of a gas is equal to a constant in thermal equilibrium 

constPV . 

The kinetic temperature relates the internal energy (and therefore mean kinetic energy 

of a gas) to the temperature of that gas.  
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b) The First Law of Thermodynamics in infinitesimal form is;  

 

WdQddU  

 

Where dU is the infinitesimal change in the internal energy of a system, dQ is the 

infinitesimal heat transfer to or from the system under consideration and dW the 

infinitesimal work carried out by or on the system under consideration.  

NB. The sign convention is such that dQ is positive if the heat flows to the system 

and dW is positive if the work is done on the system. 

 

c) An adiabatic process is a process in which there is no heat flow into or out 

of the system under consideration. 

The gas has an internal energy PVU
2

5
 therefore using the first law and this 

equation of state we obtain 
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Re-arranging 
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Collecting V and P on opposite sides 
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Integrating 
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This is true of any equilibnrium state on the adiabatic. 

Therefore 
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d)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 i) 

 

 ii) To calculate heat absorbed it is easiest to calculate work done in the 

cycle as change in internal energy is zero and therefore according to the first law 

   WQ  

 

1. On the isobar a  b the work done is  

   
2

a
a

b

b

a
ba

V
PdVPPdVW  

2. On the isochore, b  c there is no work done 

   0cbW  

3. And on the isotherm, c  a 
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Therefore  

   aaaaaaNet VP.VP.VP.W 1930693050  

 

And finally 

   aaNetNet VP.WQ 1930  is the heat absorbed. 
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 e)  

  i) For 1 mole of an ideal gas 
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ii) For 1 mole of a van der Waals gas 
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We would ideally like to find 
PT

V
 and there are two ways (at least) in which this 

may be done  

A. We can find 
PV

T
 easily by making T the subject of the equation of state and 

then use the reciprocal relationship to find 
PT

V
 

 

   
2

1

V

ab

V

a
PbPV

R
T  

 

 

   
RV

abaVPV

RV

ab

V

a
P

V

T

P

1212

3

3

32
 

 

Using the reciprocal relation 
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B. Or we can use implicit differentiation by writing  
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   RT
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and differentiate both sides wrt T holding P constant 
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And solve for 
PT

V
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As previously 

 

It is now straightforward to use the definition of  
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Which is the same as the ideal gas for a, b  0 
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Question 2 1999 Exam Q1 

 

a) The Zeroth law of Thermodynamics states that if systems A and B are in 

thermal equilibrium with system C then they must both be in thermal equilibrium with 

each other. 

The empirical temperature is defined for any thermometric property as 

     
TP

X
X

X
.T 16273  

Therefore, for the constant volume gas thermometer the temperature is defined as 

     
TP

Gas
P

P
.T 16273  

It differs from the ideal gas temperature which is only defined as the dilution of the 

gas in a constant volume gas thermometer tends to zero (more closely to 

approximate an ideal gas) as 

     
TPP P

P
.itlimT

TP

16273
0

 

We know that all molecules/atoms will have the same mean kinetic energy 

irrespective of type. 

     TkmvKE Brms
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That is TkB
2

1
 per degree of freedom 

Therefore 
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And quite generally 
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b) The First Law of Thermodynamics in infinitesimal form is  

WdQddU  

Where dU is the infinitesimal change in the internal energy of a system, dQ is the 

infinitesimal heat transfer to or from the system under consideration and dW the 

infinitesimal work carried out by or on the system under consideration.  

The sign convention is such that dQ is positive if the heat flows to the system and 

dW is positive if the work is done on the system. 

 

c) An adiabatic process is a process in which there is no heat flow into or out of 

the system under consideration. 

Using the equation of state  for the photon gas which has an internal energy  

PVU 3  

With the first law  

   PdVdWdQVdPPdVdU 033  

Re-arranging 

    VdPPdV 34  

Grouping V and P terms either side and then integrating 

P
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V
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d)  

 i) 
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ii) For the process a  b  c we split into two parts 

 

In the isobaric process a  b 

 

  aa

b

a

a

b
ba VPdVPPdVW  

 

In the isochoric process b  c there is no work done 

 

Therefore the net work is  

   aacbaNet VPWW  

This a negative quantity and is work done BY the gas on the surroundings 

 

For the isothermal process a  c 
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This is again a negative quantity representing work done BY the gas on its 

surroundings 

This is no surprise as in both cases an expansion is involved and the gas does work. 

