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I Absorption and Reflection

Macroscopic Electromagnetism
_ . d
Maxwell's VY D =p VxH=j+7zD

equations: d

S

p=20 (no net free charges)
B = pugH  (non-magnetic)
j=ocE (ohmic conduction)

2
VQE:MOO'%E_FMOC%—QD

Linear Optics

In a linear, non-conducting medium:

2
V2E = ¢q g 57 (er E)

Solution: E = Eg exp [i (kz — wt)]

where: k= %w/er =k’ + ik”  complext

==> Define complex refractive index:

n=./e = n -+ ik
| |
refraction absorption
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Absorption

Intensity decay of wave:  1(.) — [, exp (— 2w~ ,
(Beer’s law) () 0 p( ¢ )

Define absorption coefficient: o = 2“Cm

Reflection

At normal incidence:

R= Va1 _ (nm1)2442
= |[VaFi| T (at1)2+s2

Reflectivity R for a material’s surface
contains information on its absorption!

Relationship between components of fi and g,

n=n-+iK er =€ +ie
\ J
~

n=./er
/ 2 2 n = i(€/+(€/2+6//2)%>%
€ = N — K \/§
"no_ o and ) "
€ = nK P \/—5(—6/+(6/2+e//2)§>

if k< n (weakabsorption): n o~ Ve ko~ £

12

I\)‘m
3
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The classical dipole oscillator model

Inside a material the electric field of an EM wave may
interact with:

« bound electrons (e.g. interband transitions)
* ions (lattice interactions)
« free electrons (plasma oscillations)

Equation of motion for a bound electron in 1D:
d?x dx

2
mdt—Q—I—m’yE-l—mwox——eE

where E = Eg exp(—iwt)

==> stationary solutions: z(t) = zg exp(—iwt)

— —¢ek 1
m w%—wQ—i’yw

Displacement of charge causes polarisation:

P = —Nex (N:oscillator density)

D = eperE = egE + P '\ background
\
\

er(w) =1+ 2N (wg_wé_m@ +()

— _/
~

x(w)
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Real and imaginary part of ,

i 7 Ne? wg — W2
)= B D+ ()2

Ne? yw
eom (w§ — w?)? + (yw)?2

d

Can now calculate n(w), k(w) and R(w), a(w)

6”(0@1) —

Optical constants for a classical dipole oscillator

—— - 1.0 r
100} € § n i R

i 12 f 08¢ Y
Ep /1 i { U ©,=100THz

- 0.6} . =12
o —1 % :

(Ne*)/(e,m) =

Parameters:

tf i 0.4¢
50 g 20000
& 4
L] i 0.2}
-100 £ 1\ ——y=20THz
: 0 ind 0.0 ——y=5THz
’ -y=1THz
; [ O I v = 0.005THz
. 12r 8t o (10°m™)
200 : H
: 10} [
150 8r °l il
\ !
\ il
100 i . \ 4 [
it 4} N
; \ 2
g A 2:—_—#&& ‘A
0 2 0 0 -
80 90 100 110 120 80 90 100 110 120 80 90 100 110 120

o (THz)
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Local field corrections

In a dense medium:

« atoms experience “local field” composed of external
field E and polarization from surrounding dipoles

« treat interacting dipole as being at centre of sphere
surrounded by a polarized dielectric

==> Clausius-Mossotti relationship:

XalN __ e—1
3 T e+2
electric
susceptibility
per atom

Problems with the classical oscillator model

* no information on selection rules
==> need quantum mechanics

« interband transitions should depend on the density of

states g(E)
* One possible modification: “oscillator strength”
(from QM)
/

2
write: € = 1 + & N 5 J; .
COMwy—w<—1wwy
— )
~
line shape of transition

(from classical oscillator model)
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Il Interband optical transitions

) Treat interband transitions through time-
conduction band . -,
Fow —f dependent perturbation theory - Fermi’s
_ golden rule gives transition probability:
) 2 joint density
valence band Wiy = TﬂlMZf’ 9(hw) — of states

with matrix element:  M; ¢ = [ zp}(r) V (r) ;(r) d3r

where  V(r) = —er-E E = Egcos(k-r)

dipole moment E-field of incident wave

Bloch
wavefunctions

%(r) = uv exp ('Lk I‘) }
Py(r) = ucexp (zkf >

Matrix element for interband transitions: .
absorption

/

1 * .
M;y = 2_Vo./(_eE0) “(ui(r) ruy(r)) exp <z(ki — ks + k) - r) d3r

+ 2—%/0./(_6}30) - (ug(r) ruy(r)) exp (z‘(ki — ks —k)- r) B3

N

emission

==> deduce conditions for dipole allowed
(direct) transitions.

(1) wavevector conservation
(2) Parity selection rule
(3) dependence on photon energy
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Conditions for direct interband transitions

(1) wavevector conservation
sz #= 0 only if kf =k; -|—\k or kf = kz/_ k

absorption emission

E

typically: k < k;, kf

“vertical”
transitions

(2) parity selection rule M

if o< eEg - /uZ(r) ruy(r) d3r
odd parity
==> M, 7 0 only if uc(r) and uy(r) have different parity!

In a typical 4-valent system (e.g. group 1V or 111-V compound):

isolated sp3-hybrid in crystal
atom ) )
,.== p-antibonding ------ »
p==-~ - — santibonding - - conduction band
el E,
S === . =z p-bonding - > valence band
s —o— s-bonding - > -

== expect to see strong absorption for these materials

LM Herz - Optical Properties of Solids
HT2011

10



(3) Dependence of transition probability on photon energy

Final state is an electron-hole pair

Nlw

1
= g(hw) =%§<ﬁ% (hw — Eg)2

where p = (% + Ti* )_1 reduced effective mass
e h

If M;; is independent of the photon energy 7w, the joint

density of states contains the dependence of the transition

probability on 7. For this case:

Absorption coefficient

1
(for direct transitions): a o« (hw — Eg)2

Examples for direct semiconductors

a) InSb at 5K b) GaAs at 300K
ﬂ]" L R S - 104 1
.,0"" E
2
- 5 10°F <
o 103 B 7] ®| @ experimental data
g £ .
2 ® experimental data 9 102} M x (hw — Eg)2
2 1 *
® — ax (fuw — Eg)2 5 .
10°f | 5 g
o 1
-==- corrected for variation s 10°F .
of matrix element g .
(non-parabolicity) o o*
10‘ " " i " " L 100" N L s
02 03 04 05 06 07 1.3 1.4 1.5 1.6
Photon Energy (eV) Photon Energy (eV)

1
==> deviations from « o (hw — E4)2 e.g. due to
phonon absorption or non-parabolicity of the bands.
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Indirect interband transitions

* Indirect gap: valence band maximum and conduction band
minimum lie at different wavevectors, ke® £ kmin

» direct transitions across the indirect gap forbidden, but
phonon-assisted transitions may be possible.

