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LECTURE 23

23.1. Properties of the Riemann curvature tensor

With the help of the Riemann tensor we can differentiate twice tensors of arbitrary
rank, for example,

m
Ai; ksl — Ai; Ik — AmRz‘kl
n n
Aik; Iim — Aik; m;l — Ai’ﬂRklm + AnkRilm'

The Riemann curvature tensor appears in so called the geodesic deviation equation.
This equation measures the change in separation of neighbouring geodesics. In the
language of mechanics it measures the rate of relative acceleration of two particles
moving forward on neighbouring geodesics, separated by a 4-vector 7':

2,1
d n - ] k l._m
ds2 = L, W w1,
where
. dat
u = —
ds’

If gravitational field is weak and all motions are slow

)

iN
U =~ 0,

the above equation is reduced to the Newtonian equation for the tidal acceleration.
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Let us introduce covariant version of the Riemann tensor

Rikim = Gin Ry,
One can easily show that

1 n n
Rikim = 5 (Gimkt + Gktim — Gitkom — Gkmid) + Gnp (TmLom — Thmlh) -

The following properties of the curvature tensor R;x;,, are important for derivation of
EFE:
= 1) Ritim = —Riim = —Rikmu,
2) Rikim + Rimi + Ritmr = 0,
3) Ri.m + Rt + Rl = 0.

ikl; m ilm;

The property 3) is called Bianchy identity and can be proofed in locally-geodesic
coordinate system, where

i _
Kkl — 0
and
n _ pn _ 1N I
iklym — TYiklom T S dlomgk ik,m,l*

23.2. The Ricci tensor

Replacing k£ by [ and | by k£ and then just putting m = [ we can obtain a tensor of
second rank, called the Ricci tensor:

lm l
Ri, = g Riimp, = ng
R nlf ! l m mil
Rip = iy — Ty + il — T Ty

Ri = Ry
R = ¢*Rii, = ¢" 4" Rijim