 

iii) For the process a  b  c 

 

In the isobaric process a  b using the first law 
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And in the isochoric process b  c 

 

   aaaaaa VPVPPVUWUQ
2

3
2

2

3
 



 9 

   aaaaaacbaNet VPVPVPQQ
2

3

2
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For the isothermal process a  c there is no change in the internal energy and 

therefore from the First Law  

 

    aacacacaca VP.WWUQ 6930  

 

e) For 1 mole of an ideal gas 
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 For 1 mole of a van der Waals gas 
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V

a
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We would ideally like to find 
TP

V
but can find 

TV

P
more easily and then use 

the reciprocal relationship 
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Using the reciprocal relation by inverting 
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Dividing top and bottom by bV  
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Question 3 1998 Exam Q2 

 

a) The Kelvin-Planck statement based on empirical observation states; 

 

It is impossible to devise a device that , operating in a cycle, produces no other 

effect than the extraction of heat from a single body (a reservoir) with the 

production of an equivalent amount of work. 

b) We may define the efficiency of a heat engine in a simple manner 

 
inputweWhat
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meritoffigureefficiency  

And in turn with reference to the schematic diagram write this in terms of the heat 

flows  
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1  2 is an adiabatic compression where work is done on the gas and the usual 

equation holds, 

    
1

22
1

11 VTVT  

3  4 is also an adiabatic expansion where work is done by the gas  

    
1

23
1

14 VTVT  

where 41 VV  and 32 VV  were used. 

2  3 is an isochore and no work is done as dV = 0. The heat can be calculated from 

the first law 

   12323
2

5
QQ)TT(nRUUU  

We can see that Q1 is positive as T3 > T2 and it is therefore a flow of heat into the gas. 

 

4  1 is also an isochore and again no work is done as dV = 0. The heat can be 

calculated from the first law 

   24141
2

5
QQ)TT(nRUUU  

We can see that Q2 is negative as T1 > T4 and it is therefore a flow of heat from the 

gas. 

 

The efficiency is 

   
)V

V
E
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)TT(C

Q

Q

23
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1
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NB. the modulus of Q2 has been taken. 

 

Taking the two results derived for the adiabats and subtracting one from the other we 

obtain 
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Where 
5

7
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P

C
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Defining the compression ratio 
b

a
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 ii) 41
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   K.
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 iii) K.
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nR

VP
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10501001124
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iv) In process 2  3 which  is isochoric there is no work done and the first 

law then reads 

 

 3232 QU  

 232223332 52
2

5
PPV.VPVPQ  

 JPa..m.QQ 7110011381824105052 536
132  

 

 v) J.J.QW E 0407156401  

This is the energy delivered as work in one cycle so if there are 60 cycles per second 

the power is 

  WattssJ.Power 240060040 1
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Question 4 1999 Exam Q3 

 

a) Infinitesimal entropy change may be defined in terms of reversible heat flow 

as 

     
T

dQ
dS R  

 

NB. The entropy is not defined in absolute terms with only entropy difference having 

absolute meaning between two equilibrium states 

     
f

i

R

T

dQ
S  

The second law of thermodynamics for processes undergone by a thermally isolated 

system may be expressed as 

     0S  

 

Where the equality applies to a reversible process. 

 

b)  

 i) The final equilibrium state of the system is found by finding the final 

temperature Tf of the mixture accounting for the fact that no heat is exchanged with 

the external environment,  0Q  
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Therefore the final equilibrium state is 5.5kg of water at 290 K 

 

ii) The net entropy change is to be found by considering the entropy changes 

occurring during the three processes 

1. The change as 5kg of water cools from 300K to 290 k 
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2. The change as 0.5kg of water warms from 273.15 to 290 is calculated in an 

identical fashion 

 

23
290

15273

290

15273

10985102450
15273

290
..kg.

