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Laplace’s Equation in Spherical Coord.

* In spherical coord., the Laplacian is given by
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» For azimuthal symmetric problem, V is independent of 4,
thus the Laplacian reduces to
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* By separation of variables method, we write
V(r,0) =R(r)©(0)
» Substitution and dividing through by V(r, ) yields
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Laplace’s Equation in Spherical Coord.

» Since the first term only depends on r, while the second
term only depends on 6, and the equation must be
satisfied for all (r,0), it follows that each term in the above
eguation must be a constant.

li(rzd—R):I(Hl), L i(sinedﬁj=—|(l+1)
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* The constant is chosen to be I(I+1) so that the angular
differential equation is readily recognized.

* The radial part can be solved by series solution to obtain

R(r)=Ar'+ B

r|+l

with A and B are constants of integration.
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Laplace’s Equation in Spherical Coord.

* The angular part
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sing d@ do
* With transformation of variable z=cosé, the above

differential equation transforms into
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this is a well-known ordinary differential equation called
Legendre differential equation, whose solution is the
Legendre polynomials

®(0) = P (cosb)
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Laplace’s Equation in Spherical Coord.

» Thus, the solution of Laplace’s equation in spherical
coord. with azimuthal symmetry can be written as

V(r,0)= i(A r'+ rli'le, (cos®)
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Legendre Polynomials

» The Legendre polynomials ©(¢) =R (cosd) can also be
found using the Rodrigues formula

1(d \I s A\

R(z)===|— \z°-1
(2) 2'I![dz)( )

» The first few Legendre polynomials are
R()=1 R(z)=12

P(0)=3(62"-1)  P@)=4(62'-32)

» Other ways of generating these Legendre polynomials is
using a recursive relation, e.g.

IP,(2) = (21 -1)zP_,(2) - (1 -1)P_,(2)
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Legendre Polynomials

» These Legendre polynomials form a complete set of
function with orthogonality relation given by

1 n
I P(2)R.(z)dz = I P (cosO)PR,(cosd)singda =L5“,
71 0 2l +1
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Legendre Polynomials

* Note that these Legendre polynomials are regular (finite) at
z=0.

« As Legendre equation is a second order differential
equation, we would expect that we have two independent
solution (for each 1), one of them being P|(z).

* There is a second solution of this second order differential
equation, known as the second type Legendre polynomials,
Q,(2), however this solution is singular (infinite) atz =0,
hence it is discarded for the problem at hand.
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Legendre Polynomials

¢ The function

! =Y U"R,(x), O<u<1

Pl = [1+ u? —2UX]% P

is called the generating function of the Legendre
Polynomials.

* Recall that
V(F)Ocl= L =1®[cosﬁ,r—j

%
(4 [ 2 [ 2 I’
r {1+ (rj - Z(r] cos 0}

r r

= EZU—T P (cos@), 0< (r_’j <1

rn:O r r
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Laplace’s Equation in Spherical Coord.

 Example 3.6 and Example 3.7
* Example 3.8
* See also Example 3.9
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