(i) wavevector conservation:
kf =k;+k=+ Aphonon
with phonon wavevector

— . max min
Aphonon = kv - kc

E

qphonon

(i) probability for indirect transitions:

* perturbation causing indirect transitions is second order
==> optical absorption much weaker than for direct

transitions!

« find absorption coefficient « o« (hw — Eg + fiwg)?

I

phonon absorption
or emission
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Example for an indirect semiconductor: Si

Band structure:

é 1 7
1'1"'
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Absorption coefficient (105m‘1}

Absorption spectrum:

mostly
indirect direct
transitions transitions

25}

2.0}

1.5}

1.0}

0.5F

0.0

4 6 8 10
Photon Energy (eV)
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111 Excitons

In(Transmission)
(¥

Absorption coefficient of CuO, at 77K:

AL

]
w
T

1
-

0 'l '}
213 2.14 2.15
Photon Energy (eV)

2.16

Series of absorption peaks
just below the energy gap

Coulomb interaction
between electron and hole
gives rise to “excitonic”
states (bound electron-hole
pairs)

Wannier-Mott Excitons

Frenkel Excitons

oo o%_.p,p oo
0 avo0d9o

00000000
dooo0o0o0oi
dooo0o0o00®
o'p o000 g0
0&9o0 -0 ©
©00vB0oo0o0

« weakly bound (free) excitons
* binding energy ~ 10meV
e common in inorganic

semiconductors (e.g. GaAs,
CdS, Cu0,...)

* particle moving in a medium

of effective dielectric
constant g,
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« strongly (tightly) bound excitons

* binding energy ~ 0.1 — leV

» typically found in insulators and
molecular crystals (e.g. rare gas
crystals, alkali halides, aromatic
molecular crystals)

» particle often localized on just
one atomic/molecular site
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Weakly bound (Wannier) Excitons

Separate exciton motion into centre-of-mass and relative motion:
CM motion: exciton momentum: k y = k¢ + k;, where k;, = —ky
excitonmass: my = m} + mj,

kinetic energy: 72k%

Ecm = 2myx

4
- c L e . — _ _pe 1 _ _ Ry
Relative motion: Binding energy: Fj, = h2Z2 n? = n?
where Rx = —t£5 R, R,=13.6¢eV (Rydberg)

Me €
— 1 15N\-1
u= (m_é + m_Z) reduced mass
Exciton radius: ap = er% n2ag
where  a,= 0.529A (Bohr radius)

E-k diagram for the weakly bound exciton

(a) uncorrelated electron-hole pair (b) exciton (one-particle picture)
(one-electron picture) E F = hke
E
o0
H n=2
N ‘ = .
k
h2k TL2]€2 Tl2k2
FEFo=F —t [, = —h — X Ry
e=Potont Ehn=amp | Bx =Byt
wavevector_conservation: wavevector conservation:
ke —ky = photon kx = ke — kv = Kypoton
==> transitions where light line
Kphoton = 0 FE = hkcintercepts with E y
=> “vertical transitions” Kphoton =~ O
=> Ex — E4 for n — o0
continuum onset at band edge
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absorption coefficient o (10°cm™)

1
1
1
|
1
photon !
~ 1
4]
1B
[ )
1
i
i
i
U
[}
12 — — T
e 294K .
1k 186K 2%
a4 90K .
. 2K 0
10} & o
L] -
T
/
o - ! A o
s / a
8t . ! .
L ] .” A
7- . JJ L]
! A
. -
6 + ax (;’?w — Fr;?Qd—K)"

Exciton-Polariton

 Absorption occurs at point where
photon dispersion intersects exciton
dispersion curve.

* exciton-photon interaction leads to
coupled EM and polarization wave
(polariton) travelling in the medium

==> altered dispersion curve
(2 branches)

* But: if exciton damping (phonon
scattering...) is larger than exciton-
photon interaction we can treat
photons and excitons separately.

Examples for weakly bound excitons: GaAs

* sub-gap excitonic absorption
features

* exciton dissociation through
collisions with LO phonons
becomes more likely at
higher T — exciton lifetime
shortened and transition line
broadened

» Coulomb interactions
increase the absorption both

Photon Energyr {eV)
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Examples for weakly bound excitons: GaAs

At low temperature (here: 1.2K) and in ultra pure material, the

small line width allows observation of higher excitonic transitions:

-‘E“ 1.2} " n=1 n=2 here; m¢ =0.067
E 0.8k €Er =13

S

I

S 04} Eg

2 __ 48

E E, =— w2 meV
< 00

1.512 1.514 1.516 1.518 1.520 anp = n?x11.7 nm
Photon Energy (eV)

Tightly bound (Frenkel) excitons

- radius of weakly-bound excitons: an = €7 n2ag

= model of bound e-h pair in dielectric medium

breaks down when a,, is of the order of interatomic
distances (A)

=> have tightly bound excitons for small ¢, , large pn

« tightly-bound electron-hole pair, typically located on
same unit (atom or molecule) of the crystal (but the
whole exciton may transfer through the crystal)

« large binding energies (0.1 — 1eV) — excitons persist at
room temperature.