.
lnmc

T

dT
mc

T

dQ
S P

.
P

.
gminW ar

 

123 612510985102450 JK...kg.S gminWar  

 

3. Finally there is a change associated with the phase change as 0.5kg of ice 

turns to 0.5kg of water 

  

1
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The net change in entropy is then the sum of these three components 

 

   112356096125712 JK...SNet  

 

iii) As the system is thermally isolated the second law requires that the 

change in entropy must be greater than zero (the process are irreversible as the 
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final 5.5kg of water cannot separate out spontaneously into 0.5 kg of ice and 5 

kg of water at 300K). This is indeed seen to be the case in ii) 

 

c) We are given the following 

 nRTU
2

3
  nRTPV    

From which we may deduce further that 

nRdTdU
2

3
   and   

V

nR

T

P
 

Also we know TdSdQ  and so the first law may be written in the form 

    PdVTdSdWTdSdU  

known as the thermodynamic identity 

 

Using all of this we may write 

    
V
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nRdV

T

P

T

dU
dS

2

3
 

Allowing us to first hold V constant on the RHS and integrate both sides to give 

     const
T

T
lnnRS

i

f
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Where the constant of integration will depend on the value of V at which the 

integration was performed. 

Similarly we may hold T constant and integrate both sides to give 

     const
V

V
lnnRS

i

f
 

Where the constant of integration will depend on the value of T at which the 

integration was performed. 

To bring these two expressions for S together we must write 

     
1

2
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2
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3

V

V
lnnR
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T
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for the change in entropy when the gas undergoes the process taking it from (T1, V1) 

to (T2, V2). 
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d)  

 i) Boltzmann in seeking to explain entropy with a microscopic model 

conjectured that;  

Entropy is a measure of the MICROSCOPIC probability of finding the system under 

study in a given MACROSCOPIC equilibrium state. 

By probability Boltzmann was considering a number that is proportional to the number 

of distinct ways a system can arrange itself microscopically to achieve a particular 

macroscopic equilibrium state. 

ii) Using the result from c) we have 
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iii) Again using the result from c) we have 
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iv) From Boltzmanns understanding of entropy based on the number 

microscopic arrangements that could represent a given macrostate we can see 

how these results agree as follows; 

 

For the expansion where V goes to 3V the number of arrangements available is 

given by 

  

N

MomSpatialMom
X

V

!N
V

3

1
 

 

N

Mom
X

V

!N
V

3

31
3  

  
3

1

X

V
lnkN

!N
lnklnklnk)V(S Mom  

33
3

131
33

X

V
lnkNlnkN

!N
lnk

X

V
lnkN

!N
lnklnk)V(lnk)V(S Mom

 



 18 

 333 lnnRln
N
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Where we use 
AN

N
n  and 

AN

R
k  and R is the universal gas constant and 

NA is Avagadro’s number. 

 

This is the same change in entropy as in the previous answer obtained from 

macroscopic considerations. 

 

For the heating  where T goes to 2T the number of arrangements available is given by 
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2 lnnRlnNk)T(S)T(SS  

This is the same change in entropy as in the previous answer obtained from 

macroscopic considerations. 

 

Tutorial Questions 

(a) This is a heat balance problem. First we have an ideal (Carnot) heat pump 

whose efficiency is found by considering the following definition and 

diagram 
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We can identify T2 the temperature of the cold reservoir as To 

We can also identify T1 as the temperature of the building, Te 

 

 

In equilibrium the heat pumped in must equate with the heat lost to the surroundings 
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We need to find an expression for Te and so re-arrange the above equation 

 

  
2

oee TTWT  

System 

W 

Q2 

Q1 

T1=Te 

T2=To 



 20 

Re-arranging into the form of a quadratic 
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We can solve this quadratic in Te by the usual formula 
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 (b) 

 

The engine we are considering is a Carnot engine and it has 

the property that the hot reservoir is gradually cooling as the 

engine operates. 
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The minus sign is required because the hot reservoir is cooling and dT1 is negative 

whereas we require dQ1 to be a positive quantity 
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T2 is a constant and we have 
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    331 101 kgmkgLtWater  

  J.mkgm.W 113333 100671681000101024  


