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SECTION A

Each question carries 10 marks. Attempt ALL questions.

1. Ezplain briefly: (i) what is meant by the perfect cosmological principle and why it is
wrong; (1) what is meant by cosmological principle and why observational data support
it. What is the approrimate scale above which homogeneity is reached? FEzxplain why
the homogeneity of the Universe implies the existence of a cosmic time.

A1l. Solution.

Perfect cosmological principle: The Universe is the same every where and always is the
same. The observational evidence that the Universe is evolving during its expansion
rejects this principle.

Cosmological principle: The Universe is the same everywhere.

The expansion of the Universe, the evolution of objects in the Universe and the isotropy
of Cosmic Microwave Background support the cosmological principle.

This scale is about 100 Mpc.

The homogeneity of the universe implies that the density depends only on time. The
relation between the density and time,

p~t?
is the definition of the cosmic time.

2. Use the Friedmann equation for a spatially flat Universe to find the Hubble constant H
as a function of scale factor R if the present Universe contains dust with dimensionless
density Qqo and radiation with dimensionless density (..

A2. Solution.

Taking into account that

p = pa+ pry

R 3H?2

k=A=0, H== and p, = —2>

’ Ran P 8tG’
and that 2R 2R

3 0 3 0

5 (%), n-n 2 (2
Pd “SrG \ R P StG\R) ’

the Friedmann equation can be written as

2 &G ' 3H§ [Qd <R0)3+QT <Ro>41 |

3 G R
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hence 5 .
R R
2 2 0 0
H* = Hj le () +Q, <) 1 )

RZROv H:HO7

At present moment

hence
Qi+, =1, Q. =1-Q,.

Finally

[2/10]

[seen similar|
. Assume that a small fraction of the matter density in a spatially flat Universe can
be explained by some hypothetical dark objects of mass M = 1073M, and that the

dimensionless density of these objects is Qu; = 107", Estimate the average distance
between these objects at present time and at redshift z = 9.

A3. Solution.

Pobj = Qobjpcr(l + 2)37

the number density is
Qobjpcr(l + 2)3
Mobj 7

Nobj =

the average distance between these objects is determined from

3 ~
dobjnob] ~ 17

[seen similar|

hence

1/3
_ M oy, _
dobj:nobi'/?): (Qb;] ) <1+Z) L=
objPer

103 M, 1/3 B
- (10—7 1027 kg m_3> (+2)7 =

1073 x 2 x 100 kg \ /* B
07" x10 7 kgms) T =

= (2 X 1061)1/3 m(1+42)"~3x10°m(l +2)' ~ 10 kpe(1 +2) .

At 2 =0, dw; = 10 kpc and at z =9, doy; = 1 kpe.
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4. Guve the definition of the covariant tensor of the fourth rank, A;pim, and the contravari-
ant tensor of the third rank, B*'. In the local Galilean frame fo] of reference a mized

tensor of the second rank, Ci has the only one non-vanishing component, CS[G] =1,
and all other components are equal to zero. Write down all components of this mixed
tensor in arbitrary frame of reference, x', in terms of the transformation matrices

l oz! _ 85461]

_ /
Vi) = Dap and ﬁm[G] = -

A4. Solution.

The covariant tensor of the fourth rank is transformed as

A/

npvj)

Apam = SSPS}5
and this is the definition of the fourth rank covariant tensor.
The contravariant tensor of the third rank is transformed as
ikl i ok ol ;
B™ = S;SmSjB’"mJ,

and this is the definition of the third rank contravariant tensor.

The mixed tensor of the second rang is transformed as

C}. = 5,505

If C7" is in the local galilean coordinates, then

m _ n<0
= 5ot
and
1
Sm - CYm[G]
and
ol nl
Sm — Mm|[G)]
we have

Ch = i1 Brie) Ci™ = i B850 = oy

5. Write the Hubble law in vector form. Consider three galaxies in an expanding Universe
located at points A, B and C'. Prove that if the Hubble law is valid for an observer
at A, then it is also valid for observers at B and C. Assume that the vector rag is
perpendicular to the vector T'ac. For an observer in galaxy A, galary B has a redshift
za) = 0.6 and galaxy C has a redshift with 284) = 0.8. Find the redshift z(CB) of galazy
C, measured by an observer in galaxy B.

Ab5. Solution.