LM Herz - Optical Properties of Solids
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Transition energies for tightly bound excitons

* transition energies often correspond to those found in the
isolated atom or molecule that the crystal is composed of

« theoretical calculations may be based e.g. on tight-
binding or quantum-chemical methods

« often need to include effects of strong coupling between
excitons and the crystal lattice (polaronic contributions)

Examples for tightly bound excitons: rare gas crystals

absorption spectrum of crystalline Kr at 20K:
E,=10.28V E=11.7eV

i 1 —
1.5 _Ep=1.5eV | Note: the lowest
strong absorption
= in isolated Kr is at
= 9.99eV
: I
0.5}
close to lowest
i excitonic transition
0.0 A . E, in crystal

10 11 12 13
Photon Energy (eV)

LM Herz - Optical Properties of Solids
HT2011

19



LM Herz - Optical Properties of Solids
HT2011

20



VI Low-dimensional systems

[T — =
J3D_22T3Vm E, 92D = ﬂ_ﬁ g1p =

Joint density of states

i h h
de Broglie wavelength for an A= ~10nm
electron at room temperature: P mekT
==> |f we can make structured semiconductors on these length

scales we may be able to observe quantum effects!

Possible using e.g. molecular beam epitaxy (MBE) or
metal-organic chemical vapour deposition (MOCVD)

E(k=0)

E, (AIGaAs)

confined

E, (G —e__ confined
I holes °

““““““ electrons

valence conduction
band band

growth direction z

Effect of confinement on the DOS

Confinement in a particular direction results in discrete energy states, but
free movement in other directions gives rise to continuum.
— Joint density of states g(%) (for direct CB-VB transitions):

3D (bulk) 2D (Q well) 1D (Q wire) 0D (Q dot)
(2p) ? 1 2u

gop x 6(hw — E;)

rrTa,\ hw — F;

(=]
s
L&
w
=
o
-
N
w

40 1 2 3 40 1 2 3 4
Photon Energy (eV)
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Quantum well with infinite potential barriers

03(2) SchTrLt';dianlgr’s egn inside the well:

o o 1,2 p(2) = Ep(2)
\/ outside the well: ¢(z) =0

p2(2) Wavefunctior%llong z.
E> on(2) = \/g sin <k:nz + %T)

©1(2) with wavevector  kp = "7
Eq confinement energy:

; 2.2 2 2

-4 0 § = Zn]:f - QZL* <%ﬁ>

Bandstructure modifications from confinement

bulk GaAs GaAs QW
(T-valley) .
electrons
J=1/2
E2,e1
1 El,e
K
k)

3,732 Eun W\
heavy holes /\
holes J,=1/2 J=3/2 o

light => bandstructure for 2D motion is

holes altered (quantum confinement

leads to valence band mixing)
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Optical transitions in a quantum well

as before, matrix element: M;r = [ w}(r) (—er - E) ¢;(r) d3r

wavefunctions n0W'

i) = e un(r) exp (iki 11 gno(2)
V() = Frucr) exp (ikicr1) pne(2)
\ —~— —

valence/conduction band

hole/electron
Bloch function

wavefunction along z
(|) ¢(z) changes slowly over a unit cell (compared to u, uv)'
(i) M; s ~ 0 unless k| , =k % Kppoton (K-cOnservation)

=> Mg o< cBo - [ i) vun() & x [ 0 o(2) o o(2) dz

—~— Z —~ _

My M

/!
n,n
dipole transition criteria (as before)  electron-hole spatial overlap in well

Selection rules for optical transitions in a QW

(i) wavevector conservation: k| » =k % Kphoton } as
(i) parity selection rule:uq(r) and uy (r) must differ in parity before
i

( ) Mn,n’ = /So'tl,c(z) Son/,'u(z) dz

need sufficient spatial overlap between electron and hole wave-

functions along the z-direction. For an infinite quantum well:
d

2 [—5 . nm . n'z
My == /4 sin <k:nz + 7) sin (k:n/z + 7) dz

2

— I —
M, =0 unless n'=mn

N.B.: expect some deviation in finite quantum wells!

(iv) M,, ,» = O unless ¢n,c(2) and ¥, ,(2) have equal parity
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(v) energy conservation:

hw = Eg + Ec,n + Ev,n + E(kJ_)

T

4 e2 band ) ..
; o1 photon  Ban confinement kinetic
! energy 98P OF energy of energy in
o ' electron/hole  plane of QW
P=HEN Y Eq material
< 2 £
’ hh2 and for k| = O (at the band edge):
2 2 92
allowed hemen 1 1
()
transitions ¢ h
R2n2n2
= E
gt 2d2
Example: absorption of a GaAs/AlAs QW
Absorption of GaAs/AlAs MQW (d=76A) at 4K:
12f e ‘303 | below each onset of

|0

ol |® nh2-e2 e3hn1
(X) X)

Ihl-el

0.8} (X) |h%)'§2 1

|

Absorbance

0.6F | e1-hh3 :
(X) I1h2-e2 (continuum)
0.4} l ] i
hh2-e2 (continuum) |

0.2} H hi-ei{continuum)

hhl-el (continuum)
0.0 L .

16 1.7 18 19 20 21 22
Photon Energy (eV)
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absorption: excitonic
features (X)

above onset: flat
absorption, since 2D
joint density of states
independent of z®

deviation from An=0,
in particular at high E
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Influence of confinement on the exciton

Absorption coefficient (105m'1}

T X L}

tophulk Gahs T=300K
[ hh
8r n=2
A Ih
4 i —l
! n=1
2f } GaAs MQW

1*  Confinement brings
| electron and hole closer

together.

12 = enhanced exciton

binding energy

1 == increased oscillator
strength

Photon Energy (eV)
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V Optical response of a free electron gas

Classic Lorentz dipole oscillator model (again):

d? d
mﬁ + m'yd—f + m}% = —e Egexp(—iwt)

solutions are as before, but with wg = 0 (no retaining force!)

