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Thermal & Kinetic Physics (PHY-214) Exam 2009 
Solutions. 

SECTION A 
 
A1.    PdVTdSdU −=  
 
dU is the incremental change in internal energy. 

dS is the incremental change in entropy. 

-PdV is the incremental work done on the system where P is the pressure and dV the 

incremental change in volume. 

 

A2.    
P

P T
HC ⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=  

 
 PVUH +=  is the enthalpy. 
 

Or    
P

P T
STC ⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=  

A3. PVU
2
5

=  

 
A4. The work done in one cycle is on the environment and is therefore negative and given as 
-100J following convention. 
 
   JWWWWWW accbaccbbaCycle 100−=+=++= →→→→→ ∆∆∆∆∆∆  

Where I use the fact that a → b is isochoric and therefore 0=→baW∆ . 
 
Now use the fact that c → a is an isotherm and that therefore 0=→acU∆  
 
 JWQ acac 40−=−= →→ ∆∆  
 
 JWJW accb 140100 −=−−= →→ ∆∆  
 
A5. During the process a → b → c there is no temperature change and therefore no change 
in internal energy. Therefore the first law reads; 
 
 ( ) ( ) ( )JJWWWWQ accyclecbbacba 40100 −−−=−−=+−= →→→→→ ∆∆∆∆∆  
 
   JQ cba 140+=→→∆  
 
 The minus sign indicates that this is heat expelled by the system. 
 
A6.  dMBTdSdU 0+=  
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dU is the incremental change in internal energy. 

dS is the incremental change in entropy at temperature T. 

B0dM is the incremental work done on the system where B0 is the applied magnetic field and dM  

the incremental change in total magnetic moment of the paramagnet. 

 
A7.  
 
 
 
         

W 

Q1

Q2

TC

TH

 
 
 
 
 
 
 
 
 
 
 
Looking at the schematic diagram 
 
    WQQ += 21
 
A8.  
 

21

11
QQ

Q
W
Q

−
==η  

W 

Q1

Q2

TC

TH
 
 
 

  
21

1
TT

T
C −
=η  

 
 
 
 
 
 
 
 
 
 
 
A9. For an ideal gas RTPV = and therefore we can write 
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V
RTP =     

P
RTV =    

V
RTP =  

2
T V

RT
V
P −

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂    

P
R

T
V

P
=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂    

R
V

P
T

V
=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂  

 

 

TV
P
⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

PT
V
⎟
⎠
⎞

⎜
⎝
⎛
∂
∂ 1

R
V

P
R

V
PV

R
V

P
R

V
RT

P
T

22
V

−=
−

=
−

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂  (QED) 

 
 

A10.     and  γγ
ffii VPVP =

V
RTP =  

 
Substituting to replace P with T 
 
    11 −− = γγ

ffii VTVT

 
 - 3 -
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SECTION B 
 
B1 
 
a) 
i)  
 

    
T
QdS Rδ

=  

 
Where dS is the incremental change in the entropy of a system as heat δQR flows reversibly at 
temperature T. If the heat flows from the system then following sign convention it is negative 
and the entropy change is negative. 
 
ii) The second law for a thermally isolated system may be written as an inequality involving 
the entropy change ∆S of that system  
 

0≥S∆  
 
The equality holds for a reversible process. 
 
b) 
 
i) There is no net heat flow as the process takes place in an adiabatic container so we 
calculate the final temperature 
 
 ( )KTCkgQ fPOH 2985

2
−××=∆  

  ( ) melting
fPIce kg.K.TCkg.Q l×+−××= 011527301∆

And  
 
 ( ) ( 029850.115.2730.1

2
=−××+×+−××=+ KTCkgkgKTCkgQQ fP

melting
fPOHIce l∆∆ )  

 
( ) ×−×+×=×× kgkgkgCTCkg PfP 15298115.2736 l melting 

 
( )

P

melting
f C

l
kg
kg

kg
kgkgT

6
1

6
5298115.273

−
×+×

=  

 

  214.1310938.2
102.4

1033.3
6
1

6
1076315.1 2

113

153
−×=

×

×
−

×
=

−−

−

KJkg
Jkg

kg
kg

kg
kgKT f  

 
  KT f 58.280=  
 
The final state of the system is 6kg of water at 280.58 K and at 1 atmosphere 
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B1 b) cont 
 
ii) The net entropy change for the water initially at 300k is 
 

146.280

298

113 1263
298

6.280ln101.2102.45
2

−−− −=×=∫××= JK
T
dTkgJKkgS OH∆  

 

