
Consider the static, spherically symmetric metric

ds2 = −eν(r)dt2 + ea(r)dr2 + r2(dθ2 + sin2θ dφ2). (1)

The non vanishing Christoffel symbols are

Γt
tr =

1
2
ν′(r) (2)

Γr
tt =

1
2
ν′(r)eν(r)−a(r) Γr

rr =
1
2
a′(r) (3)

Γr
θθ = −re−a(r) Γr

φφ = −r sin2 e−a(r) (4)

Γθ
θr =

1
r

Γθ
φφ = − cos θ sin θ (5)

Γφ
φr =

1
r

Γφ
φθ = cot θ. (6)

The trace terms are

Γσ
tσ = 0 Γσ

rσ =
2
r

+
1
2
(ν′(r) + a′(r)) (7)

Γσ
θσ = cot θ Γσ

φσ = 0. (8)

The Ricci tensor is defined by

Rµν = Γρ
µν,ρ − Γρ

µρ,ν + Γσ
µνΓρ

σρ − Γσ
µρΓ

ρ
σν . (9)

Its components are

Rtt = eν(r)−a(r)

(
1
2
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1
4
ν′(r)2 +

1
r
ν′(r)− 1

4
a′(r)ν′(r)

)
Rrr = −1

2
ν′′(r)− 1

4
ν′(r)2 +

1
4
a′(r)ν′(r) +

1
r
a′(r)

Rθθ = 1− e−a(r) +
1
2
ra′(r)e−a(r) − 1

2
rν′(r)e−a(r)

Rφφ = sin2 θRθθ

Rµν = 0 if µ 6= ν.

The Ricci scalar is

R = gµνRµν = −ν′′(r)e−a(r) − 1
2
ν′(r)2e−a(r) +

1
2
a′(r)ν′(r)e−a(r)

+
2
r2
− 2e−a(r)

r2
+

2
r
a′(r)e−a(r) − 2

r
ν′(r)e−a(r).

The Einstein tensor is defined by

Gµν = Rµν −
1
2
Rgµν . (10)
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Its four components are

Gtt =
1
r2

eν(r) d

dr

(
r − re−a(r)

)
(11)

Grr =
1
r2

(
1 + rν′(r)− ea(r)

)
(12)

Gθθ = r2e−a(r) 1
2
(ν′′(r)− 1

r
a′(r) +

1
r
ν′(r) +

1
2
ν′(r)2 − 1

2
a′(r)ν′(r)) (13)

Gφφ = sin2 θGθθ. (14)

The Einstein tensor has vanishing covariant derivative and therefore implies
energy-momentum conservation,

∇νTµν = 0. (15)

For a perfect fluid in a static, spherically symmetric spacetime the energy-
momentum tensor has the form

Tµν = (ρ(r) + P (r))UµUν + P (r)gµν (16)

where 4-velocity Ut = −eν(r)/2 is given for a fluid at rest. Conservation of this
quantity gives four equations of motion. Because of symmetries, only the radial
component µ = r does not equal zero. By using the Christoffel symbols derived
above, it is found that

0 = (ρ(r) + P (r))
ν′(r)

2
e−a(r) + P ′(r)e−a(r)

which gives

2P ′(r) = −(P (r) + ρ(r))ν′(r). (17)
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