2
=> dielectric constant: er(w) = ex (1 - Qw—p)
w* + iyw

Ne? \2
with plasma frequency wp = ( )

Ecc€QM

and background dielectric constant €so = 1 + Xy

=> real and imaginary part of the dielectric constant:

w2 ~ w2
/ D " _ p
= 1 - —£ € (W) = €cp —

w w? + 2

AC conductivity of a free electron gas

. . . d .
Can re-write equation of motion as: (TIZ = —g — eEgexp(—iwt)

=> electron with momentum p is accelerated by field but looses
momentum at rate vy = 1

. . er 1
obtain electron velocity: v = —— :
m 1 —wr

E(t)
andusing j = —Nev = oE

. o0
=> | AC conductivity o(w) = ————
1 —wr

Ne? .
where o = — = w2 €geco T (DC conductivity)
m
-
and er(w) = €00 + —0(w)
€Qw

optical measurements of €, equivalent to those of AC conductivity!
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Low-frequency regime

At low frequency of the EM wave, or w << y:
w;g/w2> € w;g
1442 w
w \e/ U \e”
=> ¢/ > ¢ and one may approximate:

[€" oo 2wk S —
K~ — = > = — = 2
2 \/ 2eqw @ c 70O

Skin depth (distance from surface at which incident power has
fallen to 1/e):

er(w) = exo (1 —

1 For Cu at 300K: 6,=6.5x107 Q-m-!
5:3:< 2 )2 => §=8.8mm @ v = 50Hz
« 6=6.2um @ v = 100MHz

High-frequency regime

In a typical metal: N ~ 1028 — 10?° m3, o,~ 107Q2'm-!
=> Drude model predicts: y ~ 101451
At optical frequencies: w > ~ (weak damping)

2 2
w. w
er%e’%eoo(l——g> and 6”%6001—2<<6/
w w W
(i) w < wp € <0 7 largely imaginary

R ~ 1 wave mostly reflected

i)w>wp €>0 7 largely real
R < 1 wave partly transmitted,
weak absorption (o o €)

LM Herz - Optical Properties of Solids
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Reflectivity in the high-frequency regime

1 2
Veso (1 —wi/w?)2 -1

Ve (1= w2/w?)3 + 1

o =1 €co=12

/

w = wp
er =20
1
R=1 R= (
x }
>
=
°
Q2
@ b
\
0 I.L"'i---
0 11

& =1

-1

1
w=wp(l — ¢ 2
p( :x))

doped
semiconductors:
large background
dielectic constant
(e ~ 10 - 15) from
higher-energy
interband transitions

most metals:

e ~ 1 (if no strong
optical transitions at
higher photon

energy)

Example: Reflection from Alkali metals

measured at low T

calculated frorq

Ne?
wp =

€Qm

* high reflectivity up to UV wavelengths
* good agreement between measurement and Drude-Lorentz model

LM Herz - Optical Properties of Solids
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Metal (102l:m-3) (16())'31/52;;) (nx;]) (::fnv)
Li 470 | 1.95 154 205
Na 265 | 1.46 205 210
K 140 | 1.06 282 315
Rb 115 | 096 312 360
Cs 091 | 086 350 440

T —

measured UV

)§ transmission cut-off
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Example: Reflection from transition metals

Metal N ©,/2% A,
(10%m-3) | (10'°Hz) (nm)
Cu 8.47 2.61 115
Ag 5.86 2.17 138
Au 5.90 2.18 138

v (Nez) 3

measured atlow T calculated from wp =
€Qmm

These transition metals should be fully reflective up to deep UV
But we know: Gold appears yellow, Copper red

Reflection of light from Au, Cu and Al:

D-L model for
®,=15.8eV (Al)
e Drude-Lorentz model does
not account fully for
optical absorption of
transition metals
(especially in the visible)

==> need to consider
bandstructure
(damping has weak
effect at these
frequencies)

Reflectivity R

0.0 1 1 : "
0 5 10 15 20
Photon Energy (eV)
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Example: Reflection from Copper
Electronic configuration of Cu: [Ar] 3d0 4s1

Transitions (in visible range of spectrum) between relatively

dispersionless bands of tightly bound 3d electrons and half-filled
band of 4s-electrons:

2 2
— 0. E. H-eeeeeeeeee JURCUIECERPCOTPCRRCLReY 0
3 f JL ; ,
23 s |
2 -4 4 bands | -4 Qe
Q [~
5 -6} . 1-6 ‘g
-8t -8 —
W L T  XWK 0 2 4 6
Wavevector k Joint density of states (eV")

strong interband absorption for Zw > 2 eV — copper appears red !

Example: Reflection from doped semiconductors

Free-carrier reflectivity of InSh:

1.0~ . . T T
free electron density:
osl 0.35x 10" em” R=o0 for
> ——0.62x 10" cm” 11
S 1.2x10% ecm® w = w (1—6_ )_7
5 0.6 1 —28x10"cm® b oC
..%_: 4.0x 10" cm®
X 0.4} 5 %
| Ne
s where wp = "
0.2} // €oo€QMe

0.05 0.10 0.15 0.20
Photon Energy (eV)

=> Can determine effective mass of majority carriers
from free carrier absorption
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Example: Free-carrier absorption in semiconductors

For free carriers in the weak absorption regime (¢ < €'):

z _ 2w Ne? ~ 1
kA = predict: @ = —~k = l—ocw_Q

2n c m*eg cn w2

But experiments on n-type samples show:

aoxcw P where B~2-3

Deviations arise from:
« intraband transitions involving phonon scattering
* in p-type semiconductors: intervalence band absorption
* absorption by donors bound to shallow donors or acceptors

Example: Impurity absorption in semiconductors

In doped semiconductors the electron (hole) and the ionized
impurity are attracted by Coulomb interaction = hydrogenic system
Absorption of Phospor-doped silicon at 4.2K:

-.E )
£ 09

2D .
= 2pg P+ [ conduction band] n=oc
g 2% S E—
G 0.6 W n=1
£
@
8
S 03 3pg | valence band |
e 4p
2 (S— JU9 my Ry 1
2 0o P MeBy (1
2 730 32 34 36 38 40 5

moQ €7 n?2

Photon Energy (meV)
==> Observe Lyman series for transitions from 1s level of
Phosphor to p levels, whose degeneracy is lifted as a
result of the anisotropic effective mass of the CB in Si
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Plasmons

gm ‘ 'UEI\)

| o

At the plasma edge (w = wp): & R ex (1 -
What happens at this frequency?
* Polarization induced by the EM wave:
P = (& — 1)egE = —¢gE
where E = Egqexp[—i(wpt — kz)]
==> P is equal and opposite to incident field

w
« Wavevector k = —2,/¢, — 0
&

==> At the Plasma edge a uniform E-field in the material
shifts the collective electron w.r.t the ionic lattice!

