Proof of equation (40) from Lecture 18
J is the total angular momentum vector, and V is a vector operator.

The commutation relations for the components of J and V are

[Jwv V;C] =0, {Jxv V] = thV;, [JOC? VZ] = _ihvy <1>
[Jya V:*c] = —ihV;, [ } [Jya Vz] = ihV, (2)
[J., V] = —ihV, [JZ,Vy] = —thI, [J.,V.] =0 (3)

Also, the commutation relations for the individualt components of J are:

(o, J,) =i, [Jy,J.] =ihdy [J.,J,] = ihJ, (4)

Using these we can show that:
I XV +V xJ=2hV (5)
and also that

L[ LV =20 (PY 4 V) —dn* (V- ) (6)

Now the matrix element (v)| {J 2 {J 2 ” |4) of the left hand side of equa-
tion 6 for |¢) = |lsjm;) is equal to zero, so we must have:

(Isjm;| (J2V + V.I?) lisjmy) = 2(Isjmy| (V.- J) J|lsjm;) (7)
and so:
30+ DR Usgmy|V]isjmg) = (Isjmy] (V- J) J|lsjm;) (8)
Now recall the energy shift from the lecture:

AEg = / w*‘%Bz - Shdr (9)

where we have put B = Bz.
This energy is:

ABs = EEB(IS.|v) (10)



So we can use equation 8 by setting V = S and taking the z— component,
which gives;

1
(W[S:y) = W(W(S'J)JJW
= m(@ﬂ(ﬁ-lﬂw (11)

We can now write L = J — S, so that L? = J? + §? — 25 - J. And:

WS- Jlw) = @[J*+ 8% = L)

PG +1) +s(s+1)—1(1+1)) (12)
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which by inserting into the above gives:

JU+1) +s(s+1)=1(l+1)
(s o) =y [LEDESE R DZIEED ]
And so the energy shift is:
_ JU+ D) +s(s+1)—=1(+1)
A%_mWﬂﬂ 20 +1) 1 )

as given in the lectures (equation 40).