15.273
1033.31102.41

56.280

15.273

113 ××
+∫××= −− kg

T
dTkgJKkgSIce∆  

13 11.1219
15.273
6.280ln102.4 −⎟

⎠
⎞

⎜
⎝
⎛ +×= JKSIce∆  

 
  11 13.133211.121902.113 −− +=+= JKJKSIce∆    
 

( ) 11 13.69126313.1332
2

−− +=−=+= JKJKSSS OHIceNet ∆∆∆  

 
iii) The mixing process is not reversible as without further input 1kg of 6kg of water at 

280.6 K will not turn into ice. 
 
iv) As the process is irreversible we expect from the Second Law that 0>S∆  and this is 

what is seen to be the case 
 
 
c) 
i) The final temperature of the mix can be found by making the total heat flow zero  
 
  ( ) ( )[ ] 021 =−+− TTTTmC ffP  
 

  
2

21 TTT f
+

=  

The entropy change of the universe is simply the entropy changes of the two masses of water 
combined; 
 

  
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∫ ∫+=

211 2
T
T

ln
T
T

lnmc
T
dT

T
dTmcS ff

P

T

T

T

T
P

f f
∆  

 

  
( )

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ +
=

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=

21

21

21

2
22

TT

TT
lnmc

TT
T

lnmcS P
f

P∆   QED

 
ii) For the Second Law to be obeyed requires that 0>S∆  as we have an irreversible 
process. This requires that the argument of the logarithm is greater than 1 
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1
2 21

21 >
+

TT
TT  

 
B1. c) cont 
 
iii) To demonstrate that the second Law is obeyed it is necessary to demonstrate the 
inequality of part ii) is generally true for all T1 and T2 as follows. 

 

2121 2 TTTT >+  
 
Squaring both sides of the inequality 
 
   ( ) 21

2
21 4 TTTT >+

 
   2121

2
2

2
1 42 TTTTTT >++

 
   ( ) 02 2

2121
2
2

2
1 >−=−+ TTTTTT

 
This is always true if T1 and T2 are real numbers and therefore the Second Law is obeyed. 
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B2. 
 
a) 

i) The work is given by  and this is negative and 

therefore represents 

ii
V

V
i

V

V
VPdVPPdVW

i

i

i

i

−=∫−=∫−=
22

work done by the gas. 
 

ii) The work is given by ∫−=
2

i

i

V

V
PdVW  

 
As it is adiabatic we have constPV =γ  
 

   
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−
−

=∫−= −
−

− γ
γγ

γγ
γ

1
1

2

21 i
iii

V

V
ii V

VVP
dVVVPW

i

i

 

 

   [ ]12
1

11 −
−

−
= −− γγ

γ

γ i
ii V

VP
W  

 

   ( )121
1

−−
−

= γ
γ
iiVPW  

 

V

P
C
C

=γ  is always greater than 1 and therefore the denominator is negative as is the term in 

the brackets making W positive ie. work is done on the gas. 
 

iii) The work is given by ∫−=
2

i

i

V

V
PdVW  

 

   
V
RTP =  

 

    
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=∫−=

i

i
V

V V

V
lnRT

V
dVRTW

i

i

22
 

 

    2
2
1 lnRTlnRTW =⎟
⎠
⎞

⎜
⎝
⎛−=  

W is positive and therefore represents work done on the gas. 
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B2cont 
 
b) 
 

W 

Q1

Q2

T2

T1i) The efficiency of a heat engine is given by 
 

    
1

2

1

21

1
1

Q
Q

Q
QQ

Q
W

E −=
−

==η  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
ii) In an isobaric process we use the heat capacity at constant pressure to find Q1 
 

VcVb

Figure 1 

adiabatic

adiabatic

d

cb

a

Va

Q1

Q2

V 

P 

     ( )bcPcb TTCQQ −== →1  
 
iii) In an isochoric process we use the heat capacity at constant volume to find Q2 
 
     ( )adVad TTCQQ −=−= →2  
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B2. b) cont 
 

iv) In part i) we have 
1

21
Q
Q

E −=η  

 

    ( )
( )

( )
( )bc

ad

bcP

adV
E TT

TT
TTC
TTC

−
−

−=
−
−

−=
γ

η 111   QED

 
c)  
 

i) Considering the two adiabatic processes  and  and using the adiabatic rule dc → ba →

 

c → d is an adiabatic process thus 

 

     ⇒ 1
dd

1
cc VTVT −γ−γ =

1

d

c
cd V

VTT
−γ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=  

a → b is also an adiabatic process and similarly 

     ⇒ 1
bb

1
aa VTVT −γ−γ =

1

a

b
ba V

VTT
−γ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=  

 

We also know that 

bbb nRTVP =    ccc nRTVP =   and cb PP =  

 

 
c

b

c

b
T
T

V
V

=   ⇒  
b

c
bc V

VTT =  

 
11 −−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=−

γγ

a

b
b

a

c
cad V

V
T

V
V

TTT  

 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=−

−− γγγγ

a

b

a

c

b

ab

a

b
b

a

c

b

c
bad V

V
V
V

V
VT

V
V

T
V
V

V
V

TTT
11

 

