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PRQ�SUT5VXWZYL[8T]\5YL^_T'`ba5Ydc�T5e:Qgfh^iWjT�\5Ylk�^mVnT]\5Yl`o`bpbqhr@T5`oQgq8r�pbqhs8q8po^nYtku^mVnpoq8rgkdv�w,fhVnVnYdq>^
x [>y3knpozlk{c8Y x T5Vu^m|�Ylq>^{e8f8chrgYd^nk{Qgq8`oy�V}f8q@^mQ~ku^mV}pbq8rgkZQ5S�s+q8p�^mYX`bYlqhr5^m[/v7��S�WZY�sh��^m[8YYdq8c8kiQ5S�T�k}^nVnpoq8r�Q5S�`oYlq8r'^m[��{�+Qgq8Y�Ylq8c�T'^{������T5qhc�^n[8Y�Q5^m[8YdViT'^E�����{�8WE[+T'^k}QgV}^tQ5S{|�Q5^mpoQgq8k�T5V}Y x Qgknk}pbe8`oY]����q)|@T'^n[8Yl|�T'^npbz�T'`�^mYdVn|�kl��WE[+T9^Lpok�^n[8Y@Y��MYdzd^BQ'Spo| x Qgknpoq8r����9�3�:�>�5�����_�9�:�5�¡ U�¢�9�h£ZQgqJ^m[8Y�|�Q5^mpoQgq%���S�^n[8Y�S¤V}Yl¥¦f8Ydq8zdy�pbk{sh�RYdc�T'^{§�^n[8Ylq¨T�rgYdq8YlVnT5`�S¤QgVn|©S¤QgV{^m[8Y�c8pbk x `ªT'zlYl|�Ylq>^X«T'^E^npb|�Y�¬{T5qhc x Qgknp�^mpbQ5q��¨WZQgf8`bc�zlQ5q8knpok}^XQ5S�^�WZQ�W,T�\gYdk�Q5S�f8q8a¦q8Q]WEq�T5| x `bp�^mf8chYlk T'q8c�®¯�8WE[hpbz_[�pbq�rgYlqhYlVmT'`�|@T�yJe:Y�zlQg| x `oY��°�

«/±¡�#²n¬}³7� ¦´lµb¶¸·9¹�º8»n¼�½%¾ ® ´lµb¶¸·9¹ª¿3»n¼�½uÀ
Á YX[+T�\5YXz_[8Q5knYlq�^m[8YdknYES¤QgVn|�k7knQ�^m[+T'^7^n[8YE^mpb|�Yj\'T5VnpbT'^mpoQgqBQ5S°^m[8Y{^�WZQt^nYlVn|�kÂpbk^n[8YtknT5|�Y5�:T5q8c�W,Y�WEpb`b`Me°YtT5e8`oY�^nQ�SUT5z�^mQgVEp�^XQ5fh^i`ªT'^nYlVlv Á Y�a¦q8Q]W��°^n[8Qgf8rg[M�%^n[+T'^«M±¤�#²n¬}³7�Ã��T9^{�����BS¤QgVET5`o`°¬��+k}Q

���Ä± �¾ ®�³ ´lµÅ·9¹
QgV

 ��Æ�® À
±¤��SjW,Y�^m[8poq8aÇT5e:Qgfh^�^m[8Y x [>yRk}pbzlT5`,k}pbrgq8p�s+z�T'q8zlY�Q5Sj^n[8pbkd��po^t|�Y�T5q8k�^m[8T'^LWZY@[+T�\5YÈnÉ �h�5Ê�T5q8cË�_Ì>Ì+�]£��¡  È WjT�\gYdkL^mVnT�\gYl`o`bpoq8r�poqÍ^n[8Y�^�WZQÎc8poVnYdzd^mpoQgq8ktT5`bQ5q8rJ^m[8Y�k}^mV}pbq8rhvÏ³Ð [¦f8k

