A. Polnarev. (MTH6128). 2010. Course work 4.

H. Solutions to course work 4

Q1. 25 Marks

Using a locally-inertial coordinate system prove that the Riemann tensor has the following symmetry properties:

a) Permutation within a pair of indices

Solution:

and

Rikim = —Riitm = —Rikmi.

7 I at 7 7 n ) n
fetm = Lkmt = Dkiom + Tl — T Ui

Riklm = gil’Rilm = Gip (Fim,l - le,m + Ffz,l Zm - Fﬁmr}gl) .

(H.1)

(H.2)

To prove any tensor identity it is enough to show that this identity is true just in the local Galilean frame of reference.

In the local Galilean frame

hence

Taking into account that

we have

Rigim =

Taking into account that

we have

Iy, =0, while T}, #0,

Riklm = MNip <Fzm,l - ]‘—‘Zl,m) .

on

n
FZm,l = T(an,m + Inm.k — gkm,n),l;

1
inip (7P (Gkv,m + Gmok — Grem,w)l — TP (Gkv,l + Giok — Grlo)m] =

1
562) (gkv,m,l + Imu,k,l — 9km,v,l —9kv,l,m — Jlv,k,m + gkl,'u,m) .
Ikv,m,l = Gkvl,m a0d Gik = Grs,

1
Rigim = §(gim,k,l + Gkt iym — Gilkym — Gkm,il)-

To calculate Ry let us produce the following permutation in (H.5)): ¢ < k;then

1 1
Riiim = §(gkm,i,l + Git,kym — Gklyiym — Gim,kl) = _g(gim,k,l + Gktyim — ilkym — Gkm,il) = —Rikim.-

To calculate R;gm let us produce the following permutation in (H.5)): [ < m;then

1 1
Rijmi = §(gil,k,m + Gkm,i,l — Gim,k,l — gkl,i,m) = —*(gim,k,l + 9kliom — Gilkym — gkm,i,l) = —Rikim-

2

15

(H.3)

(H.4)

(H.5)
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b) Permutation of pairs
Rikim = Rimik-

Solution:Producing the permutation (ik) < (Im) in (H.5|), we have

1 1
Rimik = §(glk,m,i + Imilk — Jliym,k — gmk,l,i) = §(gim,k,l + 9kliom — Gil,kym — gkm,i,l) = Rikim.-

Q2. 25 Marks

a) Prove that
Rikim + Rimkt + Riimik = 0.

Solution:With the help of circling permutation

|

|

we have
Rigim + Rimpr + Rigmi =

1
= 5[(gim,k,l + Gkiim — Git,k,m — Gkmit) + (Gik,im + Gim,ie — Gim, ik — Jik,i;m) + (Git,m ke + Gmik.il — Gik,ml — Gmlik)] =

1
= 5[(gim,k,z*gim,l,k)Jr(gkl,i,m*glk,i,m)*(gil,k,m*giz,m,k)*(gkm,i,l*gmk,i,z)Jr(gik,z,m*gik,m,z)Jr(gzm,i,k)*gmz,i,k)] =0.

b) Using a locally-inertial coordinate system prove the Bianchi identity:
Riktzm + Rimiy + Ritmx = 0.
Solution:In a locally-inertial frame of reference
Rt = Tkt = Thtom
and
Rijtm + Rivared + Rl = Bijim + Rk s + Rl k-
With the same circling permutation of indices as before
—
k 1
— m

we obtain

n n n _

Rik:l;m + Rimk;l + Rilm;k -
_ n n n n n n _
=Tk =i )m + iy = Tim) b+ (Dl — T k) =
N n n n n n _
=D km = Viktm T Uik = Vitmk T Uikomg — Dimpg =

= = Timr) = Chrm — Cieom) + (Chk — D) = 0.
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Q3. 25 Marks
a) Give the definition of the Ricci tensor R, and prove that

l l l m myl
Rir = Uiy — Ui + Die Do — Ty T

Solution:
Rix = g" Rigmi = Riyy..
Producing summation in the expression for the Riemann tensor ¢ = [ and replacing k by ¢ and m by k we have
Riyx = Rl = Fék,l - Fél,k + T =TT =

7l l l m mil
=T —Tiurx + il — Ui Th-

b) Using the Bianchi identity, prove that the Ricci tensor and the scalar curvature R = ¢** Rir, satisfy the following identity:

. _10R
Roma = 2 9z™’
Solution:After contracting the Bianchi identity
}L-clm;n + R;;nl;m + R;‘cmn;l =0
over indices ¢ and n (taking summation ¢ = n) we obtain
R;elm;i + R;m'l;m + Rzmigl =0.
According to the definition of Ricci tensor
Ry = Ru,
the second term can be rewritten as
R;fil;m = Rk:l;m~

Taking into account that the Riemann tensor is antisymmetric with respect permutations of indices within the same
pair

2m1 == i‘lm = —Rgm,

the third term can be rewritten as
kmizt = — Romit.

The first term can be rewritten as

Rimi = 9" Rpkimi,
then taking mentioned above permutation twice we can rewrite the first term as

Ritmi = 9" Rpkimsi = —9"" Ripimsi = 9" Ripmisi-
After all these manipulations we have
9" Ripmizi + Ritom — Rigma = 0.

Then multiplying by ¢* and taking into account that all covariant derivatives of the metric tensor are equal to zero,
we have

9" 9" Rgpmii + 9™ Ritym — 9" Ry = (gkmgikapml);i + (gkakl);m - (9ka’fm);z =0.
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In the first term expression in brackets can be simplified as
9" " Rypmi = g'P Ry = R;.

In the second term expression in brackets can be simplified as

9" Ry = R}
According to the definition of scalar curvature

R = g"™ Ry,
the third term can be simplified as

(gkakm);l =R;=R,.
Thus
i+ R, — Ry =0,

replacing in the second term index of summation m by ¢ we finally obtain

2R}, — R; =0,
finally

; 1
i — 3R =0, (H.6)

Q4. 25 Marks

a) Starting from the Einstein equations in the form

8 1
Rix = =2 (T — ZguT) |
k o ( k ng)

prove that

i c* i 1
Ti =g (Rk - 551@3) ;

where 8% is the unit diagonal four-tensor.
Solution:Let us first rewrite the EFES in the mixed form

: : 8rG ) 1 . 87 1
Riz - gszk” = A (glkan - 291kgknT> = 4 <TTZL - 2§;T> .

Then by summation ¢ = n we obtain that

R=R"= 8nG (T" _ 15nT> _ 8aG <T— ;4T> _ &G (T —2T) = —%T,

A o2 ct ct ct
hence
4 4
) c ) 1. c ) 1.
T} = —R, +-00T=——|R, —=0.R).
ETgrg e % 87TG<k 2’“)

b) What can you say about the nature of gravitational field, for which R, = 0, while Rikin s not equal to zero?
Solution: R;;, = 0 implies that T;, = 0, i.e. the space-time is empty. R;x;, # 0 means that the space-time is not flat.
[Thus we have free gravitational field in empty space-time which is gravitational wave.]

¢) Prove that the energy-momentum tensor of matter T} satisfies the conservation law lek =0.

Solution:Taking covariant divergence of the EFEs in mixed form we obtain

i 1 8rG .,
kii - §5kR,z == CTTk;i. (H?)
As follows from (H.6))(see Q3b) the LHS of (H.7) is equal to zero, hence
Ti, =0.
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