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LECTURE 25

25.1. The three-dimensional space of constant curvature

According to the cosmological principle the Universe is the same everywhere, as a
consequence, The three-dimensional space is curved in the same way everywhere,
which means that at each moment of time the metric of the space is the same at all
points. To obtain such a metric let us start from the following geometrical analogy.
Let us consider the two-dimensional sphere in the flat three-dimensional space. In
this case the element of length is

di* = (dx")? + (dz?)* + (dz®)>.
The equation of a sphere of radius a in the three-dimensional space has the form
(z')? + (2°)* + (2°)* = a”.

The element of length on the two-dimensional sphere can be obtained if one expresses
dz?® in terms of dz' and dz?. From the equation for sphere we have

wldat + 2%da? + 23da® = 0,

hence

x3 B \/a2 — (212 — (a:2)2.

Substituting dz? into dl we have

1 atdxt + ?da? atdat + 2 da?
2% = — -

(ztdat + 2?dx?)?
a2 — (212 — (22)2

Introducing the ”polar” coordinates instead of z' and z?

di* = (dz')? + (da?)? +

' = rcos o,

2?2 = rsin ¢,

we obtain
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dI* = (dr cos ¢ — rsin ¢dp)? + (drsin ¢ + r cos pde)*+

1 cos ¢(dr cos ¢ — rsin ¢pdd) + rsin ¢(drsin ¢ + rcos pdg)  a*dr? 2
= T =
a? —r? a2 — r2
_dr?
- 2
-
Now we can repeat step by step the previous derivation, by considering the geom-
etry of the three-dimensional space as the geometry on the three-dimensional hy-
persphere in some fictitious four-dimensional space ( don’t confuse with the physical
four-dimensional space-time). In this case the element of length is

+ r2d¢2.

di? = (dz')? + (dz*)? + (do®)? + (dz*)?.

The equation of a sphere of radius a in the four-dimensional space has the form

(1'1)2 + (ZE2)2 + ({L‘3)2 + (ZE4)2 — CL2.
The element of length on the three-dimensional hypersphere, which represents the

three-dimensional space of constant curvature, can be obtained, if one expresses dz*
in terms of dz', dz? and dz®. From the equation for hypersphere we have

wrdet + 22 da? + 23de® + 2tdat = 0,

hence

o rldz! + 2%da? + 23dx? rldz! + 2%da? + 23dx?
xr = — —_ —

x4 \/az — (z1)2 — (22)? — (1.3>2'

Substituting dz? into dl we have

(xtdxt + 2?dx? + x3dx3)?
a? — (z1)2 — (22)2 — (29)2

Introducing the ”spherical” coordinates instead of z', 22 and 23

di* = (do")? + (dz®)* + (dz*)* +

2! = rsinf cos ¢,

x? = rsinfsin ¢,
x° =1rcosb,

we obtain
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dI* = (drsin 0 cos ¢+1 cos 0df—r sin 0 sin ¢pdg)*+(dr sin 0 sin ¢+r cos 0 cos pdO-+r sin 0 sin pdp)*+
+(dr cos @ — rsin 0df)>*+

1
g [ sin @ cos ¢(dr sin @ cos ¢ + 1 cos §df — rsin 0 sin pd¢)+
+r sin 0 sin ¢(dr sin 6 sin ¢+ cos 0 cos pdf+r sin 0 sin ¢de)+r cos O(dr cos 0—r sin dh)]| =

2 7.2

= % +1°(d6” + sin® fd¢?) =
a?—r
d 2
=1 - r2(d6? + sin® 0d¢?).

r2

a?
Taking into account that r < a we can introduce instead of r the new lagrangian radial
coordinate y such that

r = asinX and dr = aCOSXdX7

as a result dl can be rewritten as

di* = a*[dx* + sin® x(d6? + sin® 0d¢?))].

Now we can write the metric interval for the four dimensional space time as

ds* = dt* — a*[dx* + sin? x(df* + sin® Od¢?)].
We can repeat all these calculation for the three-dimensional space of the negative
constant curvature for that one should replace the equation for the hypersphere by

(331)2 + ($2)2 + ($3)2 _ (1,4)2 — CL2
[see cwb5. Obviously, when a — co we obtain the case of the spatially flat space].
This method is called the method of embedding diagrams. The Geometry on different
surfaces of constant curvature is shown in We will see later then in the
relativistic cosmology the curvature of the three-dimensional space is related with
the density parameter as it is shown on this figure.
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The fact that the Universe is expanding means that instead of constant a we should
introduce a scale factor R(t) and finally we obtain the famous the Friedmann-Lematre-
Robertson-Walker metric for expanding Universe

25.2. Friedmann-Lematre-Robertson-Walker metric

ds* = Adt* — R*(t)[dx® + f2(x)(d6? + sin® 0d¢?)],

where

siny for constant positive curvatue
f =< sinhy for constant negative curvatue
X for zero curvatue

It is convenient to introduce another time coordinate, 7, defined by

cdt = adn.
Then

ds? = R(n)[dn® — dx® — f2(x)(d6? + sin? 0dg?).

Now using the EFEs we can obtain required equations for R(t), in other words we can
obtain relativistic cosmological models based on the EFEs.