«/±¡�#²n¬}³Ñ� ¦´lµb¶¸·9¹�º8»n¼�½ Æ ¦´lµb¶¸·'¹ª¿3»}¼�½
� ¦´ µÅ·9¹�Ò ´ µÓ»n¼ Æ ´ ¿¦µÓ»n¼�Ô
� Õ'Ö ¦´lµÅ·9¹ k}pbq#±=×3�°³ À

Á Y�|Bf8k}^�q8Q]WØpb| x Qgk}Y@^m[hY�e:Qgf8qhc+T5V}yÙzdQgq8c8p�^mpoQgqÙT'^~^m[hY�Q'^m[8YdV�Ydq8c/�Z«Ú�Ñ�ÇT'^�J�Û�ÜS¤QgVET'`b`M¬�v Ð [¦f8kEW,Y�|Bf8ku^i[+T�\gY
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WE[8YdVnY�ß�pbkET5q�pbq>^nYlrgYdVlv Á Vnpo^npbq8rB^n[8pbk{poqJ^mYlV}|�kEQ5S1W,T]\5Yl`oYlq8r5^n[�ä��
Õ9à#�
ä �Ãß°à

S¤V}Qg|åWE[hpbz_[�W,YEc8Ydc8f8zlY{^n[+T'^ÂQgq8`�yBT�zdYlV}^mT5pbq~k}Yd^ÝQ5S%W,T]\5Yl`oYlq8r5^n[8kÝpbkÂT5`o`bQ]W,Ydc/�5^n[8QgknYS¤QgVjWE[hpbz_[-±U`ªT'e°Yd`b`bpoq8rt^n[8Yl|©WEpo^m[�ß/³
ä+æ�� Õ5�

ß
^m[8T'^,pokl�Rä8æ�pbk,Õ5�{�R�{�hÕ5�Ýç5èhv�vov��¦WE[8pbz_[�[+T�\gY�qhQRc8Ydk�± x Qgk}po^npbQgq8k7Q'S/élYdVnQBchpbk x `ªT5zdY â|�Ylq>^�³jT9^{^m[8Y�Ylqhc8kXQ'S�^n[8Y�k}^mV}pbq8r�T'q8c¨�R� ã �%ÕRv�v�vÂS¤fhV}^m[hYlVEq8Q3c8YlkEpbqJe:Yd^�WZYlYdq/�%WEpo^m[ã �+ÕR�%èhv�vovÂT5q>^npbq8Q3c8Ylkt± x Qgk}po^npbQgq8k,Q5S�|�T9�Rpb|Lf8|©chpbk x `ªT5zdYl|�Ylq>^�³jT5`oQgq8r~p�^mk{`bYdq8r5^n[/v

Standing wave patterns
The four lowest modes with fixed ends

ê porgf8V}Y ÐEá v ãgë{Ð [8YLc8pbk x `ªT5zdYl|�Ylq>^mkXpbq�^m[8Y�S¤Qgf8V�`oQ]W,Ydk}^ â S¤VnYd¥3fhYlq8z�yÎq8QgV}|@T'`1|�Q3c8YlkQ5S1^mVnT5q8ku\gYlV}knY�\Rpoe8VmT9^mpbQ5qJQ5S�T~ku^mVnY�^mz_[8YdcÎk}^nVnpoq8rBWEpo^n[�sh�RYdc�Ydq8c8klv
Ð [8YdknY�WjT�\5Yl`bYdq8r5^n[8k�T'VnY�^n[8Y~�M�9��ì��5ÊMì@�l� È £ZQgq�^m[hY�k}^mV}pbq8rh�+T5q8c�T5V}Y�kna'Yd^mz_[hYlcpoqÍs+r5f8VnY ÐEá v ã v���q8ku^mYlT5c-Q5Sjk x Ylzlp�S¡y3pbq8r�^m[8Y�W,T]\5Yl`oYlq8r5^n[8kl��W,Y�zlQgfh`bcÍk x Ylzlp�S¡y�^m[8YS¤V}Yl¥¦f8YlqhzlpbYdkl�

§1æ�� Õ9à#í
ä8æ � ß:à#í

� À
Ð [8YdknY�T5V}Yt^m[hY@�M�9��ì��5Ê>î�� ÈnÉ � È �M��� È £��#ì@�l� È î�� ÈnÉ � È �M��� È £��:QgV È ��ï È ��î�� ÈnÉ � È �M��� È £�vð Q5^mYE^m[+T9^Z^n[8Ydy@T5VnpoknYEe:Ylz�T'f8knY�Q'S/^m[8YB���9�R�:�>�5�����_�9�:�5�¡ =�¢�9�h£�v Ð [hYlVnY�T5VnYiq8QB`opb|�po^nk
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Qgq�^m[8YES¤VnYd¥¦f8Ylq8zdpbYdkZWE[8poz_[�z�T5q�e°YiknYdq>^{T5`oQgq8r�TtzdQgq>^mpbq¦f8Q5f8k,ku^mVnpoq8r8�¦e8fh^ZpoS:WZY x fh^`opb|�po^mkÝQgq�^m[8Y�|�Q5^mpoQgq@WZYtzlT5q�Qgq8`oy@[+T�\gY�zlYdV}^_T'pbqJS¤VnYd¥3fhYlq8zdpbYlkdv
!#"�.#0R2¯ñh(8!°ò¯;U!1"�.#032�"%ói2dò](+!1.1;=!#ô-õB(>ö:0
÷�SÝzlQgfhVnknY'�1T5`b`1W,Y�[+T�\gY�c8Q5q8YB^mQ�knY�^�f x ^m[8Q5knY�k}^mT5q8c8poq8r�WjT�\5Ylk�pbk�^mQJk}f x YlV x Qgk}YV}f8q8q8poq8r�W,T�\gYlk~Q'S{Yl¥¦f+T5`,T5| x `bp�^mf8c8Y�e8fR^BQ x8x Qgk}po^mY�knporgq/�1^mVmT�\5Yl`b`opbq8r�pbq)Q x8x Qgknp�^mYc8poVnYdzd^mpoQgq8kd�he8fh^{WZY�[+T�\gY x V}QRc8fhzlYlc�T~c8pok}^mfhVne+T5qhzlY�pbq�^n[8Y�rgYdq8YlVnT5`/z�T'knY  �Ãø ´ µÓùWE[8YdVnY�øúT5q8c¨û¨c8Yd^nYlV}|�poq8Y�^m[8Y�T5| x `opo^mfhc8Y�T5q8c x [+T'knY

