Relativistic Wave Equation for Spin-0 Particles:
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The 4-gradient.  The full 4-vector can be abbreviated: {
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The Metric tensor is:
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The length of a vector can be denoted dx = dx( as 
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.  This solution is often taken to be the defining relation of the Metric tensor.

The contravariant form 
[image: image7.wmf]g

mn

of the Metric tensor follows from the condition:
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Here 
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 is the cofactor of 
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ie. The subdeterminant obtained by crossing out (th row and the (th column, and multiplying it with the phase (-1)(+(.  And g is given by: 
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For the special Lorentz Metric the contravariant and covariant metric tensors are identical:
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Lorentz metric

The contravariant 4-vector is: 
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  for spacetime co-ordinates. Note: Some use {x,y,z,ct} instead.

The covariant form of the 4-vector is obtained by lowering the index ( with the help of the metric tensor, ie. 
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or raising the indices by using:

You transform between the covariant and contravariant forms of a vector (or a tensor) and vice versa, except in special cases denoted specifically – we use Einstein’s summation convention.  We automatically add from 0 to 3 over indices occurring doubly (one upper and one lower).  So, for example:
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The definition of the 4-Momentum is analogous:
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We write the scalar (dot) product in 4-dimensional spacetime as
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   or equivalently:  
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We identify the 4 vectors by a common letter, eg. 
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.  In contrast, 
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The components can be written as 
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 and means a 4-vector with contravariant components.  By convention Greek indices such as ( always run from 0 to 3.  Latin indices such as 
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 imply values from 1 to 3.

A 3-vector in contravariant (‘upstairs’) form can be written:  
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; and in covariant (‘downstairs’) form as: 
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.  So the 4-Momentum operator is denoted by: 
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It transforms as a contravariant 4-vector, so that
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This equation defines both the 3-D delta operator (
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) and the 4-D d’Alembertian: 
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(1.12)

Finally, to check the commutation relations of the momentum and position:
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On the R.H.S. of the Metric tensor 
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 appears expressing the covariant form of the commutation relation.

The 4-Potential of an electromagnetic field is:
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  where 
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are contravariant, and 
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 are the covariant components.  From 
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 the E.M. field tensor follows:
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The Klein-Gordon Equation:

We start with the Schrodinger Equation (SE):
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(1.2)

corresponds to the non-relativistic energy relation in operator form:
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where,
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  and  
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 are the energy and momentum operators.  In order to obtain a relativistic wave equation we start by considering free particles with the relativistic relation: 
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.  We now replace the 4-momentum 
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 by the 4-momentum operator, 
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  and

Using 
[image: image44.wmf]{

}

{

}

0123

,,,,,,

xgxctxyzxxxx

n

mmn

==---=

 
(1.6)  
and 
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(1.11)

We can get the Klein-Gordon equation for free particles: 
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(1.21)

where mo is the rest mass and c is the speed of light.  Using Eq. (1.12)
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where we have 
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 and the d’Alembertian 
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.  We can re-write Eq. (1.21) above as:
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(1.22)

We can verify the Lorentz covariance of the Klein-Gordon Eqn, as 
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 is Lorentz invariant.  (1.22) is the classical wave equation including the mass term 
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(1.23)

Inserting (1.23) into (1.21) leads to the condition:
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OR: 
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  which results in  
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(1.24)

There exist solutions for positive energies 
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 and negative energies 
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and the negative energies are associated with anti-particles.

ENERGY SPECTRUM OF THE FREE KLEIN-GORDON EQN:
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We next construct the 4-Current 
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 connected with (1.21) and expect a conservation law for the 
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(1.25)

The 4-Current density is therefore: 
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(1.26) Here we have multiplied by 
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 has the dimensions of a probability density, 
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.  This ensures we get the correct non-relativistic limit.  Eq (1.25) in detail reads:
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(1.27)

              (Div and Grad operators)

This has the form of a Continuity equation:  
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Integration over all configuration space yields
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So, 
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as a probability density.  But there is a problem with this interpretation as at any given time both ( and 
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 is not positive definite  and therefore is not a probability density.  The reason is that the Klein-Gordon Eqn is second order in time, so we must know both 
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 for any given time, t.   Also there exist solutions for negative energy.
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