Plasma oscillations for ,=0:

applied EM wave resulting charge induced macroscopic
distribution polarization

e [
BN

Pt Inn Ll
P11

E = Ege'“r! P = —¢gEge™!

LY leeses

* For a (transverse) wavevector k — 0, the resulting charge
distribution corresponds to a longitudinal oscillation of
the electron gas with frequency o,!

* The quantum of such collective longitudinal plasma
oscillations is termed a plasmon.

k~0——
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Example: Plasmons in n-type GaAs

Light scattered from n-type GaAs at 300K:

2
[

plasmon plasmon

2
i
2 0.6 emission absorption Energy conservation:
% 0.4 N / Wout = Wipn T wp
Q
w .
c 0.2} ==> from data:
g OO

60 -40 20 0 20 40 60

Energy shift Ao (THz)
Expect N =1.75x1023m™! Ne2 \2
from: €0 = 10.6 = = <60060m>
mz - 0067me — 28THz
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VI Optical studies of phonons

Dispersion relation for a diatomic linear chain:

: transverse optical (TO) phonon:

optical
;\ branches

q

(1LO + 2TO)
light

dispersion transverse acoustic (TA) phonon:

acoustic
" pranches
(1LA + 2TA) 7

0 phonon wavevector q ~
a

Frequency o

EM radiation is a transverse wave with wavevector £ < «/a
and can thus interact directly only with TO modes in polar
crystals near the centre of the Brillouin zone.

Harmonic oscillator model for the ionic crystal lattice

Diatomic linear chain under the influence of an external electric field:

E = Egexpli(kz — wt)]

Equations of motion:

d?z
my ot +C oy —2) = QE(®) »

x
d2z_ +(‘( ) QE({) dt2 +/1'UJTO-77 == QE(t)
mo —s N — T = - A
dt? +
h _|C frequency of TO mode near centre of Brillouin
Where  wro = /— zone (with effective spring constant C)

1 1\t reduced mass
u= +
TH‘._;’_ T

T=Ty —T— relative displacement of positive and negative ions
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Add damping term to account for finite phonon lifetime:

d?z dx 2
— — = Q FE(t
udt2+,u7dt+#w:ro$ QE()

Displacement of ions induces polarization P = NQx
=> Dielectric constant (as before): )

N 1
G =14+xu+2 T
e (Whpy —w? —iyw)

Rewrite this result in terms of the static (€s) and the high-frequency
(€co) limits of the dielectric constant:

2N
€sE€r(O):1+Xb+Q72
COHYTO
€xx = €r(00) =14 x
w2
=> | e (w) = oo+ (65 — €o0) 75— L2 —
(wrp —w? —iyw)

Lattice response in the low-damping limit

Long phonon lifetimes: ~ ~ O

2
=> e (w) = €co + (€5 — eoo)(w%zTi_sz)

Consider Gauss’s law. In the absence of free charge: V- D = 0

longitudinal wave

k.E = Wavemustbe
transverse (k | E)
V- (eregE) =0 = or
=0 possible (k || E)
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What happens at £.=0 ?

. . . w
Again: Wavevector of EM wave in medium: k& = —£.,/e; — O
C

— all ions of same charge
shift by the same amount
throughout the medium

— result can be seen as a
transverse wave (k 1 E)
withk~0orasa
longitudinal wave (k || E)

- in orthogonal direction.

E = E(]ef.a;p!.

90 —-090— 00
© | o—0—0-0— 09
o0 —0-0— 00
0 —0-0— 00

?
s
i

Q

The Lyddane-Sachs-Teller relationship

At £=0 the induced polarization corresponds to a
longitudinal wave, i.e. (o, 5)=0

Wiy e Lyddane-Sachs-Teller
wao  €oo relationship
Q°N
And from es = eco + 5— follows: wro > wro
€0 HWTO

— In polar crystals the LO phonon frequency is always higher

than the TO phonon frequency
— In non-polar crystals, €s = e and the LO and TO phonon

modes are degenerate (at the Brillouin zone centre)
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Dielectric constant and Reflectivity for undamped lattice

“Reststrahlen” band

(R=1)
50 . 1.0 -
®r | o8l N |
° i o 0.6 |
0 | $
! 0.4} U
i 0.2t Lo
50 i 0.0 L
[ [
wro WLO wTO WLO
Influence of damping
Lattice Reflectivity: For finite phonon lifetime
10 (y#0) at resonance:
. —
R ' ! er(Wrp) = €co + i (€5 — €x0) “ro
0.8f Y Y H_’YJ
! { : / "
i € €
0.6 E
. : (n—1)2 + &2
=7 " <1
0.4 b l R(wro) (ht1)2F+r2°
| ===~ y/o, =0 :
ylo_ . =0.01
0.2} T 0.0 \/"" — Reststrahlen band no
! To "~ ! longer fully reflective
— ylo,,=02 iy .
0.0 i — general broadening of
features
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Measurements of IR reflectivity

Fourier transform infrared spectroscopy (FTIR):

» measure interference pattern @ 'R source

I(d) as a function of mirror

displacement d detectolr M2 |
e I(d) gives Fourier transform I | H I

of sample transmission T(v) sample

multiplied with system

response S(1): M1

2nrvd
1(d) = / S(W) T(w) [1 + cos(Z2XYY]dv
C
— ;1(0) + [ S0 T®) cos(Z™ Yy
. C

Example: reflection spectra for zinc-blende-type lattices

Reflectivity [%]

1 Ll

L 1

1
180 200 220 240 260 280 300 250 as0 450

Wave number [em-!]

measured at 4.2K measured at RT
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Phonon-Polaritons

Examine more closely the dispersion relations for phonons and the
EM wave near the Brillouin zone centre:

If no coupling occurred:

But: coupling between
phonon and EM wave |
modified dispersion

TO
eads to

resulting wave is mixed
mode with characteristics of
TO polarization and EM wave

LO phonon dispersion remains
unchanged as it does not couple

to the EM wave

Phonon-Polariton dispersion:

LM Herz - Optical Properties of Solids

w
WILO
wTO

, — ke
T
O s
k< y
35
2 w_i’ . o (THz)
2" 30
w2 (“’EO — w2)
= —F €c —_—
2 " \wio-w?) 25
— two branches for w(k) 5
15
Reststrahlen band —»{ i
(perfect reflection,
no mode can propagate)
0

wave vector k (10°m™) < g

,j
upper polariton i
branch = _RC_
\ fe— V€0
,I
’I /’
’ ke
w = —F—=
/,‘—, Vs
7 SF wLO
! /7
e wTro
/
L
’f v
B lower polariton
branch
1 2 3 4
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Inelastic Light Scattering

» Scattering of light may be caused by fluctuations of the
dielectric susceptibility y of a medium

* time-dependent variation of y may be caused by elementary
excitations, e.g. phonons or plasmons

« scattering from optical phonons is called Raman scattering
and that from acoustic phonons Brillouin scattering

« if u(r,t) is the displacement (of charge) associated with the
excitation, the susceptibility can be expressed in terms of a
Taylor series:

_ 9x 1(%x\ 2
x(w,u) = x(w) + (au>u0u +3 <8u2>u0u + ...

Polarization in the medium: P = eg x E
let E=Egcos(k-r—wt) lightwave with frequency o

u=ugcos(q-r—wqt) lattice wave with frequency w,

o}
P =¢g (X(w) + (8%) u) Eq cos(k-r—wt) = Pg+ P4

uo

where

Py = ¢g x(w) Egcoswt  unscattered polarization wave

1 Ix
P, = —¢ (—) ugEg x
ind 2 0 ou g 00

x {cos[(k+q) -1 — (w + wy)t] + cos[(k — q) - T — (w — wg)t]}

- NG _/
~ ~

Anti-Stokes scattering Stokes scattering
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Energy & momentum conservation for inelastic scattering

Scattering process:
energy conservation: Wout = win £ wq

k Oouty Kout

Oiny Kin

Og: G wave vector conservation: kou: = k;y, £ kg

Anti-Stokes scattering requires absorption of a phonon and
therefore sufficiently high temperature. In general the ratio of
Anti-Stokes to Stokes scattering intensities is given by:

L Anti—Stokes — exp (_ hwlI>
IStokes kBT

Maximum momentum transfer in backscattering geometry, where:
n T
£ = kout + kin = — (2win £ wg) ~ 10'm 1 < -

==> |nelastic light scattering probes phonons with small wave vector

Raman spectroscopy: Experimental details

Require detection of optical phonons within typical frequency
range 1cm < o, < 3000cm*
— need excitation source (laser) with sufficiently narrow
bandwidth

— need detection system with high dispersion and ability
to suppress elastically scattered light

Typical set-up:
1 S4 \
detector ) M5
G2
M4 douple-
filter M3 grating
) I spectrometer
polarizer $2,3 M2
analyzer G1
1
sample\ . I . o1 7™
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Raman spectra for zinc-blende-type semiconductors

Anti-Stokes TO TO Stokes

GaAs

— ] .

1 J [ I i i
260 220 220 260 300 340

340 300

Anti-Stokes shift [em™] Stokes shift [em™)

Brillouin scattering: Experimental details

Require detection of acoustic phonons near the centre of the
Brilloiun zone where w,=v,.q — need to be able to measure shifts

of only a few cm1 !

Set-up based on a Multipass Brillouin spectrum for Si(100):
Interferometer:

(b Si( 100)

A=4880 A

D
1044
J 1
!
!
w
5 H H |
“ L UALL
b s
Intensity [arb. units]

3 2 -l 0 I 2 3

Wave number [em™!|
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Phonon lifetimes

Experimental evidence for finite phonon lifetimes from
I. Reflectivity measurements: R<1 in Reststrahlen band

-1
== Tphm;-.o-n, #0
ii. Raman scattering: non-zero width of Raman line
r=_=
Tphonon

Data suggests phonon lifetimes of 1-10ps in typical
inorganic semiconductors.

Origin of short phonon lifetimes: anharmonic potential
experienced by the atoms:

U(z) = Cox? + C323 + Cuz* + ...
Anharmonic terms make possible higher-order processes, e.g.
phonon-phonon scattering:

optical branch

wTOo

(=3

3

-

w1, q1 §~U2-QQ 2
W % wro
‘@@(’”3'(‘3 o 2

[T

acoustic
branch

s 0 T
—~ phonon wavevector q —
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V11 Optics of anisotropic media

A medium is anisotropic if its macroscopic optical properties
depend on direction

Examples: . .
anisotropic

isotropic A

|
|
ol
11

|
'

I
I‘;I
|
LB

I

2\
-

TR
N
1l
11
Il
|

J
[

|
X

-

/
P

gas, liquid, polycrystalline crystalline liquid crystal
amorphous
solid

g, and y in an anisotropic medium

Polarizability now depends on direction in which E-field is applied
— relative electric permittivity €, and susceptibility ¢ now tensors:

Dq €11 €12 €13 Eq
D = ¢gerE  OF Dy | =€ | €21 €2 €23 Eo
D3 €31 €32 €33 E3

— D and E no longer necessarily point into the same direction!

