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1. For f = x2 + y2 − 2z2, in Cartesian coordinates

∇f = 2(x êx + y êy − 2z êz) . [1]

In polar coordinates, f = r2(sin2 θ − 2 cos2 θ) = r2(1− 3 cos2 θ), so that, using
the above formula,

∇f = 2r(1− 3 cos2 θ) êr + 6r sin θ cos θ êθ . [3]

To show that the two vectors are identically equal, the student has either to
work geometrically or use the relation given between the basis vectors in the
two coordinate systems:

êr = sin θ cos φ êx + sin θ sin φ êy + cos θ êz ,

êθ = cos θ cos φ êx + cos θ sin φ êy − sin θ êz ,

êφ = − sin φ êx + cos φ êy ,

Now

2r(1− 3 cos2 θ) êr + 6r sin θ cos θ êθ

= 2r(1− 3 cos2 θ)(sin θ cos φ êx + sin θ sin φ êy + cos θ êz)

+6r sin θ cos θ(cos θ cos φ êx + cos θ sin φ êy − sin θ êz)

= 2r sin θ cos φ(1− 3 cos2 θ + 3 cos2 θ)êx

+2r sin θ sin φ(1− 3 cos2 θ + 3 cos2 θ)êy

+[2r(1− 3 cos2 θ) cos θ − 6r sin2 θ cos θ] êz

= 2r sin θ êx + 2r sin θ sin φ êy − 2r cos θ êz = 2x êx + 2y êy − 4z êz ,

which is the same answer as in Cartesians. [4]
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2. We have to verify

∇× (A×B) = A(∇ ·B)− (A · ∇)B + (B · ∇)A−B(∇ · A)

for the vector fields
A = x êx + y êy + z êz ,

B = −y êx + x êy .

A×B =

∣∣∣∣∣∣∣
êx êy êz

x y z
−y x 0

∣∣∣∣∣∣∣ = −xz êx − yz êy + (x2 + y2) êz .
[2]

Hence

∇×(A×B) =

∣∣∣∣∣∣∣
êx êy êz
∂
∂x

∂
∂y

∂
∂z

−xz −yz x2 + y2

∣∣∣∣∣∣∣ = (2y+y)êx−(2x+x)êy+(2z)êz = 3y êx−3x êy.

[3]

However,
∇ ·B = 0 and ∇ · A = 3 ,

so that
A(∇ ·B) = 0,

−B(∇ · A) = 3(y êx − x êy) .

The other two terms are

−(A · ∇)B = −
(
x

∂

∂x
+ y

∂

∂y
+ z

∂

∂z

)
(−y êx + x êy) = y êx − x êy ,

(B · ∇)A =

(
−y

∂

∂x
+ x

∂

∂y

)
(x êx + y êy + z êz) = −y êx + x êy . [3]

Thus
A(∇ ·B)− (A · ∇)B + (B · ∇)A−B(∇ · A)

= 3(y êx − x êy) + (−y êx + x êy) + (y êx − x êy) = 3(y êx − x êy) . [2]

This verifies the identity.
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3. In spherical polar coordinates,

A = r êr ,

B = r sin θ êφ ,

so that

F = A×B =

∣∣∣∣∣∣∣
êr êθ êφ

r 0 0
0 0 r sin θ

∣∣∣∣∣∣∣ = −r2 sin θ êθ . [2]

The expression for curl is given in the hand-out:

(∇× F )r =
1

r sin θ

{
∂

∂θ
{sin θ Fφ(r, θ, φ)} − ∂

∂φ
Fθ(r, θ, φ)

}
.

(∇× F )θ =
1

r sin θ

{
∂

∂φ
Fr(r, θ, φ)− sin θ

∂

∂r
{r Fφ(r, θ, φ)}

}
,

(∇× F )φ =
1

r

{
∂

∂r
{r Fθ(r, θ, φ)} − ∂

∂θ
Fr(r, θ, φ)

}
·

Since only the θ component of F is non-zero, this reduces to

(∇× F )r =
1

r sin θ

{
∂

∂φ
(r2 sin θ)

}
,

(∇× F )θ = 0 ,

(∇× F )φ = −1

r

{
∂

∂r

{
r3 sin θ

}}
·

The differentiation with respect to φ gives nothing, and so we are left just with

∇× (A×B) = −3r sin θ êφ , [3]

which does agree with the result of question 1.

Since A only has a radial component,

B(∇ · A) = r sin θ êφ

1

r2

∂

∂r

(
r3
)

= 3r sin θ êφ , [1]

and B only an azimuthal component,

A(∇ ·B) = r êr

1

r sin θ

∂

∂φ

(
r2 sin θ

)
= 0 . [1]
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Now, using the expression for the gradient,

(A · ∇) B = r
∂

∂r
(r sin θ êφ) = r sin θ êφ . [1]

(B · ∇) A = r sin θ
1

r sin θ

∂

∂φ
(r êr) =

∂

∂φ
(r êr) .

Now the differentiation of r with respect to φ clearly vanishes, but the basis
vector itself depends upon φ, so that

∂

∂φ
êr = − sin θ sin φ êx + sin θ cos φ êy = êφ ,

which means that
(B · ∇) A = r sin θ êφ . [3]

Putting everything together,

A(∇ ·B)− (A · ∇)B + (B · ∇)A−B(∇ · A)

= 0− 3r sin θ êφ + r sin θ êφ − r sin θ êφ = −3r sin θ êφ , [1]

which verifies the identity in spherical polar coordinates.
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