 

And similarly 

 

 9



Thermal & Kinetic Physics 2009 
Solutions 

 

 

 

B2. c) cont 

⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=−

a

b

a

c

b

ab
b

b

c
bbc V

V
V
V

V
VTT

V
VTTT  

 

Including these in the earlier expression for ηE

 11
1111

−−

−−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

−=
−
−

−=

b

a

c

a

b

a

c

a

bc

ad
E

V
V

V
V

V
V

V
V

TT
TT

γγ

γγ
η  

 

We have   
c

a
e V

V
=γ  is the expansion ratio and 

b

a
c V

V
=γ  is the compression ratio and when 

these are used in the above 

 

    
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−

−
−=

−−

−−

11
11

ce

ce
E

γγ
γγ

γ
η

γγ
    QED

 

ii) For a rigid diatomic gas 
5
7

==
V

P
C
Cγ  

 

Also we are given 6661
3000
5000 .

V
V

c

a
e ===γ  and 10

500
5000

===
b

a
c V

Vγ  

 

  
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−

−
−=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−

−
−=

−−

−−

−−

−−

11

4141

11 106661
106661

7
5111

.
. ..

ce

ce
E

γγ
γγ

γ
η

γγ
 

 

 361063901
50
4507101

101106
109834907101 11

2
..

.
.....E =−=×−=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

×−×

×−
×−=

−−

−
η  

 
iii) From our definition of ηE 
 

    3610
1

.
Q
W

E ==η
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If Q1 = 50J then W = 0.361 × 50J = 18J per cycle. 
 
The required output is 1kW = 1000J/sec requiring the engine to undergo 55 cycles per second. 
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B3. 
a) 
i) Using the definition of F as given 
 

  TSUF −=

To write the incremental for F 

  SdTTdSdUdF −−=  

Using the thermodynamic identity, PdVTdSdU −= , to simplify this 
 
  SdTTdSPdVTdSdF −−−=  

 

  SdTPdVdF −−=  

 
The natural variables are then, volume, V and temperature T and )T,V(FF =  
 
ii) We use the natural variables to write the incremental dF in an alternative way 

 

   dT
T
FdV

V
FdF

VT
⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=  

 
And comparing this to the incremental form in i) 
 

   
VT

FS ⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

−=   and 
TV

FP ⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

−=   as required. 

 
iii) It follows that as dF is a perfect differential we may make use of the fact 

 

   
TV

F
VT
F 22

∂∂
∂

=
∂∂

∂  ⇒ ⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

∂
∂

T
F

VV
F

T
 

 
Implying from our expressions for P and S in ii) that 

 

     
TV V

S
T
P

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂     QED
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B3. b) cont. 
 
b) 
i) A particular gas has a Helmoltz function given by 

 

  ( ) (TjnbVlnRT )
V
naF +−−−=  

 

We can use 
TV

FP ⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

−=  from a) to obtain an expression for P 

 

 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
−−=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂

−=
nbV

nRT
V

an
V
FP

T
2

2
 

 
Re-arrange 

  
nbV

nRT
V

anP
−

=+ 2

2
 

 

  ( ) nRTnbV
V

anP =−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+ 2

2
     QED

 
ii) To find the change in entropy after an expansion at constant temperature we use the 
Maxwell relation from a) 
 

    
TV V

S
T
P

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂  

 

    
TV V

S
nbV

nR
T
P

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=
−

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂  

 

    dV
nbV

nRS
f

i

V

V
∫

−
=

1∆  

 

    ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
=

nbV
nbV

nRS
i

fln∆  

 

iii) If ( if
B TT

T
nkS −=

0

2∆ ) when the gas temperature is raised from Ti to Tf at constant 

volume we can use the previously found 
VT

FS ⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

−= to find j(T) from 

     ( ) (TjnbVnRT
V

anF +−−−= ln
2

) 
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    ( ) ( )if
o

B
T

T
TT

T
nk

dT
djnbVnRS

f

i

−=⎥⎦
⎤

⎢⎣
⎡ +−−−= ln∆  

 
 

 
B3. b) cont
 

    T
T

nk
dT
dj B

0
=   

 
 

    ( ) constT
T

nkTj B += 2

02
1  

 
c) 
i) The heat capacity at constant volume is given in terms of partial differential of a 

state function as 

 

     
V

V T
UC ⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=  

Using the ideal gas equation of stste for a monatomic gas, nRTPVU
2
3

2
3

==  

From the expression for CV
  we have 

     nR
T
UC

V
V 2

3
=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂

=   

 

ii) The thermodynamic identity for a P-V-T system is; 