But can always find coordinate system for which off-diagonal
elements vanish, in which case:

e11 0 O n? 0 O
€r = O e» O = 0 n% 0
0 0 €33 0 O n%

In the directions of these principal crystal axes E and D are parallel.
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Propagation of plane waves in an isotropic medium

Ampere’s and Faraday’s law for plane waves:
k><H=—wD} B = uoH

kxkxE=—k3aE
kxE=wB D=€0€rE

where kg = w/c is the wavevector in free space.
Choosing a coordinate system along the crystal’s principal axes

yields:
k3er — k3 — k3 k1ko k1k3 B
k1ko k3eo — k3 — k3 koks ( E> ) =0
E
k1ks koks k3es — k2 — k3 3

=> homogeneous matrix equation, require det(---) =0

Solving the matrix equation (det(---) = 0) yields:

(k3e1 —k?) (ke — k) (kges — k)
+  kf (kBe2 — K*) (k3es — k)
+ k5 (ke — k?)(kges — k?)
+ k3 (k§er — k%) (k§ex — k%) =0

This provides a dispersion relationship w(k1, ko, k3) = ckg

==> Can obtain the refractive index from the ratio of phase
velocities in vacuo and inside medium:
c_ wlky Kk 1

_¢ _k_ 1 222
TV T Wk ko ko\/1+ 2+ #3

LM Herz - Optical Properties of Solids
HT2011

46



Propagation of plane waves in uniaxial crystals

In uniaxial crystals (optic axis along z): €1 = ep = ng , €3 = ng

k2 +k2 ]{:2
=> (kgng — k?) | -152+ -3 — k3| =0
ne nO
Two solutions: K, k-direction
(i) Sphere: k& = no kg n k

[o]

for ordinary ray
(polarized L to k-z plane)

(ii) ellipsoid of revolution

k2
2 2 2
Rk Ko
TL2 n2 0
e o

for extraordinary ray
(polarized in k-z plane)

Ordinary vs extraordinary rays in uniaxial crystals

(a) ordinary ray: (b) extraordinary ray:
E, D polarized L to plane E, D polarized in plane
containing k and the optic axis;  containing k and the optic axis
Refractive index: 1 o 2
__sin“f  cos<0
n2(0)  n2 n2

o

n = no
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Comments on wave propagation in uniaxial crystals

1) Faraday’s & Ampere’s law for plane waves in dielectrics:
kxH=—-wD => Disnormalto both k and H
k xE =wpoH => Hisnormal to both kand E
N.B.: this does not imply E L k!

2) All fields are of the form A = Agexp[—i(k - r — wt)]
=> wavefronts are 1 to k.

3) The phase velocity v is in the direction of k with
v=w/k =w/(nkg)

4) As usual, the group velocity is vy = Vyw(k)
=V, is normal to the k-surface!

5) The pointing vector S = %E x H* isnormal to E and H
Can show: Ak - S = 0 for small Ak => S normal to k-surface

6) From (5) and (1) follows that E is parallel to the k-surface.

Refraction at the surface of a uniaxial crystal

phase matching condition: kg sina = ksin 3

crystal => sina=n(B4+¢)sing
air

N.B.: Snell’s law holds for the directions of
; \\'optic k in the media, but this is not necessarily
efay © axis  the direction of ray propagation!

Example: Double refraction at normal incidence:

Extraordinary o
ray X

Ordinary =
ray

k surface

- _:_iCrysta'l

Air

Incident ray
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V111 Non-linear Optics

Linear optics:

Polarization depends linearly on the electric field: P = egxE

. . - : 1
Electrons experience harmonic retaining potential U(z) = EmwSxQ

==> refractive index n, absorption coefficient ¢, reflectivity
R independent of incident EM wave’s intensity
But:

If E-fields become comparable to those binding electrons in the
atom, anharmonic (non-linear) effects become significant.

Foran H-atom: |E[~ —* , ~5x 10'tvm™!
4megay

. : 1 -
=> need EM wave intensity 1 = jeeonB? ~ 1019 Wm=?
Possible with tightly focused laser beams!

The non-linear susceptibility tensor

For a medium in which P || E we may in general write:
P=exVE = eg(xE4+xPE24+xE3+...)

=p1) 4 p(D 4 p3) 4 ...
H_} — ~ _J

linear non-linear part
- I
eNL =1+ y+ P E 4+ yB®)E2 4 ... now power-dependent!
In an anisotropic medium, non-linear response will depend on
directions of E-fields wrt the crystal:
==> Second-order non-linear polarization components:

2 2
P =« ¥ X E; By
Jik
==> Third-order non-linear polarization components:
(3) (3
P = €0 X Xijia i ErEl
7.kl
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Non-linear medium response to sinusoidal driving field

low applied . 5

high applied .
field amplitude: field amplitude: .

| %é.
% £ Eln

If P || E and the applied field £ = Eg sin wt, then:
P = egxEpsinwt + eoX(Q)Eg sin® wt + EDX(3)E8 sin3 wt4- - -

P

1
P = eoxEosinwt + 2egx(2)E§(1 — oS 2wt)

1
-2 coxPEZ(3sinwt — sin3wt) 4 - -

=> second-order nonlinearity: rectification and frequency doubling
third-order nonlinearity: frequency tripling

Second-order nonlinearities (NL)

Treatment of non-resonant 2" order NL within oscillator model:

. . 1 1
Assume anharmonic potential: U(z) = S wiz? + 3" Caas+---
Equation of motion:

d2z dx
maz T

o +m w% z4+mCzz? = —e Eg exp(iwt)
Use trial solution: z(t) = x1 exp(iwt) + xo exp(i2wt)

Assume oo < 1 — 22 = 27 exp(i2wt)

eEq 1
: I = —
tham 1 m w2 — w2 + iwy
displacement => 1
amplitudes: zo = —C3 27
P 2 371 wg — (2w)?2 4+ 2w~y
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Calculating the induced polarization:
P = —Nezx
= —Nexqexp(iwt) — Nexpexp(i2wt)
= eoxE+eoxPE?

Ne? 1

X = 5 5T linear susceptibility, as before
meg wh — w< + iwy

Ne3 1

X =03

second-order non-linear susceptibility

m2eq (w% — w2 4 jwy)? (w% — (2w)?2 + i2wv)

Can re-write the second-order non-linear susceptibility as:

me%
NZ2¢3

x? =3 [x(w)]? x(2w)

— materials with large linear susceptibilty also have a
large non-linear susceptibility

— in a centrosymmetric medium, U(x) = U(-x)
and therefore C; = 0 and %®=0

==> second-order nonlinearities only occur in
media that lack inversion symmetry!

(This may also be shown directly from the definition
of P(2) - see question sheet.)
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The second-order non-linear coefficient tensor d;;

Pi(Q) =€) Xffk)EJEk ==> 27 components in y@;,
J.k

But some of these components must be the same

(e-g- X(z)xyz EyEz = X(Z)xzy EzEy! &Y X(z)xyz = X(Z)xzy because

ordering of fields is arbitrary)

= Second-order response can be described by the simpler

tensor dj;, i.e. 52
2
£2) d11 di2 d13 dig dis dig Eg
Ptgz) = €p (121 d.22 (323 (124 :’1’.25 (‘{26 z
pL?) d31 d3p d33z d3a d3s dse 2By E,
Ez By
2 By Ey

In many cases crystal symmetry requires that most of the
components of d;; vanish.