The Hubble law in vector form is

<y
I

T
=l
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Using this vector form, we have for the observer in a

Vab = Hrabv Vac = Hracu

Hence for the observer in b we have

Upg = —Ugp = —HTyp = HTg,

and

Upe = Upg + Uge = —Ugh + Uge = _Hrab + Hrac - H(_Tab + Tac) - H(Tba + Tac) - Hrbo

Then, for the observer ¢ we have

Veqg = —Vge = _Hrac - Hrcaa

and
Vb = —Vbe = _Hrbc - Hrcb-

Redshif z is related with velocity as

= (0.8)* + (0.6)> = 0.64 + 0.36 = 1,

hence z(cb) =1.

[Neat section overleaf.]



SECTION B

Each question carries 25 marks. You may attempt all questions but, except for a
bare pass, only marks for the best TWO questions will be counted.

1. Assume that the Universe is open (k= —1) with A = 0 and contains only dust.

[15 Marks] (a) Using the Friedmann and energy conservation equations, verify that
the evolution of the scale factor can be expressed in the following parametric form:

5 (Smhﬁ - 77)7

T2

R(n) = 5 (coshn — 1), 1(n)

where 3 is a constant.

[10 Marks] (b) Determine [ in terms of present Hubble constant Hy and density
parameter ().

B1. Solution.

(a)The energy conservation equation in the case a = 0, which means p = apc? = 0,
gives d(pR?®) = 0,

hence p = po(Ry/R)3.

Substituting this result to the Friedman equation we have

R*=¢(y/R+1),

where
v = 8mpoRa /3.

Then we calculate B2, using the parametric solution:

o

d [(coshn —1)]1° inh?
[5((305 n— )] _ 2 sinh” n 2621+cosh77
(coshn — 1)2 coshn — 1

d [%(Sinhn - n)}

Putting this into the Friedman equation we have

1+ coshn 2y 27y
2 L=+ 1 hn=—+1 h
c coshy — 1 c (6(cosh77—1) + >, + coshn 3 + 1+ cosh,

so we see that this parametric solution does satisfies the Friedman equation, if

B = =8mpyRy/3c.

(b)From the Friedman equation, taken at the moment t,, we have

HZRE = H3Q + 2,
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so we can express Ry in terms of Hy and )y as

c
H()\/ 1-— QO.
Then substituting this to the formula for g we have

CQO
Ho(l — Qo>3/2 .

Ry =

0=

. A spatially flat Universe contains dust with dimensionless density Qg9 = 0.3 and dark
energy corresponding to cosmological constant A.

[15 Marks] (a) Calculate the present deceleration parameter qo if the Universe started
to accelerate when the density of dust was 64 times larger than at present.

[10 Marks] (b) Determine the redshift when the contribution of “dark energy” to the
density of the Universe was only 1%.

B2. Solution.

(a)

Since the Universe is flat £ = 0.

Since it contains only dust and dark energy in A-term form, p = 0.
RR  4nGpR? AR? 1

1= " he SRz 32 H?

[47erd0 (}‘{0)3 A]

3 R) 3

At the present moment

1 [47TGpd0 A}

PTmlT3 T3
3H?

= Qiper = Q2 =0

Pdo ap dSﬂ_G

[seen similar|

At the moment when ¢ =0

470G pao <RO>3 A
=3

3 R
Given that ;
Ry
— ) =64
() =
hence A e
T
— = — 64
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thus

1 47Gpgo 63 4G 3H;
9 P ( 64) Sng 5 g~ 0.5x0.3 3.15
(b)
&G A
H?= —— —
3 Pt g

hence the contribution of A-term into total density, as we could see in question A4, is

A
PA=SrG
Let
PA
o= ,
Pd + pa
then a )
-«
pd — pAi'
o
taking into account that
_
_ = z
R )
we have .
pao(1+ 2)3 = M_
«
Given that

pao = 0.3pcr pa = 0.7per,
hence taking o = .01, we have

{0.7 X 0.99]1/3
2=—1+ | ~
0.3 x 0.01

Consider a sphere in a Robertson- Walker model with comoving coordinate x = .

[6 Marks] (a) Using the Robertson-Walker metric, find (i) the physical radius r(xs,t)
of the sphere at time t and (ii) the circumference C(xs,t) of a circle in the plane
0 = w/2. Express your results in terms of the scale factor R(t) and .
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[19 Marks] (b) A spherical galazy of diameter D has redshift z and apparent angular
diameter A6. Show that
_ DVE(L+z)

Rysin(vVEy)’
where Ry is present scale factor. Assuming that equation of state parameter a = 0,
A =0 and k = 0, use the equation for radially propagating photons to determine an
integral relationship between z and x.

