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As for HJ we can build the low-lying states of Hy from
atomic orbitals of 1s hydrogen. The antisymmetric ¢¥=1v_,
will give us a triplet state:

Yl ~ \}ﬁ [P15(ra1) P1s(rp2) — Prs(ra2)Prs(rpn)] X

(19)
and the symmetric ¢y=1, will give us a singlet state:

S ~ \}E [15(ra1)P1s(rB2) + Prs(ra2)Pis(rp1)] x°

(20)

As before, to obtain the energy associated to these 2 states
we work out expectation value of Hamiltonian, normalized
for either singlet or triplet states:

Ry f¢*S’Tﬁel¢S’TdT
«(R) = [ pSTpSTr
by — ¢S

E. — Yt
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Optional: Working through these integrals, like we did
for Hy, gives the denominator, f¢*>T>Tdr =

1 k
5 / (P15(ra1)P1s(rp2) £ Prs(ra2)Pis(rp1))

X (D15(ra1)Pis(rp2) £ Pis(ra2)Pis(rp1)) dridry
1

- 2/q)TS(TAl)q)ls(?“Al)dﬁ/CDTS(T&)CDB(TBQ)CZM

1

+ 2/q)TS(TAz)(Dls(TAz)de/®T5(TB1)@15(7“32)657°1
1

+ 2‘/ q)Ts(ﬁAl)cbls(ﬁBl)drl/CDTS(L@)(Dls(ﬁBQ)dTQ

1
+ 2/@13(7“A1)®TS(TB1)617“1/@13(7”A2>@T5(7“B2)d7°2
(21)

which, remembering that the ®y4(ry,;) (for N = A, B

and i = 1,2) are normalised, and defining the overlap
integral:

I = /(I)Ts(f]\f,i)q)ls(ﬁl\/[,i)dri (22)

we see that:

[ TyS T dr =1+ 17 (23)

remembering that the ‘4’ corresponds to the spin singlet,
and the *-" to the spin triplet.



27

For the numerator we need to evaluate four parts. First:

[ @1 () P (rp2) Ha®rg(ran) Pra(rpe)  (24)

Breaking up H., we can identify the —%V% — rfln and
—%V% — % as being the hydrogen atom Hamiltonians,
B2

and so both will integrate to Fq,.

We can also recognise

1

1
R/ ‘q)ls(fAl)F‘q)ls(zBQ)FdT = E (25)

the nuclear repulsion term that was present in the Hj so-
lution.

The rest of the Hamiltonian gives rise to:

1 1 1

[101ea) Flole)d (= -+ ) dr = J(R)
Bl TA2 T2

20

which we can identify as a Coulomb integral (not ex-
actly the same as in the previous HJ solution)

And so we find the first part of the numerator is

1
2F s + 7 + J (27)

The second term to evaluate is:

| O (1 a2) @3 (rp1) Ha®rs(ra2) Prs(rpr) — (28)

which, as only the electon number labels have changed
clearly integrates to the same as the above.
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The third term is a ‘cross term’:

| O (ra2) 03 (rp1) Ha®rs(r 1) Prs(rpa) — (29)

Adopting the same procedure as above, the first part we
tackle is the hydrogen atom Hamiltonians —%V% — 7,21 and

—1V3 — T;Q which will produce two terms equal to
:|:E71512 (30)

where [ is the overlap as defined before which occurs be-
cause we now have to evaluate terms like f ®*(rp1)®(r 41)dry.

We can also identify the nuclear repulsion term:

1
iR12 (31)

remembering the ‘4" and - are spin singlet and triplet
respectively.

This leaves only the part:

/q)*(£A2)(D*(K31)@(£A1)®(£32) <_r; — 73142 + 7;) dr
(32)

which we will denote K(R), the Exchange Integral.

So the contribution from this third term is
1
+(2F,, + R)P + K (33)
The fourth term is the other cross-term, which again dif-

fers only by the electron labels being swapped, and so in-
tegrates to the same result.
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Adding together all four terms (and remembering the fac-
tor of % from the initial normalisation), we get:

(W | Hoy|poT) = (2B, + ;)(1 + I+ J+ K (34)

where the sign of K depends on the symmetry of the wave-
function.

Normalising we find an expression for the energy:

1 J K
EL=2F,+—+

+ 35
R 1?7 1417 (35)