2nd order NL: Frequency (three-wave) mixing

Presume two waves are travelling in the medium, with

Eq,j(t) = Eq jcoswit By 1, (t) = Ep j, coswot
The induced polarization is:
P,L.(2)(t) = €0 Xijk P1,j Fa ) COSwit coswot
.k
= €0 ZI; Xijk E1,5 Ea % [cos(wy 4 wo)t 4 cos(wy — wo)t]
I,k

sum-frequency difference-frequency
generation generation

Feynman diagrams for second-order nonlinear frequency mixing:

®;
- ©
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2nd order NL: Frequency doubling

Consider the generation of second harmonics in more detail:

d
Maxwell’s VxE= _ﬂ(“oH)

equations:

d d
= " D=— (2)
VxH dtD dt(eoE + eoxE + P'<)

= Wave equation: P

VZE = eg po (1 + x) 52 E + ug —P(Q)
Consider propagation of second-harmonic wave in z-direction:
E29(z,t) = E2(2) expli(2wt — koy2)]
Let this wave be generated from two fundamental waves:
E7 (z,t) = E}”(z) expli(wt — kwz)]
EY(2,t) = EY(2) expli(wt — kwz)]

= Obtain specific wave equation:
d2
TS B = eouo[1+x(2w>] E2‘*’(z £)

2
+ como s fo]k?E}“(z,t) B} (=)

Assume that the variation of the complex field amplitude is small
(slowly varying envelope approximation):
2 d
2 2
2 Ef¢(2) < k2w o~ Ei “(2)

Obtain DE for increase of the second harmonic along the direction
of propagation:

d

(2) pw(,y fw ;
- in B (2) B (2) exp(i Ak 2)

E?¥(2) = —

where Ak = ko, — 2k, IS the phase mismatch between
fundamental and second harmonic wave
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2nd order NL: Phase matching conditions

E(0) For efficient frequency conversion, we
E(w) — need the fundamental wave and the higher
M E(2w) harmonic to be in phase throughout the
crystal, i.e. Ak = 0 where

2w
0 L Ak = koy, ok, = —

(n2y — nw)

The second-harmonic field at length L for arbitrary Ak is:

. L w - -
E29(L) = / i S 1% B2 (2) By (=) exp(i Ak ) dz
0 cnyy, ik

For constant fundamental wave amplitudes (thin crystal) the
second harmonic intensity is then given by:

2

272

) W2L o\ . L /AKL

|Ei2w(L)|2: — (ZXZ(]k)EfE;:) smc2( ) )
=Ny, 7,k

Second-harmonic intensity after propagation through crystal of
length L without phase matching

First intensity minimum at:

_ 1.0 . . o Ao _,
Fo I = Igsinc? (%) Ak 2(noy —nw)
§ 0.81 But: dispersion in media means
= that in general: n,,, # n.,
o 06}
: -
2 Example: Sapphire
s 04f no(2.806eV) = 1.780
° no(1.403eV) = 1.757
S 0.2}
o 0. => .= 19um
@ — need too thin a crystal to
0.0 — 1/—\2 = achieve efficient 2nd
c harmonics generation
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2nd order NL: Phase matching in a uniaxial crystal

In general, in the birefringent medium, n2,, 7 nw but since the
refractive index now depends on the direction of propagation and
wave polarization wrt the optic axis, for some geometries we may
have no, = nw — phase matching!

phase-matching
direction

Here, phase matching occurs for the fundamental travelling as

extraordinary (polarization in plane) and the 2" harmonic as

ordinary (polarization L to plane) with 1 sin?6 | cos?6
(n3=)2 — (n)? ()2

Third-order nonlinearities

Third-order effects become important in centrosymmetric (e.g.
- - - 2
isotropic media) where X.Ejﬁ =0
For three waves with frequencies w1, w2, w3 the third-order
nonlinear polarization is
Pi(3) =€ . ngk)l E; Ey, Ey cos(w1t) cos(wat) cos(wst)
gkl
=> generates a wave with wg = fw; +wo £ w3 e.g.:

(a) four-wave mixing (b) frequency tripling
@1 + o, + o — 30
O —
®3
(c) Optical Kerr effect (d) stimulated Raman scattering

® _ o e ®

S
@O —s -0 —
- —m (’OS—’
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3'd order NL: The optical Kerr effect

Optical Kerr effect: wq; = wp, = 4w and w3z = —w

==> no phase mismatch
P®) = eox (I E§ cos® wt = eox (P BF (3 coswt + § cos 3wt)

In an isotropic medium (x@=0): Nl =14 x + %X(3)E2

Refractive index: —

1 A(': €r AE
n = (€r+A€)§%\/a+2\/a
3+(3)
n = ng-+ 2XT g2
_ 42n0 3 X(3)

= ng+nal where no = =
AN 2 4n% ceg
light intensity

==> Refractive index varies with light intensity!

Example: Kerr lensing

Optical Kerr effect: n = mng + n2l at high intensity |

profile (e.g. Gaussian beam) n(x)
experiences in the medium a higher
refractive index at the centre of the
beam than the outside — medium
acts as a lens!

Laser beam with spatially varying ‘
X

Propagation of an intense gaussian beam through a Kerr medium:

Kerr Medium

Phase frants
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3rd order NL: Resonant nonlinearities

2) ——  Consider medium with optical transition at

hv resonance with incident wave of Intensity |

WW\» = find that absorption decreases as higher
1) L state become more populated:

I
~ag—ag— for IKIg

(6%
Absorption coefficient @ = ——+
P 1+ é Is

n? +i2nk  for kK < n
= n24;<  (weak absorption)
w

er = € + i€’

Q

cn cn I —_
6T=n2+z—ao—z—o¢0— x E?
w w g

Can view saturable absorption as a third-order optical nonlinearity!
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