«M±¤�#²n¬}³ � Õ'Ö ¦´ µÅ·9¹ knpoq#±¢×3�°³
ü Æ�Õ9ø�knpbq�±¡§Â¬ ¾ û°³hknpbq/±¢×3�°³

WE[8YdqÚWZY�^mT5a5Y�^m[8Y�VnYlT5` x T5V}^lv Ð [+T9^@pokl�ZWZY¨[8T]\5YÎT�WjT�\5Y¨WE[8YlV}Y�^n[8Y¨édYlV}Qgk�Q'Sc8pok x `bT5zlYd|�Ydq>^iT5VnY�T5`�WjT�y3kXpoqJ^m[8Y�kmT5|�Y x `ªT'zlY5�%T'q8c�^n[8Y�T5| x `bp�^mf8c8Y�knpb| x `�y@\'T5VnpoYlkk}pbq¦f8knQ5pbc+T5`o`oy�WEpo^n[�^npb|�Y5vÐ WZQ@Yd¥¦f+T5`#T5q8c�Q x8x Qgk}po^mY�V}f8q8q8poq8r~WjT�\5Ylk�r5po\gY�T~k}^mT5q8c8poq8r~WjT�\5Y÷�S�zdQgf8V}knY5�ZW,Y�z�T'qÍî��9�m� È TÍku^mVnpoq8r�^mQ�\3pbe8VnT'^mY�T9^�Q5^m[8YdV~S¤VnYl¥¦f8Ydq8zlpoYlk ë ^n[8Ylk}Yq+T9^mf8VnT5`�S¤V}Yl¥¦f8YlqhzlpbYdk�T5VnYL^n[8Y~Qgq8`�y�Qgq8Ylk�T9^�WE[8pbz_[Çp�^�WEpb`o`1\3poe8VmT'^nYLS¤VnYdYl`�y�ý ^n[+T'^pokl�'^n[8YdyBT5VnYÝ^m[8Y,Qgq8Ylk�WE[hpbz_[BWEpb`o`¦kmT'^npbk}S¡y�^n[8YjYl¥¦f+T9^mpbQ5q~Q5S%|�Q'^mpbQ5q�WEp�^m[Bq8Q�T x8x `bpoYlcS¤QgV}zlY'v
0>þ�(+&)ÿ�*¤0��t2dò�0303*Âõ@;¤$¯0� k�T'qtY��8T'| x `oY5�]^_T'a5YÝTiku^mYdYl`gWEpbV}Y7WE[8pbz_[�W,Ydpbrg[hk ã ÕRv��jrgVnT5|�|�Ydk x YdV1|�Yd^nVnY7`oYlq8r5^n[/v��S#^m[hpbk{pbk x fh^Ef8q8chYlVETL^mYdq8knpoQgq�Q5S��g�g� ð ±¤VnYlT5knQgq8T5e8`bY�S¤Q5V{TLWEpbV}Y�pbqJT x pbT5q8Q8�RkmT�yg�T5qhc�Yd¥¦f8po\'T5`oYlq>^E^mQ~^m[8Y�WZYlporg[>^XQ'S�T x YlVnk}Qgq%³��%^n[8Y�knQgfhq8c�\5Yl`oQRzdpo^�y@WEpo`b`/e:Y� � 	 � � �g�g�
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 ã � ¿� ��Õ��'è�|Øk ¿���À
ð Q¯W�knf x8x Q5knYB^m[8T'^�^m[8YL`bYlqhr5^m[�Q5SÂ^n[8pbk�WEpoVnYBpok�[+T5`�SZT�|�Y�^mVnY'v Ð [8Y�Ylq8c8k�WEpo`b`1e°Ysh�RYdcÍ±¤^m[hY�z�T'knY�WZY�^mV}Y�T'^nYlcJT5e:Q]\gY�³�v Ð [8Y�T5`o`bQ]WZYlc�W,T�\gYd`bYlqhr5^m[8kjWEpo`b`+^m[hYlVnY�S¤QgVnYXe°Yã |�� �� |�� �� |��8Y�^mz'vo�:T5q8cJ^n[8Y�zlQgV}VnYlk x Q5q8c8pbqhr�S¤V}Yl¥¦f8YlqhzlpbYdk�T'VnY��� \gYd`bQ3zlpo^�y

W,T]\5Yl`oYlq8r5^n[ � Õ��5è��Xé�'�����Xé� � á �Xé5²
WE[8poz_[�`opbY�poqJ^m[8Y�VmT'q8rgY�Q5S�|Bf8k}pbz�T'`�q8Q5^mYdkt±UzlQ5q8zlYdV}^ � �8S¤QgV{Y��hT5| x `bY5�hpbk����>���ié]³�v
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õ�;¤$90�õ�;¤ò]6Üó�$¯0¦0Î03!�.12
ê p �RYlc�e°Q5f8q8c+T5V}pbYdk�T'VnYÂq8Q5^�^n[8YZQ5q8`oy x Qgk}knpoe8pb`opo^�ygv���qhk}^mYlT5cLk}f x8x QgknYÂ^m[8T'^�^m[8YÂWEpbV}Y7pbkku^mVnY�^mz_[8Ydc�e:Yd^�WZYlYdq�knf x8x QgVu^mk7knQ�^n[+T'^�^m[8Y{Ydq8c8k7z�T'q~kn`bpoc8YÂ\gYlVu^mpoz�T5`o`oy�pbqLS¤V}pbz�^mpbQ5q8`bYdknkrgV}QRQ]\5Ylkl�°knQ@^n[8YL^n[8YLc8pok x `bT5zlYd|�Ydq>^�pbkiq8Q5^�élYdVnQ�e8fR^�^m[hYL^mVnT5q8k}\5YlV}knYBS¤QgV}zlYLpokXédYlV}QT'^{^n[8Y�Ylq8c8kdv Á Y�WEpb`b`��}f8k}^ik}a5Yd^nz_[Î^m[8Y�c8YdVnp�\5T9^mpbQ5qJQ5S�^n[8Y�q8QgVn|�T5`/|�Q3c8Ylk{S¤QgVj^n[8pbkk}po^mf8T'^mpoQgq/v� kEe:YdS¤QgV}Y5�8WZYtku^_T5Vu^{WEpo^n[�T�rgYdq8YlVnT5`�knQg`ofh^mpoQgq

