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viri. SOLVING EFES

Weak field and slow motion approximation
The Schwarzschild metric as an exact solution of EFEs

Physical singularity versus coordinate singularity in the Schwarzschild metric

A. Weak field and slow motion approximation

In small velocity approximation
TF = pctuu®, (VIIL1)
where p is the mass density, i.e., T = pc? and all other components are small, i.e., |T0| < 7§ and |T?| < T9. This

means that T = T} ~ T{.
In weak field approximation one can neglect by the non-linear part in the Ricci tensor:

1 1
Roo = R ~ g0 = 51" 0000 = 50,0 (viiL2)
where ¢ is defined by
2¢
goo =1 — = (VIIL3)
Following usual notations
1% 900,08 = Lgoo, (VIIL4)

where A is the Laplace operator. From EFEs we obtain

1 81G
Rg =50¢= CT(TC? -

1 e 1
T~ — (10 — =1T0) =
5 1)~ = 510)

47 G

= 1. (VIIL5)

Hence,
Ao = 4nGp. (VIILG6)

This is the Poisson equation, hence, as one can see, in this approximation EFEs give the Newtonian gravity and ¢ is
the Newtonian gravitational potential.
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B. The Schwarzschild metric as an exact solution of EFEs

Let 7, 8, ¢ are spherical space coordinates. The most general spherically symmetric gravitational field can be described
by the interval in the following form

ds* = h(r,t)dr?® + k(r,t)(sin*0d¢? + d6*) + 1(r,t)dt* + a(r, t)drdt. (VIIL7)
By transformations of coordinates
r=fi(r', ')t = fo(r', 1), (VIIL8)
we always can make
a(r,t) =0 and k(r,t) = —r? (VIIL9)
Thus
ds? = e"dt* — r*(sin®0d¢? + do*) — erdr. (VIIL.10)
Taking into account that
goo >0 and g7 <0, (VIIL.11)
we can see that
goo =€, g1 = —€*, goo = —7%, and gz3 = —r’sin’0 (VIIL.12)
g0 =e, g =—e* ¢®2=—r"2 and ¢** = —r2sin"246. (VIIL.13)

Now we can calculate the Christoffell symbols:

N v A,

I} = X Y, = = I3, = —sinfcosf, TY) = 2 (VIIL14)
1
T, = —re*, T}, = ge”_)‘, 2, =%, = -, T, =cotb, (VIIL15)
T
0 _ P o N g (VIIL16)
00 =37 +107 5 1337 rsm-ve -, .

where ' means partial derivative with respect to . Then after straightforward calculations of the components of the
Ricci tensor we obtain the Einstein’s equations:

%GTll Y (i’ + :2) + %2 (VIIL17)

e (w AR AS - ”';') i (A TR A;) , (VIIL1S)
8:4GT00 _ e <T12 _ i’) + %2 (VIIL19)

%GT& _ _e—Aé, (VIIL20)
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In vacuum, where all 7} = 0, we have

fo1y 1
e (i n 7«2) t 5 =0 (VIIL21)
Noo1y 1
o (r _ 7ﬁ2) + =0 (VIIL22)
A =0, (VIIL.23)

The most unpleasant equation fortunately is not independent and follows from other three equations. One can proove
this by straightforward calculations or by using the Bianchi identity. From equation (VIIL.23|) follows that A = A(r),
i.e. does not depend on t. From equations (VIIL.21)) and (VIIL.22) follows that

N +v =0, hence A+ v = f(t). (VIIL.24)

Now we can use our last freedom in coordinate transformation, namely we can transform the time coordinate, t = f(t')
to make f(t) = 0. As a result we obtain

e N =e. (VIIL.25)
Thus we actually proved a very important theorem: If a gravitational field is spherical symmetric then this field is

static! Now the system has been reduced to the single equation (VIIL.22)), which after multiplying by 72 can be written
as

N =1)+1=0or — (e ) +1=0. (VIIL.26)
Finally
e r=e" =1+ é, (VIIL.27)
T

where A is a constant of integration. One can see that if » — oo, then
e N=¢e" -1, (VIIL.28)

which corresponds to the Minkowskian space-time.
In order to determine the constant A let consider a test particle far from the centre of gravitating object. It’s radial
acceleration is given by the geodesic equation:

d*r 1,4 k
2 +Ijpu'u” = 0. (VIII.29)

If we assume that the particle moves slowly, i.e. four-velocity u’ ~ §} and ds ~ cdt we obtain

d?r

o 211 sisk 211
ez s C Lixdody = —cTop =
2 2 2
__C m _ _ N ~ ¢ dgoo _
=75 9" (gon,0 + 9no,0 — goo,n) 5 g (901,0 + 910,0 — 900,1) 5 dr

fde*’\ 2 d 1 A _A02

S-S la+ D) =25 (VIIL30)
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On other hand we know from Newtonian theory that

d*r GM
— = —— VIIL.31
hence the constant of integration
2G'm T
A=— 2 =T and gopo =1— 757, (VIIL.32)
where 74 is the so called gravitational radius
2G'm
9= 2 (VIIL.33)

Finally we derived the famous solution of the EFEs obtained by K. Schwarzschild in 1916, the same year when Einstein
published his equations. This solution is called the Schwarzschild metric:
dr?

1—1Ie7
T

ds? = (1 _ Qg) 2dt? — 12 (sin®0dg? + db?) — (VIIL34)

r

One can see that this metric describes a curved space-time. To prove, for example, that even the space itself is curved,
let us compare the physical radial distance, [, with the corresponding circumference, C. In the flat Euclidian space

| = g, (VIIL.35)
2

while in the case of the Schwarzschild metric

dr?

1—"s
T

di? = + 72(sin? 0dp? + db?), (VIIL36)

hence

"2 d lcirc - lcirc
[ / _ O, gy = scirels ~ leircly (VIIL37)
r /1 _ %q 2

One can see also that time runs at a different rate at different radii, indeed

dr = \/goodt = /1 — %th. (VIIL38)

C. Physical singularity versus coordinate singularity in the Schwarzschild metric

We can prove that there is no physical singularity at r» = r,. For that we produce the following transformation of
coordinates

or = tet £ / / (i)g, (VIIL39)
dr
R=ct + / m, (VIII40)

where f(r) is an arbitrary function. Now the interval can be written in the following form:

1-"s
ds? = T—(Pdr? — f%dR) — r?(db” + sin?0de?). (VIIL41)
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To eliminate ”singularity” at r = r4, we can choose f(r) in such a way that f(ry) = 1. For example,

In this case

oo [ [ a2

3
r= §(R — 07)2/37";/3,

and

ds® = 2dr? —

dR> 3 e ,
; 575 [Z(R - CT)] r3/3(d92 + 5in?0dp?).
[E(R — cr)]

We can see that there is now singularity at r = rg, indeed if r» =,

3
i(R —cT) =7y.

In other words, the formal ”singularity” ar » = r, can be removed by the transformation of coordinates.

(VIIL.42)

(VIIL43)

(VIILA44)

(VIIL45)

(VIIL46)

The real physical singularity does take place at = 0 when, say, the scalar curvature is infinite (one can easily verify
this by straightforward calculations) and this fact can not be removed by any transformation of coordinates.
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