 

PdVTdSdU −=  

 

From the thermodynamic identity 

 

  
constTconstTconstT dV

dVP
dV
dST

dV
dU

−=  
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P
V
ST

V
U

TT
−⎟

⎠
⎞

⎜
⎝
⎛
∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂  

iii) We can use the Maxwell relation 
TV V

S
T
P

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂ as found in a) to write 

 
 
 
B3. c) cont
 

    P
T
PT

V
U

VT
−⎟

⎠
⎞

⎜
⎝
⎛
∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂  

 
Rearrange vdW equation of state 

   2

2

V
an

nbV
nRTP −
−

=  

    

   
nbV

nR
T
P

V −
=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂  

Therefore 
 

  2

2

2

2

V
an

V
an

nbV
nRT

nbV
nRTP

nbV
nRT

V
U

T
=+

−
−

−
=−

−
=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂  

 
We also have 

 

  nRC
T
U

V
V 2

3
==⎟

⎠
⎞

⎜
⎝
⎛
∂
∂  

 

Integrating these two equations wrt to dV and dT respectively 

 

  )T(g
V

an)V,T(U +−=
2

  )V(fnRT)V,T(U +=
2
3  

where g(T) and f(V) are constants of integration. 

The only consistent solution is  

 

  const
V

annRT)V,T(U +−=
2

2
3     QED

 15



Thermal & Kinetic Physics 2009 
Solutions 

B4 
 
a)  

i) We are given 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

Tk
mvexpv

Tk
m)v(P

BB 2
4

2

2
22

3

π
π

 

    ∫=
∞

0
dv)v(vPv  

 

  dv
Tk

mvexpv
Tk

mv
BB

∫ ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−⎥

⎦

⎤
⎢
⎣

⎡
=

∞

0

2
32

3

22
4

π
π  

 

Making the suggested substitutions v2 → x , dv = 
v2

dx  and a
Tk

m

B
→

2
 

 
 

   ( ) ∫ −⎥⎦
⎤

⎢⎣
⎡
π

π=∫ −⎥⎦
⎤

⎢⎣
⎡
π

π=
∞∞

0

2
3

0

2
3

dx)axexp(xa2dxaxexpx
2
1a4v  

 
We now find this integral by integrating by parts; 

 

xu =    axedv −=  

 

  dxdu =   axe
a
1v −−=  

 

  dxe
a
1e

a
xxeudv axaxax −−− ∫ −−−=∫ ∫=  

 

2
0

ax
2

ax

0

ax

a
1e

a
1e

a
xdxxe =⎥

⎦

⎤
⎢
⎣

⎡
−−=∫

∞
−−

∞
−  

 

m
Tk8

a
4

a
1a2v B
2

2
3

π
=

π
=⎥⎦

⎤
⎢⎣
⎡
π

π=     QED

 

ii) We are given the flux, vn
4
1

=Φ  and number density 
V
Nn =  
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B4. a) cont
 
The equation of state for the ideal gas that we need is  
 
   TNkRTnPV Bm ==
 

  
Tk

P
V
Nn

B
==  

 

  
Tk

Pn.n
b

O 5
20

2
=×=  

 

  24
23

5
1084

30010415
10011

2
×=

×××

×
=

−
.

K.
Pa.nO  

 
iii) First we need to find v  as follows 
 

  15
27

123
1002

1066132143
300104188 −

−

−−
×=

×××

×××
== ms.

kg..
KJK.

m
Tkv B

π
 

 

Now we use 12524 1021084
4
1

4
1 −−××××== sm.vnΦ  

 

   12251229 10421042 −−− ″
×=×= scm.sm.Φ  

 
b) 
 
i) The ratio of fluxes incident upon the aperture of the pipe is 

 
 

    
1

2

2

1

2

1

2

1

2

1

2

1
m
m

n
n

v
v

n
n

N
N

e

e
===

Φ
Φ    QED

 
 

ii)    110281
3
4

90
10

3

4

4

3

4

3 −×=== .
m

m

n

n

N

N

He

He

He

He
e

He

e
He  
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B4. b) cont
 
iii) If this process is repeated through j cycles  

 
 

   ( )
j

e
He

e
He )j

N

N
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

3
4

90
10

4

3
 

 
We require to find value for j that gives 30% 3He 
 

  ( )
70
30

3
4

90
10

4

3
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

j

e
He

e
He )j

N

N
 

 
 

   
1070
9030

3
4

×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
j

 

 

   ⎟
⎠
⎞

⎜
⎝
⎛=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
7
27

3
4 lnlnj  

 

  cycles.
.
.

.ln
.lnj 1049

14370
3511

1551
863

≈===  
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