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Questions

Section A

A1. State the principle of equivalence. [6]

A2. Describe how a covariant tensor denoted Aµ transforms under a coordinate transfor-
mation. [6]

A3. On the surface of a sphere, whose radius is R:

i) Do lines that begin in parallel converge, diverge or remain parallel? [1]

ii) Is the ratio of the circumference to the diameter of a circle on the sphere bigger than
or less than 2π? [1]

iii) Do the angles of a triangle on the sphere add up to more than, less than or are equal
to 180 degrees? [1]

iv) Does the curvature get larger or smaller as R increases? [1]

v) Describe a geodesic on the surface of the sphere. [1]

vi) Does a cylinder have positive, negative or zero cuvature? [1]

A4. Write down Einstein’s equation for the vacuum defining any symbols used. [4]

A5. Consider a blackhole.

Describe what happens to the light cone as one goes from infinity, crosses the blackhole
horizon and then continues to the centre of the blackhole. Where does the curvature
become infinite? [7]

A6. Name three tests of general relativity. [6]

A7. What is the cosmological principle? [5]
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Section B

B1. The line element of a two dimensional hyperbolic space is given by:

ds2 =
1

y2
(dx2 + dy2)

i) What is the metric, gµν and its inverse gµν . [2]

ii) Calculate all the Christoffel Symbols for this space? [14]

You may use:

Γα
βγ =

1

2
gατ (∂βgτγ + ∂γgτβ − ∂τgβγ) .

iii) A straight line in flat space may be defined by the equation:

U ν ∂

∂xν
Uµ = 0

Where Uµ is the tangent vector given by:

Uµ =
dxµ

ds
.

Derive the geodesic equation by making the equation for a straight line covariant. [10]

iv) Write out the geodesic equations for the hyperbolic space described above. [4]

B2. This question is for the spacetime exterior to a spherically symmetric mass distribu-
tion.

i) Write out the metric. [4]

ii) What does the metric become in the weak field limit. [4]

iii) What is the effective velocity of light due to the curvature of spacetime (in the weak
field limit) and what astronomical effect does this lead to? [10]

iv) Derive the formula for gravitation redshift (in the weak field limit). [8]

v) A hydrogen atom emits a photon with wavelength λ = 410.2nm from the surface of
the sun. What is the wavelength seen by an observer on the earth? [4]
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B3. i) Explain the relationship between matter and the geometry of spacetime giving
as much detail as possible. In particular, include a description of how the curvature of
spacetime is related to the metric of spacetime. [14]

ii) Beginning with:

DρR
ε
µνσ + DνR

ε
µσρ + DσR

ε
µρν = 0 .

Show that
Dµ(2Rµν − gµνR) = 0 .

[10]

iii) How does the above identity imply the conservation of energy? [6]

B4. The flat FRW universe is described by the following line element:

ds2 = −dt2 + R(t)2(dσ2 + σ2dΩ2
(2))

i) Explain Hubble’s law and derive the relationship between Hubble’s constant and the
function R(t) in the FRW universe described above. [14]

ii) Write down the stress energy tensor for the matter dominated unverse and for the
radiation dominated universe in a frame static with respect to cosmological time. [4]

iii) Use the conservation of mass to find an equation relating ρ and R(t) in a matter
dominated universe. [4]

iv) The first Einstein equation for the FRW matter dominated spactime is:

8πGρ = 3

(
Ṙ(t)

R(t)

)2

Use this and your answer to part (iii) to find R(t). [8]
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