«M±¤�#²}¬}³7� ¦´lµb¶ ·9¹�º8»n¼�½8¾ ® ´lµb¶¸·'¹ª¿3»}¼�½}À
ð Q¯W��%^m[hQgf8rg[/�+^n[8Y�^nVmT5qhk}\gYdVnk}YLS¤QgVnzdY � ��� «M±¤�#²n¬}³}ç � �¨�ú��T5q8c¨T'^i��� �ÚS¤QgV�T'`b`M¬�v� \'T5`bf8T'^mpoq8rB^m[8Y�c8YdVnp�\5T9^mpo\5Y5�� «3�#²}¬� � �ÃÖ�× ¦´lµb¶¸·'¹�º8»}¼�½ ÆÞÖ�×h® ´lµb¶¸·9¹ª¿3»n¼�½ ²
WE[8poz_[�r5po\gYdkiT'^{����� ���ÛÖ�×/±  ÆÞ®�³ � ´ µÅ·9¹
QgV

 ��® À� x T5V}^{S¤V}Qg|Ø^n[8Y�knpbr5q/�h^m[hpbk{pbkj^n[8Y�VnYdknf8`�^iWZY�[+T5c�e°Y�S¤QgVnY'v Ð [¦f8k
«/±¡�#²n¬}³Ñ� ¦´ µb¶¸·'¹�º8»}¼�½ ¾Ü¦´ µb¶¸·9¹ª¿3»n¼�½� ¦´lµÅ·9¹ Ò ´lµÓ»n¼,¾Ü´'¿¦µÓ»}¼ Ô

� Õ ¦´lµÅ·9¹ zlQgk�±¢×3�°³ À
Á Y~|Bf8ku^�q8Q]W�po| x QgknY�^m[8Y~e:Qgf8qhc+T5V}y¨zlQgqhc8po^npbQgq�T9^�^m[8Y~Q5^n[8YlV�Ylq8c/� � «hç � �)� �T'^{�J���ÜS¤QgVET'`b`°¬�v Ð [¦f8kEW,Y�|Bfhk}^i[+T�\gY'�°T'kie:YdS¤Q5VnY5�

knpoq�±=×h�Ý³Ý�Û�
`oY�T5c8poq8rB^mQ~^n[8Y�kmT5|�Y�VnYdknf8`�^mk

ä8æt� Õ5�
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Ð [+T9^Epbkl�3^m[8Y�T'`b`bQ]WZYlc�W,T�\gYl`oYlq8r'^m[8kiT5V}Y�^m[8Y�knT5|�Y�T5kje:YdS¤QgV}Y5�8e8fR^{^m[8Y x T9^n^mYdVnq8k{Q'Sc8pok x `bT5zlYd|�Ydq>^iT5VnY�c8p��MYdVnYlq>^l�+T5kEkn[8Q]WEq�pbqJs+rgf8V}Y ÐEá vÏÕ3v�! #"%$�&'$)(+*�,.-/"10.23"�"/,�-/45(+46(87�46-'"19:0;"%$<"=$�&�"/9>4@?A,.-CBD48"/9:0E"%$�&'F645-/,HG' I2J"/9>$�&=B603&K48"/9>$�&'$L&�"19>4&/0.(+4M0.&N&10POQ$)2:R+"/9:0E"S"/9>4@R.-C0.TU$L462V"S,.?W"19>48&K"/-1$)2:RX$L&NF645-/,HY>7>ZU"'$<"'$L&N$)(+*�,.-/"10E2V"S"1,�"/9:$)2>[�,E?\"19>4BD,32:TU$)"/$L,.2J03&N0E*:*>])OQ$L2>R�"1,X"/9:4M?A,.-CBD43^_,E"/9:46-1`a$L&/4.Y�(+$L&K"10.[.45&�0E-14M]L$)[346]LOb"1,b,UB6B6Z>-�]�0;"146-�`a9>462c`d4TU450.]�`a$<"19e-/46f:45BD"/$L,.2e0E2:T�-14D?A-C0.B!"1$),32gYQ`a9>462e`d4%(8Z:&K"S(�0;"1BC9h?A,.-CBD4i&_-10E"/9>45-d"/9:0.2�R3-103TU$L462V"1&5G
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The four lowest modes with force-free ends

ê porgf8V}Y ÐEá vÅÕ ë{Ð [8YLc8pbk x `ªT5zdYl|�Ylq>^mkXpbq�^m[8Y�S¤Qgf8V�`oQ]W,Ydk}^ â S¤VnYd¥3fhYlq8z�yÎq8QgV}|@T'`1|�Q3c8YlkQ5SX^mVnT5q8k}\5YlV}knYÎ\3pbe8VnT'^mpoQgqÙQ5S�TÍk}^mV}Yd^nz_[8Ylc ku^mVnpoq8rÇWEpo^m[ÜYlq8chk@knf x8x Q5V}^mYdcÚWEpo^n[Úq8Q^nVmT5q8ku\gYdVnknY�S¤QgVnzdY5v
jlk�m6n o�p@qertsCu�vewcs6qexMy�xMqewzu\{�xMqe|}t~S{�|W~���xa}@~S|jlk�mC� ��ptyDx={�s6|�x'u�sDp@q� �hT5zd^n`oyÇT'k�WEp�^m[�^m[hY�Q5knzlpo`b`bT'^mQgVd�MWZY�zlT5qÍ[+T�\gY�^mVmT'q8k}\5YlVnk}Y@Qgk}zlpo`b`ªT9^mpbQ5q8k�poqÍYdpo^n[8YlVQ5S�^�W,Q chpbVnYdzd^npbQgq8kd�jQgV�W,Y¨z�T5qÜ[+T�\gYÙ±UT5k@QgqÚT)W,T]\5YÎrgQgpoq8rÍc8Q]WEq T-k x Vnpbqhr8�jQgVk}Qgf8q8c�pbq�T5pbVm³{`oQgq8rgp�^mf8chpbq+T5`°|�Q'^mpbQ5q/v Ð [hYLc8poVnYlz�^mpoQgq�Q'S�|�Q5^mpoQgq�pbk x YdV x Ylq8chpbzlfh`ªT5V^nQ�^m[hY�c8pbV}Ylz�^mpbQ5q-Q5Sj^nVmT�\gYd`,Q5S{^n[8Y�W,T�\gY�WZY�[+T�\gY¨ =�}�5�h£.� È �m£ È Ì+�9Ê��5���b£l�5 U�¢�9���7poSjpo^pok x T5VmT5`o`bYd`XWZY-[+T�\gY�Êb�9�3ï5�¡ U�8�5�¡�:�5ÊZÌ+�9Ê��5���b£l�5 U�¢�9�+v ��SB^m[8YÇ|�Q5^mpoQgqËQ5S�^mVmT'q8k}\5YlVnk}Y
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