Ad

B3. Solution.

(a) From the Robertson-Walker metric
Xs Xs
r= /o ds|at=0, do=0, dp—=0 = R/o dx = Rx.

From the Robertson-Walker metric

7 _ psin(Wky) 2o sin(vVy)
C—/O dS’dt:O, df=0, dXZO—RT 0 d¢—27TRT-

(b)
D 27D DVk DVE(1 + 2)
A =21~ = : = = :
¢ oppinbdx Rsin(Vhy)  Rosin(Vkx)

We see that the we should just relate x with 2. For radially propagating photons
ds =0, df =0 and d¢ = 0.
So from the Robertson-Walker metric we have (cdt)* — (Rdx)* = 0 or dxy = +cdt/R.

7N

corresponding to photons propagating inward we have

tz
X = —c/ dt/R,

to

Choosing sign

where ¢, is the moment of emission determined by z. Then

_ [ dR _ R dR
X=7C e HR2  “Jr. HRZ

From the Friedman equation we have
H’R* = HiQReR™ — kc?

and for the present time
HiR; = HiQo RS — ke?,

hence

HR = HORO\/QO% + (1 - Qo)
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Then taking into account that
R(z) = Ro/(1 + 2)

and
dR/R = —dz/(1 + z),

we have

c z dx
e H()Ro /0 (1 +l’)\/1 —|—QOSL"

In the case k = 0 and 2y = 1 we have

c z dz 2c
— — 1—(1 -1/2
X HORO /0 (1 + x)3/2 HORO ( ( + Z) ) 9

and
DHO (1 -+ 2)3/2

dre (14 2)1/2 -1

Al =

. Consider a dust sphere of average density p' in a background flat Universe with k =
A = 0. Consider the amplitude of the small density perturbation

as a function of scale factor R, where p(R) is the average density of the Universe.

[15 Marks] (a) Show that the equation for evolution of 6(R) can be written in the
form

ﬁ + i@ — i(s =0

dR?>  2RdR 2R? ‘
[Hint: Show first that (R' — R)/R = —¢§/3.]
[10 Marks] (b) Show that the general solution of this equation can be represented in
terms of two independent modes, one of which is growing, while the other is decaying.
Given that these two modes were equal at redshift z =9, find their ratio at the present
moment.

B4. Solution

(a) Starting from
AtGpR

3 Y
perturb R and p: R = R(1 +h), and p' = p(1 +6).

R=-
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To relate h and § we use the conservation of energy equation pR* = pR3(1+3h)(1+4),
orl=1+3h+6,s0h=—§/3.

[1/15]
Hence 5
R =R(1 - -
( 3)7
. . dR’
R =R——
dR’
.. . dR’ L d2R
R =R R?
dr AR
Putting this in the perturbed equation
R/ _ _47TGPIR/’
3
we have
. d ) -y d? ) 47GpR )
—[R(1 - = P [R(1— )] =~ 1+6)(1— -
B[RO = )]+ B[R 5 = =TSP (14 )(1 - 5),
taking into account unperturbed equation
. _4AnGpR
3
[1/15]and unperturbed Ftiedmann equation
_ 8rGpR?

RQ

3 Y

in first order with respect to 0 we obtain

4GpR [ d 5 P 5 5
~ Y RO -2 R RO - +146-2) =
3 { gl =+ 2R (R = 2 + 1+ 3} 0
thus i 2 2
— - — — 27:
0 dR 3R dR? 0,
finally

eo 3 d 3.
dR? ' 2RdR 2R

(b) Taking trial solution
d=AR™,
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we obtain

3
m(m—1)+7m =0, 2m*+m—3=0.

N | W

Solutions of this quadratic equation are

1( 1 1 145
= [—cx4/2+4] =
s 2(2 6+) 1

thus my =1 and m_ = —% ( growing and decaying modes). So we have

5= A (R/Ry) + A_(R/Ro) /.

Taking into account that
R/Ry=(1+2)""

at the moment when z = 9 and R% =0.1

0.1A4, ~ 30A_,

hence at the present moment the ratio of growing mode to decaying is

Ay
T~ 800,

12 [End of examination paper.]



